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Abstract
This paper is a continuation of the previous Technical Report [6]. We are now focussing
on the design and analysis of some verisons of interpolation operators, including an Aggregation/Disaggregation based construction, as well as an extended matrix approach for the initial
linear least squares problem. In the last part of the paper we present some experiments with
a Full Multigrid-like algorithm. All the results are included in some numerical experiments
on model problems arising in both electromagnetic geotomography and medical reconstruction
problems.
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Replay of the previous initial results

Let A be an m × n matrix and b ∈ IRm . We shall denote by (A)i , (A)j , (A)ij , AT , N (A), R(A), A+
the i-th row, j-th column, (i, j)-th element, transpose, null space, range and Moore-Penrose pseudoinverse of A, respectively. For a given vector subspace E ⊂ IRq , PE (x) will be the orthogonal
projection onto E of an element x ∈ IRq and E ⊥ will denote its orthogonal complement, with respect to the euclidean scalar product and norm, denoted by h·, ·i and k · k. The following properties
are known (see e.g. [2])
AA+ A = A, A+ AA+ = A+ , (AA+ )T = AA+ , (A+ A)T = A+ A, (AT )+ = (A+ )T ,

(1)

PR(A) = AA+ , PR(AT ) = A+ A, PN (AT ) = I − AA+ , PN (A) = I − A+ A,

(2)

where I are the corresponding unit matrices and
N (A+ ) = N (AT ), R(A+ ) = R(AT ).

(3)

We consider the linear least squares problem: find x ∈ IRn such that
k Ax − b k= min{k Az − b k, z ∈ IRn }

(4)

and denote by LSS(A; b), xLS its solutions set and the (unique) minimal norm one. It is also well
known that (see e.g. [1])
⊥

xLS = A+ b ∈ N (A) = R(AT ), LSS(A; b) = xLS + N (A).

(5)

Thus, for a vector z ∈ IRn we shall denote by s(z) the solution vector (see (5))
s(z) = PN (A) (z) + xLS ∈ LSS(A; b).

(6)
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In our previous report [6] we analysed a classical AMG-like approach to the problem (4). We shall
briefly replay these facts in what follows. Let p < n be a fixed integer, Ap (m × p) - the coarse grid
matrix and Ipn (n × p) - the interpolation operator (which we suppose to be full column rank). In
[6] we considered the following 2-grid AMG algorithm for (4) (for details about AMG algorithms
see [13, 14]) .
Algorithm AMG. Let z ∈ IRn be a given approximation;
1. Relaxation: apply ν ≥ 1 steps of Kaczmarz’s iteration (see [2]) to z and get x ∈ IRn , i.e.
x = Kacz (ν) (z).

(7)

2. Correction: apply the following AMG-like correction step to x and get x̄, the new approximation.

 d = b − Ax

+
k Ap vp − d k= min! ⇒ vp = A+
(8)
p d = Ap PR(Ap ) (d)

x̄ = x + Ipn vp
In order to replay some properties related to the algorithm (7)-(8), we consider the decomposition
of b ∈ IRm ,
b = bA ⊕ b∗A , where bA = PR(A) (b), b∗A = PN (AT ) (b).
(9)
We know that (see e.g. [2])
x ∈ LSS(A; b) ⇔ Ax = bA

(10)

and the correction vector vp in (8) satisfies
Ap vp = PR(Ap ) (d).

(11)

Some of the properties of the algorithm AMG (7)-(8) have been analysed in [6] and will be briefly
described in what follows.
Assumption 1. The matrices A, Ap and Ipn must be connected through the relation
Ap = AIpn .

(12)

This assumption ensures some important properties of (7)-(8) which will be briefly described below.
For this, let us first denote by x, x̄ be the approximation before and after the correction step (8),
respectively and define the corresponding errors (see (6)) by
e = x − s(x), ē = x̄ − s(x̄).

(13)

Proposition 1 Under the above Assumption 1 the following properties hold.
(i) If x ∈ LSS(A; b), then x̄ = x.
(ii) The correction process (8) is idempotent.
(iii) If r and r̄ are the residuals before and after the correction step (8), i.e. (see (13))
r = Ae = A(x − s(x)) = Ax − bA ,

r̄ = Aē = A(x̄ − s(x̄)) = Ax̄ − bA ,

(14)

then
ATp r̄ = 0 and k r̄ k ≤ k r k .

(15)

e0 = x − xLS , ē0 = x̄ − xLS

(16)

(iv) Let
be the errors corresponding to the minimal norm solution of (4). Then
e0 = −A+ d + PN (A) (x) = A+ r + PN (A) (x),
k e0 k2 =k A+ d k2 + k PN (A) (x) k2 =k A+ r k2 + k PN (A) (x) k2 ,

(17)

ē = −A d¯ + PN (A) (x̄) = A+ r̄ + PN (A) (x̄),
0

+

k ē0 k2 =k A+ d¯ k2 + k PN (A) (x̄) k2 =k A+ r̄ k2 + k PN (A) (x̄) k2 ,
¯ r, r̄ are the corresponding deffects and residuals.
where d, d,
3

(18)

Beside the above described properties of the coarse grid correction step (8) the following one is very
important for the convergence analysis of the two grid AMG algorithm (7)-(8).
PN (A) (x̄) = PN (A) (x).

(19)

It ensures the fact that, after the correction step, the new approximation x̄, generates an error ē
with respect to the same LSS solution. Else, at each application of (8) the solution according to
which the error is computed (see (13)) can be changed.
Remark 1 In fact, this is one of the main differences between the square nonsingular case for the
algorithm (7)-(8) and the general, rank-deficient one (N (A) 6= 0). Moreover, if (19) doesn’t hold
(or we have no control on it) troubles can appear in the behaviour of (7)-(8).
In what follows we shall give three assumptions, each of which guarantees (19).
Assumption 2.1 The matrices A, Ap , Ipn satisfy
(A+ A)Ipn = Ipn (A+
p Ap ).

(20)

Assumption 2.2 The matrices A, Ap , Ipn satisfy
n +
A+ Ap A+
p A = Ip Ap A.

(21)

Assumption 2.3 The interpolation Ipn satisfies
R(Ipn ) = R(AT ).

(22)

Proposition 2 (i) Each of the above assumptions ensures the property (19).
(ii) If the matrix A has full column rank, then (20) and (21) are true.
(iii) If the interpolation operator is of the form
Ipn = AT E,

(23)

for some m × p matrix E, then (22) is true.
(iv) If (20) holds, then the errors e and ē from (13) satisfy
ē = e + Ipn vp .

(24)

Remark 2 The idea of using Kaczmarz’s relaxation in (7) is related to the fact that the initial
system (4), even in the consistent case is rank-deficient (i.e. N (A) 6= 0). But, unfortunately
(unless some special approaches - see e.g. [11]) there is no direct connection within Kaczmarz’s
method between two consecutive residuals. The only things we know are the following (see (7) and
[9]))
PN (A) (x) = PN (A) (z), thus s(x) = s(z)
(25)
and
x − s(z) = Gν (z − s(z)),

(26)

for some n × n matrix G with the property
lim Gν = 0.

ν→∞

(27)

From this view point, if we introduce the corresponding residuals, rx = A(x−s(z)), rz = A(z−s(z)),
from (26) we get
k rx k≤k AGν k k z − s(z) k,
(28)
i.e. we may expect some reduction of the residual only for a sufficient number ν ≥ 1 of pre-smoothing
steps in (7)-(8). This empirical observation appears also in the numerical experiments from Sections
3 - 5, in which we used values ν ≥ 3 in order to get better behaviour for the corresponding algorithms.
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Table 1. Rank of scanning matrices
Scanning matrix A
Rank(A)
m=36; n=144
35
m=144; n=144
120
m=576; n=144
133

2

General comments on the numerical experiments related
to sections 3 - 6

In all the numerical experiments performed in sections 3 - 6 we used the three 12 × 12 pixels
original images, OI1, OI2, OI3 from Figure 1 (which gives us n = 12 × 12 = 144 as the number of
columns in the scanning matrix A). The scanning procedure was the one used in electromagnetic
geotomography (see e.g. [10]), i.e. (see Figure 2(a)) the electromagnetic waves are sent from
each source Sl to each receptor Rk and the matrix coefficients Aij are computed as the lenght
of the intersection between the i-th wawe (connecting some Sp with some Rq , according to a
given numbering) and the j-th pixel from the image discretization (see Figure 2(b)).We used three
scanning procedures: p = q = 6, p = q = 12 and p = q = 24, for which we got m = 36, 144 and 576,
respectively, as the number of rows in A. The three scanning matrices Ai , i = 1, 2, 3 so obtained
were multiplied with the exact images OIr, r = 1, 2, 3 and gave us the corresponding right hand
sides bi,r . In each case, for the consistent system so obtained was computed the corresponding
minimal norm solution xi,r
LS , presented in Figures 3-5.
Remark 3 Because the matrices Ai are rank-deficient (see Table 1) and related to the scanning
procedure (see for details [10] and references therein) the minimal norm solutions do not always
correspond to the exact images (see Figures 3-5).
We made comparative experiments with the classical Kaczmarz’s projection algorithm and various
multigrid-like ones (which will be described in the next sections). In all the tests, the stopping rule
was
k Axk − b k≤ 10−3 .
(29)
This accuracy of the residual was choosen such that the accuracy w.r.t. the minimal norm solution
erxls =k xk − xLS k

(30)

was at the level 10−1 − 10−2 , enough relevant for our test problems.

3

First construction of the interpolation operator Ipn

We considered the approach from [12]. Let A be the m × n matrix obtained by scanning the given
image (we shall consider only the 2D case here). We shall suppose that
n = 4p

(31)

and let P1 , . . . , Pn be the pixels on the “fine grid”. The “coarse grid” is obtained by considering
the ”bigger” pixels formed (each) by 4 adiacent ones from the fine grid, P1H , . . . , PpH (see Figure
6(A)). For any j ∈ {1, . . . , p} we define S(j) as the set of indices of fine grid pixels that form the
coarse grid one PjH , i.e.
(32)
S(j) = {j1 , j2 , j3 , j4 }, ∀j = 1, . . . , p,
such that
PjH = Pj1 ∪ Pj2 ∪ Pj3 ∪ Pj4 .

(33)

We may suppose that the pixels Pi and PjH are numbered such that (e.g. as in Figure 6(A))
j1 < j2 < j3 < j4 .
We construct the above coarse grid matrix Ap following the formulas (see Figure 6(B))
X
(Ap )ij =
Aik , ∀i = 1, . . . , m, j = 1, . . . , p
k∈S(j)
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(34)

(35)

Image
OI1
OI2
OI3

K (36)
22(0.002)
33(0.002)
17(0.002)

Table 2. Kaczmarz (K) versus AMG-IP
AMG-IP(36)
K (144)
AMG-IP(144)
K (576)
4(0.03)
64(0.02)
38(0.07)
105(0.008)
8(0.11)
1787(0.03)
695(1.3)
528(0.007)
6(0.08)
2595(0.03)
669(0.66)
459(0.008)

AMG-IP(576)
146(0.02)
187(0.02)
92(0.01)

and the corresponding n × p interpolation operator Ipn , denoted IP , by

1, if i ∈ S(j)
(IP )ij =
0, if i ∈
/ S(j),

(36)

i = 1, . . . , n, j = 1, . . . , p. The following properties hold.
Proposition 3 (i) The matrices A, Ap and IP satisfy (12). Moreover, the interpolation operator
IP has full column rank.
(ii) If A from before has full column rank, and Ap and IP are defined as in (35) and (36), then Ap
has also full column rank.
Remark 4 From above it results that our approach (35) − (36) satisfies all the properties from
section 2 when A is full column rank. Unfortunately this is not the case for the classical formulation
of image reconstruction problems, but it appears in their Tikhonov-like regularization (see e.g. [1]).
This approach will be analysed in a further paper.
First of all we tested the Algorithm AMG (7)-(8) (denoted here by AMG-IP), with the interpolation IP from (36) and the coarse grid matrix defined by (12)). The numbers of iterations to
fulfill (29) are presented in Table 2; in brackets we indicated the value of erxls from (30). We used
ν = 3 in (7).
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Second construction of the interpolation operator Ipn

The above construction of the interpolation operator IP from (36) is not connected to the scanning
procedure, thus on the problem matrix A ! Indeed, with IP a coarse grid vector xp = (xpj )1≤j≤p ∈
IRp is equally distributed on the fine grid pixels according to (see also Figure 6(B))
(IP xp )k = xpj , ∀k ∈ S(j) = {j1 , j2 , j3 , j4 },

(37)

for a fixed j ∈ {1, . . . , p}. A more realistic way would have to take into account the contribution of
xpj on each fine grid pixel Pj1 , . . . , Pj4 according to the corresponding matrix coefficients of a fixed
row i ∈ {1, . . . , m}, i.e.
P
X
Aik
k∈S(j) Aik p
p
P
xj = P
xj =
xpj ,
(38)
A
A
k∈S(j) ik
k∈S(j) ik
k∈S(j)

which allows us at the following construction: for each i ∈ {1, . . . , m} define the n × p matrix E i by

P Aik
, if k ∈ S(j) and Ray i ∩ Pixel PjH 6= φ


Aik
k∈S(j)
(E i )kj =
(39)


0,
else
We then define the Ipn operator, denoted in the paper by IN T , by their arithmetic mean, i.e.
m

IN T =

1 X i
E.
m i=1

(40)

Remark 5 The above operator IN T is full column rank because its columns are structurally mutually orthogonal (see [8]); this is based on the fact that Aik ≥ 0 and that ∀k ∈ {1, . . . , n}, ∃i ∈
{1, . . . , m} such the i-th ray intersects the k-th fine grid pixel Pk .
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Image
OI1
OI2
OI3

Image
OI1
OI2
OI3

K (36)
22(0.002)
33(0.002)
17(0.002)

K (36)
22(0.002)
33(0.002)
17(0.002)

Table 3. Kaczmarz (K) versus AMG-INT
AMG-INT(36)
K (144)
AMG-INT(144)
K (576)
2(0.21)
64(0.02)
63(0.14)
105(0.008)
3(1.24)
1787(0.03)
408(0.49)
528(0.007)
3(0.52)
2595(0.03)
694(0.58)
459(0.008)

Table 4. Kaczmarz (K) versus AMG-INAT
AMG-INAT(36)
K (144)
AMG-INAT(144)
K (576)
6(0.009)
64(0.02)
19(0.02)
105(0.008)
13(0.02)
1787(0.03)
586(0.03)
528(0.007)
3(0.003)
2595(0.03)
839(0.03)
459(0.008)

AMG-INT(576)
51(0.03)
310(0.18)
97(0.2)

AMG-INAT(576)
32(0.02)
175(0.04)
148(0.05)

We performed tests as in the above section 3. The results are presented in Table 3.
Remark 6 Although the construction (39) seems to be more appropriate for a good distribution of
coarse grid values than (37), the way in which the interpolation operator is defined in (40) is, by
far, not among the best possible choices. A possibility to overcome this aspect will be described in
section 8 of the paper.
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Third construction of the interpolation operator Ipn

We consider in this section the construction (23), which is much theoretically supported than the
previous ones. Indeed, according to Proposition 2 the equality (19) holds in this case. Thus, the
empirical considerations from Remark 2 apply, in the sense that, if ν is enough big, we expect a
residual reduction after the Kaczmarz step (7) followed by the residual reduction after the correction
ensured by (15) and this with respect to the same solution s(z) ! For the construction (23) we
considered the m × p matrix E, only with 1’s and 0’s as entries, defined by (see (32) - (33)) and
Figure 6(B)

1, if the i − th ray intersects PjH
(E)ij =
(41)
0, else.
In this way we can get an (enough) sparse interpolation operator Ipn , defined as in (23) and denoted
in what follows by IN AT . The coarse grid matrix Ap was defined as in (12), which gives us in a
matrix formulation (see (23))
Ap = A · IN AT = AAT E.
(42)

Remark 7 The elements of Ap from (42) are scalar products of the form hAi , Aj i, between the
rows of A. From this view point its sparsity structure can be different than the one for Ap from
Section 3.
Similar tests as in the above sections 3 and 4 allowed us to the results from Table 4.
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A different LS formulation of the initial problem

In order to avoid the difficult and hard to be fulfilled theoretical considerations related to the
algorithm (7)-(8), we considered the following ”extended” least squares formulation of the problem
(4): find x ∈ IRn , v ∈ IRp such that
k A(x + Ipn v) − b k= min{k A(z + Ipn w) − b k, z ∈ IRn , w ∈ IRp }.

Remark 8 This ”extended matrix” approach is related to the method proposed in [5].
The connections between the two problems (4) and (43) are described in the following results.
7

(43)

Proposition 4 The problems (4) and (43) are both consistent or both inconsistent.
Proof. If x ∈ IRn is a solution for the consistent case of (4), i.e. Ax = b, then by setting v = 0 ∈ IRp
we get A(x + Ipn v) = Ax = b, i.e. x + Ipn v is a solution for (43). Conversely, if A(x + Ipn v) = b for
some x ∈ IRn and v ∈ IRp then x̄ = x + Ipn v will be a solution of (4).
Let us now suppose that both problems are inconsistent and denote by LSS(4) and LSS(43) the
corresponding sets of least squares solutions. The following result gives the connection between
these sets.
Proposition 5 The following are true:
(i) if x ∈ LSS(4), then (x, 0)T ∈ LSS(43);
(ii) if (x, v)T ∈ LSS(43), then x̄ = x + Ipn v ∈ LSS(4).
Proof. (i) From our hypothesis, k Ax − b k≤k A(z + Ipn 0) − b k, ∀z ∈ IRn , thus (x, 0)T ∈ LSS(43).
(ii) If Â is the m × (n + p) matrix defined by Â = [A|AIpn ], then the problem (43) can be written
as: find (x, v)T ∈ IRn × IRp such that
k Â(x, v)T − b k= min{k Â(z, w)T − b k, (z, w)T ∈ IRn × IRp ,

(44)

or, in normal equation formulation
ÂT Â



x
v



= ÂT b.

(45)


I
Ipn


, where I is the identity on

If we denote by F the full column rank (n + p) × n matrix F =


x
T T
n
= F AT b, or equivalently (because F is injective)
IR , then (45) can be written as F AA F
v
AT A(x + Ipn v) = AT b which means that x + Ipn v ∈ LSS(4) and completes the proof.

Remark 9 Unfortunately, there is not always a direct connection between the minimal norm solution of (4), xLS and the corresponding one for (43), (zLS , vLS )T , i.e. in general xLS 6= zLS +Ipn vLS .
We can see this in Figures 5 and 7 in which we represented the exact minimal norm solution for
OI3 and different scanning matrices and, respectively, the approximate ones with the Kaczmarz
algorithm applied to the problem (43) with the null initial approximation and the stopping rule
k A(xk + Ipn v k ) − b k≤ 10−3 .

(46)

Remark 10 Concerning the computational effort for applying Kaczmarz or Kaczmarz Extended
algorithm (see e.g. [10, 8]) to the problem (43), we have to observe that we don’t need to compute
the product AIpn . Indeed a simple calculation gives us for the i-th row of Â


Ai
Âi =
= F Ai
(47)
(AIpn )Ti
where Ai is the i-th row of A and f the matrix from the proof of proposition 5 above. In a similar
way we obtain that the j-th column of Â is given by
 j
A ,
for j ∈ {1, . . . , n}
Âj =
(48)
A(Ipn )j , for j ∈ {n + 1, . . . , n + p}.
Moreover, for the euclidean norms of the above rows and columns (involved in computations of
Kaczmarz or Kaczmarz Extended algorithms) we get

k Aj k2 ,
for j ∈ {1, . . . , n}
2
2
n T
2
j 2
(49)
k Âi k =k Ai k + k (Ip ) Ai k , k Â k =
k A(Ipn )j k2 , for j ∈ {n + 1, . . . , n + p}.
In our case, both above described interpolation operators, IP and IN T have a similar structure
corresponding to the relation between the coarse and fine grid (see (36), (39), (40)), i.e. only 4
nonzero elements per column and the columns structurally orthogonal (see e.g. [8]). Thus, for computing the products (Ipn )T Ai and A(Ipn )j from (49) we need only 4 multiplications and 3 additions,
respectively m× (4 multiplications and 3 additions).
We made tests with Kaczmarz algorithm for the problem (43) with Ipn = IP (denoted AMGU-IP)
and Ipn = IN T (denoted AMGU-INT) with the stopping rule (46). The results are presented in
Tables 5 and 6.
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Image
OI1
OI2
OI3

Image
OI1
OI2
OI3

7

K (36)
22(0.002)
33(0.002)
17(0.002)

K (36)
22(0.002)
33(0.002)
17(0.002)

Table 5. Kaczmarz (K) versus AMGU-IP
AMGU-IP(36)
K (144)
AMGU-IP(144)
K (576)
80(0.33)
64(0.02)
2472(0.02)
105(0.008)
58(0.13)
1787(0.03)
3768(0.1)
528(0.007)
31(0.16)
2595(0.03)
3361(0.24)
459(0.008)

Table 6. Kaczmarz (K) versus AMGU-INT
AMGU-INT(36)
K (144)
AMGU-INT(144)
K (576)
22(0.005)
64(0.02)
66(0.02)
105(0.008)
33(0.004)
1787(0.03)
1795(0.03)
528(0.007)
17(0.004)
2595(0.03)
2601(0.03)
459(0.008)

AMGU-IP(576)
628(0.009)
1188(0.01)
1149(0.01)

AMGU-INT(576)
110(0.007)
527(0.006)
458(0.009)

Interpolation by Aggregation / Disaggregation

The idea of our Aggregation / Disaggregation (A/D) procedure starts from remark 6 in section
4. Moreover, all the notations and considerations here refers to section 3. Let j ∈ {1, . . . , p}
be arbitrary fixed and x ∈ IRn a current approximation. For i ∈ {1, . . . , m} also
Pnarbitrary
fixed,
let
d
=
(b
−
Ax)
be
the
corresponding
component
of
the
deffect
and
σ(i)
=
i
k=1 Aik =
Pp P i
(
A
).
The
idea
is
to
consider
a
”local
correction”,
only
with
respect
to
the
coarse
j=1
k∈S(j) ik
H
grid pixel Pj and its fine grid components Pk , k ∈ S(j). The ”contribution” of the above component di of the deffect on the coarse grid pixel PjH , denoted in what follows by dji , can be defined
starting from the equality

Pp P
!
P
p
p
X
X
j=1
k∈S(j) Aik
k∈S(j) Aik
di =
di =
dji ,
(50)
di =
σ(i)
σ(i)
j=1
j=1
where

P
dji

=

k∈S(j)

σ(i)

Aik

di .

(51)

Then, the best ”local” (with respect to PjH ) distribution of the coarse grid information (only with
respect to the i-th equation) would be given by the values wj1 , wj2 , wj3 , wj4 ∈ IR which would satisfy
X
Aik wk = dji .
(52)
k∈S(j)

But, because the equation in (52) is, in general not compatible, thus we have to replace it by the
weaker request: find the values wj1 , wj2 , wj3 , wj4 ∈ IR which minimize the expression
X
Aik wk − dji .
(53)
k∈S(j)

In all the above considerations the i-th row of the matrix A was fixed and we are in a similar situation
as in section 4, regarding the matrices Ei . In order to overcoming the difficulty we observed at the
begining of this section, we shall now ”involve” in the above consideration and in the minimization
assumption (53) all the rows of A. In this sense, by keepping the coarse grid index j arbitrary fixed,
we define the vector dj ∈ IRm and the m × 4 (sub)matrix Aj by (see (51))


A1,j1 A1,j2 A1,j3 A1,j4
 A2,j1 A2,j2 A2,j3 A2,j4 


j
j
j T
...
...
... 
d = (d1 , . . . , dm ) , Aj = 
(54)
 ...

 ...
...
...
... 
Am,j1 Am,j2 Am,j3 Am,j4
Then we consider instead of (53), the minimization problem: find z ∗ ∈ IR4 , a solution of the problem
k Aj z ∗ − dj k= min{k Aj z − dj k, z ∈ IR4 }
9

(55)

and then set
wjk = zk∗ , k = 1, 2, 3, 4.

(56)

Remark 11 Usually, in (55) we are computing the minimal norm solution
j
zLS = A+
j d ,

(57)

where A+
j is the Moore-Penrose pseudoinverse of Aj .
According to the above considerations, we can now define our A/D process as follows.
Aggregation
• given an approximation x ∈ IRn , compute d = b − Ax
• for each j = 1, . . . , p do
– construct dj and Aj as in (54)
j
– solve the minimization problem (55) as in (57), i.e. z ∗ = A+
j d
– define the components wjk , k = 1, 2, 3, 4 as in (56)
Disaggregation
• construct the correction vector w ∈ IRn with the components wjk , k ∈ S(j), j = 1, . . . , p
• update the approximation x to x̄ as x̄ = x + w
• STOP
The above A/D process have been designed as an alternative to the classical correction step
(8). It’s advantage consists in the reduction of the computational cost for solving the coarse grid
problem. As numerical experiments, we used it in combination with (classical) Kaczmarz iteration
(see [2] and (7)) as relaxation, in a 2-grid AMG process, for the consistent reconstruction problems
related to the images from figure 1. The results are similar with those from figures 3-5. A deeper
analysis has to be made with respect to its behaviour on more than 2 grids, inconsistent problems
and some theoretical aspects concerning the error reduction. These aspects will be analysed in a
near future work.
The above A/D method can be considered in a more general framework, as an iterative method.
Indeed, if we consider a renumbering of the columns of A, such that the columns 1 to 4 are in A1 ,
5 to 8 in A2 , a.s.o. we get a block column decomposition of A of the form
A = bcol[A1 , A2 , . . . , Ap ]
Moreover, if Dj is the m × m matrix defined by
!
P
P
k∈S(j) A1,k
k∈S(j) Am,k
Dj = diag
,...,
σ(1)
σ(m)

(58)

(59)

we observe that the vector dj from (51) and (54) is given by dj = Dj d. For a vector z ∈ IRN , let
z j be the subvector corresponding to the components with indices in S(j). Then, the above A/D
process can be considered as an iterative method as follows:
• let xk ∈ IRN be a given approximation;
• compute rk = b − Axk
• compute (solve)
k
wj = A+
j Dj r , j = 1, . . . , p
j

(60)

j

• update xk+1 = xk + wj , j = 1, . . . , p
In the paper [4] a generalized block column Jacobi method was proposed, in which the step (60)
has the form
k
wj = A+
(61)
j Dω r , j = 1, . . . , p, with Dω = ωI,
with I the unit matrix and ω ∈ IR a relaxation parameter. From this view point our A/D process
is a kind of generalized block Jacobi iteration. Another A/D type algorithm can be found in [7].
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A Full Multigrid-like approach

In this section we shall describe the Full Multigrid-like (FMG, for short) approach used to reconstruct a fine grid level image with information from coarser levels and Kaczmarz algorithm used
as relaxation procedure. The coarser levels are generated according to the procedure described in
section 3 (see also Figure 6). The finest level corresponds to the three exact images (xex) from
Figure 8, with resolution 256 × 256 = 65536 pixels. We considered 7 succesive coarser levels, corresponding to the resolutions 128 × 128, 64 × 64, 32 × 32, 16 × 16, 8 × 8, 4 × 4 and 2 × 2. The
FMG-like algorithm we used is similar with the one in [10], but for a better understanding we shall
describe in what follows a 3-grid version of it: level 0 (256 × 256), level 1 (128 × 128) and level 2
(64 × 64).
1. Preprocessing
• construct the finer level matrix A : m × n, with n = 65.536 (corresponding to the 256 ×
256 resolution of the exact image) and m = 107.520 (corresponding to a 210 sources ×
512 detectors scanning procedure as in medical applications (see e.g. [10]).
• construct the (consistent) right hand side b ∈ IRm by
b = A ∗ xex.
n
• construct the coarser grids matrices AP1 : m × n4 and AP2 : m × 16
, corresponding
n
to the coarser levels 1 and 2, as in (12) (see also (35)), with Ip = IP (from (36)) or
Ipn = IN T (from (40)), where the interpolation operators were defined in accordance to
the corresponding pair of successive levels, i.e.

AP1 = A (Ipn )01 ,

AP2 = AP1 (Ipn )12 .

(62)

2. Compute the coarsest grid minimal norm solution v2 by
AP2 v2 = b =⇒ v2 = (AP2 )+ b.

(63)

3. Interpolate v2 to the next finer level
ṽ2 = (Ipn )12 v2 .

(64)

4. Apply to ṽ2 one Kaczmarz iteration on level 1
v1 = Kacz(AP1 ; b; ṽ2 ).

(65)

5. Interpolate v1 to the next finer level
ṽ1 = (Ipn )01 v1 .

(66)

6. Apply to ṽ1 one Kaczmarz iteration on level 0
v0 = Kacz(A; b; ṽ1 ).

(67)

7. STOP
We compared the FMG-like reconstructions, using different numbers of successive coarse levels
between 2 and 8 with a direct reconstruction on the finest level 0 with 5 Kaczmarz iterations and
zero as initial approximation. The errors in table 7 represent the euclidean norm of the difference
between the exact image and the reconstructed one, on the finest level (256 × 256). Figures 9-11
and 12-14 represent the reconstructed images with 5 Kaczmarz iterations on the finest level with
x0 = 0 (1-grid (left)), FMG-like with 2 levels (2-grid (midle)) and FMG-like with 8 levels (8-grids
(right)) and IP and INT, respectively as interpolation operators in (62). As expected, the best
results were obtained with the 2-grid FMG-like, because from the coarse grid (128 × 128) ”comes”
to the finest one (256 × 256) a very good approximation of the minimal norm solution, which is
different from the 8-grid FMG-like in which the exact minimal norm solution is computed on a
very coarse grid (2 × 2) ! But, inspite of this ”theoretical” aspect, from a practical view point the
operators IP and INT from sections 3 and 4 prove their efficiency, according to the quality of the
reconstructed image with the 8-grid FMG method.
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FMG levels
0
1
2
3
4
5
6
7

Table 7. Errors with FMG algorithm
IP interpolation
INT interpolation
Image 1
Image 2
Image 3
Image 1
Image 2
Image 3
6.16
30.57
31.27
6.16
30.57
31.27
3.02
12.06
15.14
3.38
12.59
15.73
2.43
12.06
16.33
2.62
12.36
16.69
2.17
14.23
20.95
2.69
14.98
21.68
3.05
20.65
31.78
3.47
21.15
32.37
4.54
34.19
43.43
4.60
35.05
43.57
6.31
42.86
60.27
6.19
42.18
55.62
7.94
43.55
64.56
7.94
43.45
58.56

Remark 12 The procedure (62)-(67) is not a classical FMG algorithm (see e.g. [14] and references
therein), but a simpler version in which a coarser grid exact solution is extended and improved on
finer grids (up to the finest one), by successive interpolations, alternating with one Kaczmarz sweep
on each level. This procedure is much less time consuming that a classical FMG one which uses
V-cycles after each interpolation. Moreover, although was tested only for a consistent problem
we claim that it will work also in the inconsistent case (of course according to the behaviour of
Kaczmarz iteration) because even in the consistent (finest grid) case, all the coarse grid systems are
inconsistent.
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Comments and conclusions
1. The rank-deficiency from Table 1 determines the differences between the exact images in
Figure 1 and the (exact) xLS reconstructions in Figures 3, 4 and 5 (this is well known in
geotomography, see e.g. [8]).
2. Results from Tables 2 and 3 (ν = 3; Sections 3 and 4) - poor if we take into account that
we have only a 2-grid method (in which a coarse grid problem is solved at each iteration
!) Moreover we can see in both tables in the columns related to AMG-IP/INT that the
erxls error (30) is enough big, i.e. the limit point is a solution but it is different than the
corresponding xLS ! This is partially due to the fact that the equality (19) doesn’t hold in
this case.
3. Results from table 4 (Section 5, ν = 3) - also poor as number of iterations, but the above
problem related to the limit point has been eliminated because now, the equality (19) holds !
4. Concerning the results in tables 5 and 6 - AMGU algorithms (Section 6) - we have to observe
that we do not more solve a coarse grid problem; it is just Kaczmarz applied to an extended
matrix; everithing is OK about convergence and relation between the two problems (4) and
(43), but the preconditioning doesn’t yet work ! We have (almost) the same numbers of
iterations as classical Kaczmarz applied to the original problem.
5. As conclusions for our present report, we have to first observe that it essentially develops
the results of our previous report [6]; all the numerical results together with the empirical
theoretical considerations must now be deeply analysed; we must start a serious analysis of the
error reduction in the various AMG versions; for the moment we have only a ”quantitative”
view point about the methods.
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him our gratitude.

References
[1] Bautu A., Bautu E., Popa C. - Tikhonov regularization in image reconstruction with Kaczmarz Extended algorithm, Proceedings of ASIM Conference, September 12-15 2005, Erlangen,
Germany, SCS Publishing House e.V., 650-655.
12

[2] Björk A., Numerical methods for least squares problems, SIAM Philadelphia, 1996.
[3] Duluman T., Popa C., Rüde U., Algebraic multigrid interpolation strategies with application
in image reconstruction, paper presented at Sixth Workshop on Mathematical Modeling of
Environmental and Life Sciences Problems, September 5-9, 2007, Constanta, Romania.
[4] Elfving T., Block-iterative methods for consistent and inconsistent linear equations, Numer.
Math., 35(1980), 1 - 12.
[5] Griebel M., Multilevel algorithms considered as iterative methods on semidefinite systems,
SIAM J. Sci. Comput., 15(3)(1994), 547-565.
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Figure 1: Original images: OI1 (left), OI2 (midle), OI3 (right)

(a) Scanning in geotomography

(b) Pixel discretization

Figure 2: Scanning and discretization

Figure 3: Exact xLS reconstruction for OI1: m = 36 (left), m = 144 (midle), m = 576 (right)

Figure 4: Exact xLS reconstruction for OI2: m = 36 (left), m = 144 (midle), m = 576 (right)
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Figure 5: Exact xLS reconstruction for OI3: m = 36 (left), m = 144 (midle), m = 576 (right)
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Figure 6: Relation between fine and coarse grid matrix entries.

Figure 7: Approximate xLS reconstruction for OI3: m = 36 (left), m = 144 (midle), m = 576
(right)
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Figure 8: Original image 1 (left), Original image 2 (midle), Original image 3 (right)

Figure 9: IP reconstruction: 1-grid (left), 2-grid (midle), 8-grid (right)

Figure 10: IP reconstruction: 1-grid (left), 2-grid (midle), 8-grid (right)

Figure 11: IP reconstruction: 1-grid (left), 2-grid (midle), 8-grid (right)
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Figure 12: INT reconstruction: 1-grid (left), 2-grid (midle), 8-grid (right)

Figure 13: INT reconstruction: 1-grid (left), 2-grid (midle), 8-grid (right)

Figure 14: INT reconstruction: 1-grid (left), 2-grid (midle), 8-grid (right)
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