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Abstract
Optical flow and the related non-rigid image registration both lead to a variational minimization
problem that requires robust and efficient numerical solvers due to the often non-smooth input data
and the large number of unknowns in real applications.
Existing multigrid algorithms highly depend on smooth input data. To ensure their efficiency
often presmoothed images are used although this leads to difficulties particularly with small objects.
In order to overcome these problems we supplied the basic multigrid algorithm with Galerkin
coarsening and matrix-dependent transfer operators. Further improvements can be obtained by
developing suitable linewise or block smoothers and by using iterant recombination. Our synthetic
and real world results demonstrate that we can relax the restrictions on the smoothness of the
image data without loosing the fast multigrid convergence rate.
The visual quality of the results can be improved by using application dependent regularizers.
We compare isotropic, anisotropic, and spatio-temporal diffusion based regularizers and show their
additional requirements on the solver.
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Introduction

Optical flow is one method to compute a dense approximate motion field u out of two or more
subsequent images in a video sequence I = (Ii |i ∈ N) describing the grey value intensities for every
point in the image domain Ω. Optical flow as described in this section was introduced by Horn and
Schunk [1] and since then it has been studied intensively (e.g. [2],[3]). The goal of this paper is
to make existing fast multigrid based solvers for the optical flow (e.g. [4],[5],[6]) more robust and
extend them to more advanced regularizers. For medical applications in 3D it is also necessary to
parallelize the code due to the large amount of memory consumption. For simplicity reasons we
restrict ourselves to two grey value images I1 = R and I2 = T in 2D. The basic assumption for the
optical flow field u = (u, v) is that a moving object in the image does not change its grey values.
This means that we neglect changes in the illumination. Mathematically this assumption can be
written as T (x) = R(x + u) , with x = (x1 , x2 ). This equation cannot be fullfilled exactly for
most real world examples. Therefore using the image derivatives Rx , Ry in space and Rt in time we
introduce a difference measure Φ(I) = (Rx (x)u + Ry (x)v + Rt (x))2 (note this is a linearized version
of Φ(I) = (T (x) − R(x + u))2 ) that has to be minimized. We call Φ the data term. Since this
single condition leads to a underdetermined system of equations one has to use a second one called
regularizer Ψ. A simple choice is Ψ(.) = k∇uk2 which forces a smooth solution, i.e. the vector field
u varies only smoothly between neighboring points (in space). In the variational formulation these
two assumptions lead to the following minimization problem
Z
min (T (x) − R(x + u))2 + αk∇uk2 dΩ
(1)
u

Ω

over the domain Ω. With the parameter α ∈ R+ we can change the weighting between data term
and regularizer. Using the variational calculus we find that a solution for problem (1) has to fulfill
the Euler-Lagrange equations
−α∆u + ∇R((∇R)T u + Rt ) = 0 in Ω
u = 0 on ∂Ω
2

.

(2)

The Dirichlet boundary conditions can also be replaced by Neumann boundary conditions. In order
to solve this system of PDEs we first discretize it using finite differences on the rectangular regular
grid Ωh with meshsize h. ∆h denotes e.g. in 2D the usual 5-point stencil for the Laplacian, in 3D
the usual 7-point stencil ([7]). For the discrete image derivatives we use the method suggested by
Horn and Schunk ([1], for 3D see [8]). After the discretization one has to solve a system of linear
equations Au = f with sparse system matrix A (cf. [9])


 

(Rx )2 + α∆u
Rx Ry
u
−Rx Rt
=
.
Rx Ry
(Ry )2 + α∆v
v
−Rx Rt
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Multigrid

Multigrid is a very efficient technique for solving sparse linear systems ([10]). In the following we
use the notation from [11] and rewrite the system from the last section as
X
Ah u h = f h ,
ahij uhj = fih (i ∈ Ωh )
(3)
j∈Ωh

where Ah is a symmetric and positive definite matrix. The usual multigrid efficiency is achieved
through the combination of two iterations, the smoother, and the coarse grid correction.
Normally direct discretization is used for the computation of the coarse grid operator AH for
problems defined on a regular grid. Since we have to deal with strongly jumping coefficients for
highly textured images or small choices of α direct discretization results in slowly converging or even
diverging multigrid methods in most of the experiments, we construct AH based on the Galerkin
principle, i.e. it is defined as the Galerkin operator
h
AH = IhH Ah IH
.
h
: ΩH 7→ Ωh and restriction IhH : Ωh 7→ ΩH are both full rank linear mappings. The
Prolongation IH
reason why the Galerkin operator is used is that Galerkin-based coarse-grid corrections minimize
the energy norm of the error with respect to all variations in the range of the prolongation ([11], p.
431).
h
as bilinear interpolaThe standard case is to choose the restriction IhH as full weighting and IH
tion. However, since we can have highly jumping coefficients we use also matrix-dependent transfer
operators ([12], [13]).
As smoother we use coupled Gauss-Seidel or damped Jacobi relaxations and to handle difficulties
with jumping coefficients also line or block versions of both.
Another special technique used to improve the multigrid solver is iterant recombination ([14]),
where two or more old iterants from previous cycles are used to determine the optimal coefficients
of the linear combination of the latest approximations.
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Advanced regularizers

To improve the quality of the computed optical flow field we used a number of advanced regularizers instead of the comparatively easy to discretize and to compute smooth regularizer by
Horn and Schunk. All shown regularizers are based on the work of Weickert and Schnörr. These
regularizers have been discretized anew to fit into our multigrid framework. A detailled overview
of the regularizers can be found in [3]. The exact step-by-step discretization, setting up the system
of equations, the incorporation of these regularizers into our multigrid context, and many results
are given in [15]. A first impression from the benefits of advanced regularizers is shown in figure 1.
The vanished .jpg artifacts in the background of the rightmost image are the most outstanding
improvements besides the sharper and more recognizable silhouette of the man.
Isotropic image-driven regularizer The first idea for a more advanced regularizer is based on
the assumption that edges in an image often belong to the outline of an object and therefore are
likely to separate two adjacent motion vectors. The natural conclusion is to build a regularizer that
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Figure 1: The computed optical flow field for a man clapping his hands. From left to right: Horn-Schunk,
isotropic image-driven, and flow-driven regularizer.
smoothes little in the vicinity of image edges so that motion boundaries are not blurred. We use
the regularizer
Ψ(.) := a(k∇Rk2 )(k∇uk2 ) , with
q
a(k∇Rk2 ) = 1 + (m − 1)/(1 + Rx2 + Ry2 + Rt2 ) ,

m ≥ 1.

Anisotropic image-driven regularizer The isotropic regularizer can easily be extended to
an anisotropic one which permits smoothing along edges but not perpendicular to them. We
experimented with the regularizer
Ψ(.) = ∇uT D(∇R)∇u , with
1
(∇R⊥ ∇R⊥T + λ2 Id ) ,
D(∇R) =
k∇Rk2 + λ2

λ > 1.

Flow-driven regularizer An even more advanced regularizer with appealing results is the flowdriven one. This regularizer is able to distinguish between image edges and real edges in the motion
flow. It includes the so far computed optical flow vector field to get a better approximation in
a following step. Unfortunately, the regularizer Ψ(.) = χ(k∇uk2 ) leads to a nonlinear system of
equations
− div(χ0 (k∇uk2 )∇u) + ∇R((∇R)T u + Rt ) = 0 , with
p
χ0 (s2 ) = ε + (1 − ε)/(2 1 + s2 /λ2 ) , ε > 0 , λ ≥ 1 ,
which cannot be solved straightforward with our multigrid algorithm. We used “Additive Operater
Splitting” (AOS) [16] instead.
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Experimental results

Our test problem consists of a point moving one pixel to the right. The true motion field for this
test case would be 0 everywhere except from the position of the point, where it should be (0, 1).
The optical flow is now expected to approximate the true motion field. The multigrid convergence
rate depends on the condition number of the system matrix Ah from (3) that is small, when the
condition
max k∇R(x)k2 ≈ α
(4)
x∈Ωh

is fullfilled. That means that for small values of α in our test problem the convergence rate deteriorates if we use a standard multigrid method. In figure 2 we show the gain of using the techniques
intruduced in section 2 to improve our multigrid solver.
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Figure 2: Residual norm history of V(2,2)-cycles for a moving point (α = 1) using matrix-dependent
transfer operators and different smoothers with (left) and without (right) iterant recombination .
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Conclusion and Outlook

More details of the used multigrid techniques will be found in a forthcoming technical report. In
our talk we will present more results from real data and explain the spatio-temporal regularizer and
the possibility of including landmark based knowledge for lack of space in this article.
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