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Abstract

Abstract
In the ﬁeld of particle technology, the characterization of nano-particles and their behavior in a ﬂow has become a major
topic for industrial applications. The force interaction between the ﬂuid and the nano-particles is one of most important
research areas. Especially the forces, which occur between several sintered particles, are of interest. These forces are
responsible for structural changes and are still only basically understood due to the limited capabilities of physical measurements. In contrast to the classical physical nano-particle characterization, the numerical simulation has the ability to
gain insight into the structural properties of nano-particles.
This thesis presents a way to simulate the nano-particle behavior in a ﬂow by coupling a computational ﬂuid dynamics
solver for the simulation of the ﬂuid to a rigid body physics engine for the simulation of the particle movements. For the
ﬂuid simulation, the Lattice Boltzmann Method will be used, which has gained increasing popularity in the last decade.
Compared to the classic Navier-Stokes approach, it offers a simpler, yet stable implementation for the calculation of the
macroscopic ﬂuid properties and offers a better adaptability for parallelization efforts. Due to the kinematic origin of the
Lattice Boltzmann Method, it is especially suitable for the coupling to a rigid body physics engine.
By extending the basic ﬂuid simulation for the treatment of curved particle surfaces and by a ﬂuid particle force interaction method, the ﬂuid forces acting on the nano-particles can be calculated. With this force interaction between the ﬂuid
and the particles and the use of the rigid body physics engine, the movement and collision behavior of nano-particles in
a ﬂow can be simulated. Additionally, this coupled simulation system is able to simulate the internal particle forces in
the connections between sintered particles, which could break due to the forces of a shear ﬂow. Therefore a prediction of
possible break-ups becomes possible. For the validation of the nano-particle simulation several analytical calculations are
compared to simulation results.
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Zusammenfassung
Im Forschungsfeld der Partikeltechnologie hat die Charakterisierung von Nanopartikeln und die Erforschung ihres Strömungsverhaltens große Bedeutung für industrielle Anwendungen gewonnen. Dabei ist die Kraftübertragung zwischen
dem Fluid und den Nanopartikeln einer der wichtigsten Forschungsbereiche. Besonders interessant sind hierbei die Kräfte, die in den Verbindungen von gesinterten Partikeln auftreten. Diese Kräfte sind verantwortlich für strukturelle Veränderungen und sind bis heute aufgrund der limitierten Möglichkeiten von physikalischen Messungen nur teilweise erforscht.
Im Gegensatz zur klassischen physikalischen Nanopartikelcharakterisierung bietet die numerische Simulation die Möglichkeit, Einblick in die strukturellen Eigenschaften der Nanopartikel zu erhalten.
Diese Masterthesis präsentiert einen Weg, die Eigenschaften von Nanopartikeln in einer Strömung zu simulieren. Dabei
werden eine numerische Methode zur Strömungssimulation von Fluiden und eine Festkörperphysikengine für die Partikelbewegungssimulation miteinander gekoppelt. Zur Strömungssimulation wird die Lattice Boltzmann Methode, die im
letzten Jahrzehnt stark an Popularität gewonnen hat, verwendet. Im Vergleich mit dem klassischen Navier-Stokes Ansatz
bietet sie eine einfachere und trotzdem stabile Implementierung zur Berechnung der makroskopischen Fluideigenschaften
und eine bessere Anpassbarkeit an die Parallelisierung. Aufgrund des kinematischen Ursprungs der Lattice Boltzmann
Methode eignet sie sich hervorragend für die Kopplung an eine Festkörperphysikengine.
Durch die Erweiterungen der Strömungssimulation für die Behandlung gekrümmter Oberﬂächen und durch einen Mechanismus zur Kraftübertragung zwischen Fluid und Partikel können die Fluidkräfte, die auf die Nanopartikel wirken,
berechnet werden. Mit dieser Kraftübertragung und der Verwendung der Festkörperphysikengine können die Bewegungen und das Kollisionsverhalten von Nanopartikeln in einer Strömung simuliert werden. Dabei ist das gekoppelte System
in der Lage, die internen Kräfte auf die Verbindungen zwischen den gesinterten Partikeln, die aufgrund der Kräfte einer
Scherströmung brechen könnten, zu simulieren. Dadurch wird eine Vorhersage von möglichen Brüchen ermöglicht. Für
die Validierung der Nanopartikelsimulation werden analytische Berechnungen mit den Ergebnissen der Simulation verglichen.
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Nomenclature
Vector values

Scalar values
Re
p
ξα
fα
fα(eq)
~
fα
wα
ρ
ρ*
ρ*w
ρ*w2
ρP
ρF
∆t
∆t*
∆x
∆x*
η
ν
ν*
r
r*
V
VP
V*
m
m1
m2
m*
Fabs
x*b
x*b2
x*f
x*f2
x*i
x*w
x*w2
∆
λ
τ
g
Fg
Fl
Ff

Reynolds number (nondimensional)
ﬂuid pressure [kg/m·s2]/ momentum [kg·m/s]
particle velocity vector in discrete velocity space
particle distr. function in discrete velocity space
equilibrium distr. function in discrete velocity space
post collision particle distribution function
weighing factor, depending on the used model
ﬂuid density [kg/m3]
lattice ﬂuid density (nondimensional)
lattice density at the particle surface
lattice density at the opposite particle surface
density of a particle [kg/m3]
density of the ﬂuid [kg/m3]
physical time step [s]
lattice time step (nondimensional)
physical cell size [m]
lattice cell size (nondimensional)
dynamic viscosity [mPa/s]
kinematic viscosity [m2/s], velocity [m/s]
lattice viscosity (nondimensional)
particle radius [m]
lattice particle radius (nondimensional)
spherical particle volume [m3]
particle volume [m3] for the lifting force
lattice particle volume (nondimensional)
particle mass [kg]
mass of body 1 of connection [kg]
mass of body 2 of connection [kg]
lattice particle mass (nondimensional)
absolute force
boundary node in the lattice
second lattice boundary node
ﬂuid node in the lattice
second lattice ﬂuid node
intermediate node in the lattice
Point on the surface of a particle in the lattice
Second surface point
delta value for complex geometries: |xf - xw| / |xf - xb|
relaxation time [s]
lattice relaxation time (nondimensional)
Gravity acceleration (9.81 m/s2)
Absolute gravity force [N]
Absolute lifting force [N]
Absolute friction force [N]

ξ
f
f (0)
u
ω
g
eα
u*
g*
a
a*
F
F*
n
t
u*w
u*w2

particle veloctiy vector
single ﬂuid particle mass distribution function
equilibrium distribution function
ﬂuid velocity [m/s]
angular velocity [rad/s]
gravity [m/s2]
discrete particle velocity
lattice ﬂuid velocity (nondimensional)
lattice gravity (nondimensional)
acceleration [m/s2]
lattice acceleration (nondimensional)
Force [N]
lattice Force (nondimensional)
normal vector
tangential vector
lattice velocity of the particle surface
lattice velocity of the opposite particle surface

Abbreviations
LBM
NS
DVM
PDE
D2Q9
D3Q15
D3Q19
D3Q27
CFL
STL
ODE

Lattice Boltzmann Method
Navier-Stokes
Discrete Velocity Model
Partial Differential Equation
2-dimensional LBM model with 9 velocities
3-dimensional LBM model with 15 velocities
3-dimensional LBM model with 19 velocities
3-dimensional LBM model with 27 velocities
Courant-Friedrichs-Lewy
Standard Template Library for C++
Open Dynamics Engine

Illustrations
Fluid region cell in the lattice, including inﬂow,
outﬂow, acceleration and ﬂuid cells
Obstacle cell in the lattice, including no-slip, freeslip and particle cells

Note: In this thesis, every value in the parameterized lattice
space is marked with *. Only the lattice relaxation time τ,
the time t and all points in the lattice, denoted as x?, are not
specifically marked.
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Chapter 1

Introduction
1.1 Motivation
The application of nano-particles in the production of numerous everyday life products has become an important factor
for nearly every company. For example the transparency of plastic foil is strongly inﬂuenced by the structure and structural behavior of the used nano-particles. Without the application of nano-particles, the foil wouldn’t have its transparency
and only with certain particles the foil is resistant to strain.
In the ﬁeld of particle technology, the question of the structure and structural properties of nano-particles is essential for
the prediction of the particle behavior. A lot of scientiﬁc research has to be conducted in order to examine the structure
of nano-particles and to predict their behavior for all kinds of applications. Especially the agglomeration and sintering of
nano-particles is of major interest in order to produce certain material properties. Due to the complex structure of these
nano-particles and particle agglomerates, the analytical examination is limited to only very simple structures. The numerical simulation might be one way to efﬁciently examine the structure and behavior of the particles and therefore create new
products faster and less costly.

Figure 1.2: Transparent nano-particles
for plastic foil

Figure 1.1: Magnetic nano-particles

This thesis proposes a way to numerically examine the behavior of nano-particles and particle agglomerates in a ﬂow.
The movements of the particles and particle agglomerates due to the stream forces will be simulated next to the internal
forces in certain contacts between several nano-particles, which will enable the prediction of ruptures in the agglomerate
structure. The acquired knowledge of the acting forces and of the ﬂow behavior of the particle structure can be used to
gain insight into agglomerate properties, which were out of reach due to the limited possibilities of physical measurements and due to the complex structure.
Since the system to be simulated is very complex, two simulation systems will be coupled. The ﬂuid ﬂow will be simulated with the Lattice Boltzmann method. This method has gained a lot of popularity in the last decades due to its very
interesting numerical properties and the comparably simple implementation compared to methods using a direct discretization of the Navier-Stokes equations. The particle and agglomerate movements will be simulated with a rigid body physics engine, in order to move the nano-particles physically correct despite the complex structure.

1.2 Structure of this thesis
This thesis is structured in seven main chapters. After this introduction chapter, the lattice Boltzmann method (LBM) will
be presented in detail. The ﬁrst section is focused on readers, who have never dealt with the LBM, whereas the second
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Figure 1.3: Scanning electron microscope image
of a nano-particle aggregate with several thousand atoms

Figure 1.4: Computer generated image of the
nano-particle aggregate in Figure 1.3

section, the parametrization of the LBM, is also meant for more experienced readers, since it is an essential part of this
thesis and since during the LBM parametrization a lot of questions usually arise. The third chapter deals with the particle
and agglomerate implementation of this thesis and the rigid body physics engine used. Next to the basic ideas behind
the implementation aspects, a short introduction to the physics engine and the required setup of the agglomerates will be
given. Chapter four explains in detail all necessary extensions to the basic LBM algorithm in order to couple the ﬂuid
solver to the physics engine and to simulate moving particles and agglomerates. The sections in this chapter are arranged
according to the necessary simulation steps in the extended LBM algorithm. Starting with the new ﬂag calculation step
and the problems, which arise for moving agglomerates in the static lattice of the LBM. After that, the ﬂuid to agglomerate coupling of the force step will be explained, before the agglomerate movements and the force calculations of the
physics simulation step and the connection step are illustrated. In the ﬁfth chapter, some performance considerations are
discussed, including CPU load distributions of the simulation steps and a simpliﬁed grid compression implementation
in order to reduce the memory requirement of the LBM simulation. The sixth chapter will present the results of this thesis, including simple test scenarios with rising and falling particles and simulations of complex agglomerate structures,
whereas chapter seven will conclude this thesis.
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Chapter 2

The Lattice Boltzmann Method
2.1 Introduction to the Lattice Boltzmann Method
In the ﬁeld of computational ﬂuid dynamics (CFD), two major approaches to simulate ﬂuids have been developed in
the last decades. The classical approach is based on the numerical solutions of the Navier-Stokes Equations (NS). Equation (2.1) shows the momentum equation, which ensures the momentum conservation, while Equation (2.2) shows the
continuity equation, which secures the mass conservation. These second-order partial differential equations (PDEs) are
solved by the discretization of space and time, using ﬁnite differences, ﬁnite elements or ﬁnite volumes to derive the macroscopic values of interest like the pressure p or the ﬂuid velocity u. The derived algebraic system of equations contain
the nonlinear convective term u� grad u, which makes the numerical treatment of the NS approach more complicated and
computationally expensive.
η
∂
1
∂t u + ( u� grad u ) + ρ grad p = ρ Δ u + g
div u = 0

(2.1)
(2.2)

In contrast to the NS approach, the lattice gas automata (LGA) divide time and space into steps to form a lattice and
discretize the ﬂuid as particles, which are positioned at certain points in space, called lattice sites or cells. These ﬂuid
particles, which are represented by a Boolean number, are only allowed to move in certain, ﬁxed directions, which are
derived by a discretization of velocity space. See [3] for more information about the general idea of LGA.
The most prominent method, which evolved from the LGA, is probably the Lattice Boltzmann Method (LBM). In the
LBM, the boolean particle of the LGA is replaced by a single-particle distribution function represented by a ﬂoating point
number. This distribution function is calculated by solving the Lattice Boltzmann equation (LBE), which is a special
discretization of the kinetic Boltzmann equation and independent of the LGA [9]. The macroscopic quantities of the simulated ﬂuid can then be derived by calculating the hydrodynamic moments of the distribution function. In contrast to the
second-order PDEs in the NS approach, the most popular kinetic model for the single-relaxation-time (SRT) LBM, uses
only ﬁrst order PDEs (Bhatnagar-Gross-Krook model):
∂f
1
(0)
∂t + ξ � ∇f = - λ ( f - f ),

(2.3)

where ξ is the particle velocity vector, f (0) is the equilibrium distribution function (with a Boltzmann-Maxwellian distribution) and λ is the relaxation time due to collision [1] and depending on the ﬂuid viscosity.
By a discretization in velocity space, a ﬁnite set of velocity vectors is derived, which have to conserve mass, momentum
and energy of the ﬂuid particles (conservation laws). Equation (2.4) shows the discretized formulation of Equation (2.3). fα
denotes the corresponding distribution function in direction α, which is associated with the discrete velocity ξα in direction
α and fα(eq) is the corresponding equilibrium distribution function [1]:
∂fα
+ ξα � ∇fα = - 1 ( fα - fα(eq) )
∂t
λ

(2.4)

One example for the velocity space discretization in the two dimensional case is the D2Q9 model. In this model, the velocity space is discretized in 9 distribution functions, which is the most popular model for the 2D case. See [2] or [3] for
an introduction to the D2Q9 model. Figure 2.1 shows the 9 velocities of the D2Q9 model: each cell in the entire lattice,
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like the one in the center of the illustration, contains one stationary velocity in the center for ﬂuid particles at rest, four
velocities along the Cartesian axis and four diagonal velocities. The ﬂuid particles are only allowed to move along the
eight moving directions to neighboring lattice cells or to rest in this cell. The number of ﬂuid particles, which move in one
lattice direction, is dictated by the ﬂuid velocity and density in this cell.

Figure 2.1: LBM D2Q9 model
For the three dimensional Lattice Boltzmann Method (LBM), three different models, which use a different number of
particle velocities, were derived from the two dimensional D2Q9 model by Qian et al. [4]. The D3Q27 model uses a full
number of 27 velocity vectors, as illustrated in Figure 2.2: One velocity refers to the ﬂuid particles at rest in the center
of one lattice cell, six velocities run along the Cartesian axes, twelve velocities run in the directions of all combinations
of two axes and eight velocities run in the directions of all combinations of three axes. Though this model promises the
best accuracy in terms of ﬂuid behavior approximation, it does not show the best numerical behavior. In contrast to the
full number of velocities, the D3Q15 model (see Figure 2.3) uses only 15 velocity vectors: one for the center, six for the
Cartesian axes and eight for all combinations of three axes. This model certainly is the fastest 3D model and possesses the
lowest memory requirement, but due to the small number of velocities, this model tends to show anisotropic effects.

Figure 2.2: LBM D3Q27 model

Figure 2.3: LBM D3Q15 model

The model used in this thesis is the D3Q19 model (see Figure 2.4). It consists of 19 velocities (one center, six velocities
along the axes and twelve velocities for all combinations of two axes) and combines fast calculation and good approximation. It also shows less instability than the other two models.
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Figure 2.4: LBM D3Q19 model
In the following, eα will denote the discrete velocity set, where α is between 0 and 18. To improve the readability, the
numbers 0 to 18 are replaced by directional abbreviations, which consist of C (Center), N (North), S (South), W (West),
E (East), T (Top), B (Bottom) and all relevant combinations of these directions.
eC = c( 0 , 0 , 0 )
eW,E , eN,S , eT,B = c( ±1 , 0 , 0 ) , c( 0 , ±1 , 0 ) , c( 0 , 0 , ±1 )
eNW,NE,SW,SE , eTW,TE,BW,BE , eTN,TS,BN,BS = c( ±1 , ±1 , 0 ) , c( ±1 , 0 , ±1 ) , c( 0 , ±1 , ±1 ) ,
where c = ∆x*/∆t*, ∆x* and ∆t* are the lattice cell size and the lattice time step size, respectively.
For the D3Q19 model, the equilibrium distribution function of Equation (2.4) can be calculated in two different, but
similar ways:
fα(eq) = wα · [ ρ* + 32 eα� u* + 9 4 ( eα� u* )2 - 3 2 u*� u* ]
c
2c
2c

(2.5)

fα(eq) = ρ* · wα · [ 1 + 32 eα� u* + 9 4 ( eα� u* )2 - 3 2 u*� u* ]
c
2c
2c

(2.6)

As shown in [6], Equation (2.6) shows some stability improvement compared to Equation (2.5), which was originally
published in [5]. In these equations, ρ* is the lattice density, u* is the lattice velocity and wα is a weighting factor depending
on the discrete velocity eα:

wα =

{

1/3,

α=C

1/18,

α = N, S, W, E, T, B

1/36,

α = NW, NE, SW, SE, TN, TS, TW, TE, BN, BS, BW, BE

(2.7)

wα is the equilibrium distribution weight for direction α. wα is used in the case of a ﬂuid velocity of 0 and density of 1 or
as initial condition. The sum of the wα in a cell is 1. The lattice density ρ* in Equations (2.5) and (2.6) can be evaluated
with Equation (2.8), whereas the velocity u is contained in the momentum ﬂuxes of Equation (2.9):
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ρ* =
ρu* =

∑f

for all α

α

=

∑e f

for all α

α α

∑f

(eq)
α

(2.8)

∑e f

(2.9)

for all α

=

for all α

(eq)
α α

Equation (2.4) is called the discrete velocity model (DVM). This equation can be solved by the standard numerical approaches, for example ﬁnite differences. Using this approach, one needs to be careful about reducing the numerical diffusion associated with the discretization of the advection term and the stiffness of the differential equation when λ << 1 is
required for low viscosity flows [1]. For this reason, the LBM approach uses a special discretization of Equation (2.4):
fα( xi+eα∆t* , t+∆t* ) - fα( xi , t ) = - 1 [ fα( xi , t ) - fα(eq)( xi , t ) ] ,
τ

(2.10)

where ∆t* is the lattice time step, ∆x* = eα∆t* is the lattice space step, τ = λ/∆t* is the lattice relaxation time and x*i is a point
in the discretized physical space [1]. Equation (2.10) is usually solved in two steps:
Collision step:
Stream step:

~
fα( xi , t+∆t* ) = fα( xi , t ) - 1 [ fα( xi , t ) - fα(eq)( xi , t ) ]
τ
~
fα( xi+eα∆t* , t+∆t* ) = fα( xi , t+∆t* )

(2.11a)
(2.11b)

~
where fα denotes the post-collision distribution function. Equation (2.11a) is the so called collision step. This step models
various ﬂuid particle interactions like collisions and calculates new distribution functions according to the distribution
functions of the last time step and the equilibrium distribution functions, which are calculated with Equation (2.5) or
(2.6). The collision step for the D3Q19 model is illustrated in Figure 2.5. The second step is called stream step. In this
step, ﬂuid particles are streamed from one cell to a neighboring cell according to the velocity of the ﬂuid particles in this
cell. This streaming operation can either be performed as a pushing operation from one cell to the surrounding cells or as
pulling operation in one cell from the surrounding cells. The pull operation stream step for the D3Q19 model is illustrated
in Figure 2.6.

Figure 2.5: Collision step for the D3Q19 model

Figure 2.6: Stream step for the D3Q19 model

The complete, basic LBM algorithm including collide and stream step is shown in Algorithm 2.1. After some initializations
a certain number of time steps are performed. For each time step, a collide and stream step is performed for each cell in
the lattice. This could be performed by two complete sweeps over the lattice, once for the collide step and once for the
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stream step. In order to improve the performance of the LBM algorithm, the collide and stream step are often fused into
a collide-stream step, which only requires one sweep over the entire lattice. In this case, the pushing alternative of the
stream step has to be used.
Algorithm 2.1 Basic Lattice Boltzmann Algorithm
1:
2:
3:
4:
5:
6:
7:

Initializations()
for each time step
{
CollideStep()
StreamStep()
}

Compared to the NS approach, the LBM yields a number of advantages [1]:
Whereas the NS equations are second-order PDEs, the DVM of the LBM consists only of ﬁrst-order PDEs. This
makes the discretization for the LBM much easier and simpliﬁes the programming of the LBM approach.
NS solvers inevitably need to treat the nonlinear convective term, u� grad u, which poses several numerical problems.
In the LBM, the nonlinear convective term becomes simple advection (uniform data shift)
CFD solvers for the incompressible NS equations need to solve the Poisson equation for the pressure. On the one hand,
this means the usage of a direct or iterative solver, which makes the NS solver slower and/or more complicated, and
on the other hand this involves global data communication, while the LBM uses only local data communication and
the pressure p is obtained through an equation of state.
Since the Boltzmann equation is kinetic-based, the physics associated with molecular level interactions can be more
easily incorporated in the LBM. Hence, the LBM can be easily applied to micro-scale ﬂuid ﬂow problems.
The LBM offers easier portability to modern computers of massively parallel processors. This makes the LBM especially interesting for industrial applications and supercomputer research.
Unfortunately, the LBM also yields some disadvantages compared to the NS approach:
In the LBM, the Courant-Friedrichs-Lewy (CFL) number is proportional to Δx/Δt, which means, that, based on the
lattice units of Δx* = Δt* = 1, the CFL is always 1. The consequence is a bad convergence for steady state problems,
because the speed of convergence is dictated by acoustic propagation, which is very slow.
The coupling between the discretized velocity space and conﬁguration space, which leads to regular square grids, is
an obvious limitation of the LBM. The combination of a high and a low resolution area or the application of curved
grids, as needed for example for aerodynamic applications, is much more complicated in the LBM.
In the following chapters, the basic LBM algorithm presented here (see Algorithm 2.1) will be extended for the moving
particles simulation. Chapter 3 will give an introduction to the particles and agglomerates themselves and Chapter 4 will
give detailed insight into the necessary LBM extensions, including the coupling between the LBM simulation and a rigid
body physics simulation, complex geometries and force coupling.

2.2 Parametrization for the LBM
Compared to the Navier-Stokes approach, where values related to the Reynolds number are computed and where the
simulation itself is run with these values, the ﬂuid simulation with the Lattice Boltzmann Method is carried out in the
parameterized Lattice Boltzmann space. On the one hand, this is an advantages of the LBM, because the simulation is
simpliﬁed and no multiplications with the real world time step Δt or the physical size of a LBM cell Δx are necessary. On
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the other hand, this parametrization poses a lot of problems for the scaling of the computational domain, step size control
or estimation of real world values, which arise during the simulation.
The parametrization for the LBM basically focuses on relating and normalizing every real world value to the lattice time
step size Δt*, the lattice cell size Δx* and the lattice fluid density ρ*:
Δt
Δt* = Δt = 1

(2.12)

Δx* = Δx = 1
Δx

(2.13)

ρ
= 1
ρ

(2.14)

ρ* =

Δt*, Δx* and ρ* are nondimensional and equal to 1 during the whole simulation. This constant value of Δt makes time step
size control much more complicated for a LBM simulation, than for an NS simulation, where Δt can be adapted according
to the CFL number.
Derived from these lattice values and very important for ﬂuid simulations are the kinematic viscosity ν, the fluid velocity
u and the strength of external forces, like for example the gravity g:
2
Kinematic viscosity ν [ m ] :
s

ν* = ν

Velocity u [ m ] :
s

u* = u Δt
Δx

(2.16)

Gravity g [ m2 ] :
s

Δt2
g* = g Δx

(2.17)

Δt
Δx2

(2.15)

In the LBM simulation, ν, u and g are nondimensional and related to Δt* and Δx*. A lattice velocity u* of 0.1 for example
means that the fluid moves 0.1 lattice cells per lattice time step.
Of special interest for the moving particle simulation are the radius r, the volume V and mass m of a single particle of an
agglomerate, which is modelled as a sphere:
Particle radius r [ m ] :

r* =

r
Δx

(2.18)

Particle volume V [ m3 ] :

V* =

V
Δx3

(2.19)

Particle mass m [ kg ] :

m* = ρ*� V * =

ρ
· V = m 3
ρ Δx3
ρ·Δx

(2.20)

Forces play a major role for the moving agglomerates. In order to calculate a relation between the real world values and
the Lattice Boltzmann parametrization, Newton’s second law can be used:
Acceleration a [ m2 ] :
s
Force F [ N ] :

2
a* = a Δt
Δx

F * = a*� m* = a · m ·

(2.21)
Δt2 = F · Δt2
ρ·Δx4
ρ·Δx4

(2.22)

With this relation, the forces calculated in the LBM can be translated to real world forces, which will for example be used
to specify thresholds for the break-ups of connections within an agglomerate.
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What is still missing for a physically based simulation is the real world time step Δt. It can be derived by Equation (2.15)
or (2.16), depending on which equation results in the smaller time step. Using Equation (2.15), the maximum lattice velocity should be restricted to for example 0.1. This results in a Δt of
0.1· Δx
|u|

Δt =

(2.23)

Using Equation (2.16), the compressibility of the simulation should be restricted for example to 10-4 [13], which results
in
2
-4
g · Δt
Δx ≤ 10

Δt ≤

√

10-4 · Δx
g

(2.24)

Depending on the simulation stimuli, Equation (2.23) or (2.24) can be used to calculate the real world time step Δt.
The lattice relaxation time τ, which is needed for the collision step in Equation (2.11a) can be calculated depending on
the lattice viscosity ν* [13]:
ν* = cs2 · ( τ - 1 ) = 2τ - 1 ,
2
6

(2.25)

where cs = 1 / √3 is the speed of sound. Using this formula to derive τ, it will be noticed, that the LBM only remains stable
for τ within certain limits. For this thesis, τ will be restricted to values between 0.52 and 2.5. This results in
*
τ = 6·ν +1
2

⇒ 6.6 · 10-3 ≤ ν* ≤ 0.67 .

(2.26)

With this, all values for the LBM simulation can be derived from physical values.
Note that the speed of sound, which is often mentioned in theory of the LBM, does not correspond to the physical speed of
sound of the simulated ﬂuid. It just represents the speed with which information is transported through the grid. A realistic
speed of sound, for example 1500m/s in water, would result in a very small time step length and thus necessitate a huge
amount of time steps and computations for a simulation [13].
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Chapter 3

Particles and Agglomerates
Next to the LBM ﬂuid simulation, the particles and agglomerates are a major component of the moving particle simulation. Therefore this chapter explains the properties and structure of the moving agglomerates and gives insight into the
setup.
In this thesis, particles and agglomerates will be simulated. Particles are of arbitrary shape and mass and are connected to
other complex particles with point contact or contact areas. This agglomeration of particles results in agglomerates, which
are of arbitrary and often very complex structure. If the connected particles are beginning to merge due to sintering, the
agglomerate becomes an aggregate, as for example illustrated in ﬁgure 1.3 and 1.4.
Since the structure of some particles is of a spherical character and their behavior in a ﬂow resembles the behavior of a
sphere, these particles are often approximated by spheres. Although this is an abstraction from the real world structure,
experiments show, that the particle behavior in a ﬂow is not tempered.
The agglomerates in this thesis use this approximation to the real world structure: agglomerates consist of several spherical bodies, which replace the physical structure of the particles and which are connected by point contacts or contact areas
for overlapping particles. All particles are of arbitrary radius and of arbitrary mass, which is used as a point mass in the
center of the spherical body. Cycles within the agglomerates are also possible. All particles, which have a contact point
or a contact area to another particle, are connected to this neighbor by a connection. One of the values of interest for this
thesis are the forces in these connections, which may cause break-ups. Therefore, the agglomerates require the ability to
break in certain connections, which results in the creation of two or more agglomerates, again consisting of particles and
connections.
Figure 3.1 shows several examples for possible agglomerates for the moving particle simulation. 3.1a) shows the simplest
possible agglomerate with only one single particle and no connections. 3.1b) shows the slightly more complex agglomerate with two particles connected by a point contact. Figure 3.1c) shows a cyclic six particle agglomerate with six connections. A single rupture of one connection for this agglomerate would not split the agglomerate or change its structure.
The two-star agglomerate in Figure 3.1d) consists of 13 particles and 12 connections. Although this agglomerate still is of
artiﬁcial character, it can be used as an example for a more complex agglomerate with a symmetric structure. As example
for a complex and realistic agglomerate, which is of interest in the ﬁeld of particle technology, Figure 3.1e) shows a 16
particle agglomerate with 15 connections.
a)

b)

c)

d)

e)

Figure 3.1: Agglomerates for the moving particle simulation
The agglomerates for the moving particle simulation have to move physically correct according to rigid body physics:
translation and rotation have to depend on the mass distribution in the agglomerate and possible collisions have to be
calculated accurately. In order to assure physically correct agglomerate movement, the open source physics engine ODE
(Open Dynamics Engine) was used to simulate the agglomerates. Section 3.1 gives a short introduction to ODE.
Section 3.2 explains in detail the implementation of an agglomerate for the LBM simulation using ODE. Next to some
source code, how agglomerates are realized as a C++ class, the necessary steps for the setup of the Open Dynamics Engine
are explained.
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3.1 Introduction to the Open Dynamics Engine
The Open Dynamics Engine (ODE) is a free, industrial quality library for simulating articulated rigid body dynamics
[9]. The author, Russell Smith, especially emphasizes the stability and the speed over the physical accuracy. These physical inaccuracies may occur due to the application of a ﬁrst order integrator for the equations of movement, derived from
a Lagrange multiplier velocity based model due to Trinkle/Stewart and Anitescu/Potra. Fortunately, physically inaccurate
body behavior only occurs at very fast body movements, which are absolutely not expected in a LBM simulation. For
future releases of ODE, higher order integrator may be expected.
ODE offers a number of geometrical primitives, like spheres, boxes, capped cylinders, planes, rays, and even triangular
meshes for arbitrary geometries. For this thesis, especially the spheres are the center of interest, because an agglomerate in this simulation will be build from spherical bodies. ODE even offers a build in collision detection for all of these
geometries.
For articulated bodies, which consists of several rigid bodies of various shapes, ODE possesses a number of joints, which
range from a ﬁxed joint between two bodies, which leaves no degree of freedom for movements, to angular motor joints,
which offer degrees of freedom along up to three axis. These joints are a very important property of ODE, since for this
simulation, the forces and torques in the contact points or areas between two bodies are the values of interest. Therefor,
ODE offers the possibility to get a feedback about the forces and torques, which bodies apply to their neighbors along
the joints.
ODE possesses a native C interface and a newer C++ interface, which is build on top of the C one. On this account, it is
platform independent, which is another very interesting feature for this thesis.
Altogether, ODE is an excellent choice for a coupling to a LBM simulation. Also, it is very important to mention, that the
development of a stable, fast and accurate physics engine is not possible within the given six month of a master thesis.
Therefore, the application of an open source physics engine for a correct agglomerate movement is necessary.
The ofﬁcial home page of ODE can be reached under [8]. For this thesis, version 0.5 was used, which is documented in
[9].

Figure 3.2: ODE demonstrations for the capabilities of the rigid body physics engine

12

Chapter 3 - Particles and Agglomerates

3.2 Setup of Rigid Body LBM Agglomerates
The rigid body agglomerates consist of two components. The ﬁrst one are the spherical bodies, with which the particles
are build. Each spherical particle is an abstraction to a real particle, which is of arbitrary structure, but shows a ﬂow behavior like a sphere. The second component are the connections between these particles, which hold the particles in place.
Figure 3.2 shows the structure of an agglomerate with 16 particles and 15 connections. Each connection is attached to
exactly two particles, whereas the particles may be connected to other particles by several connections, as for example
particle 2.

Figure 3.3: Structure of the ﬁrst 4 particles of an agglomerate with 16 particles and 15 connections
The structure of an agglomerate has to satisfy several requirements. First, agglomerates may consist of an unlimited number of particles and connections in any structural order. The agglomerate structure itself has be stored, since agglomerates
may break due to forces on connections and have to be split at the right structural position. This break-up must result in
several new agglomerates, which again have to satisfy all requirements. Moreover, each component of the agglomerate
must be accessible in order to read values of interest from them, as for example the linear or angular velocity of a single
particle or the forces on a connection.
Algorithm 3.1 shows an overview of the C++ implementation of an agglomerate for this thesis:
Algorithm 3.1 Implementation of an agglomerate
1:
2:
3:
4:
5:
6:
7:
8:

class Agglomerate
{
...
//Member variables
const int id;
std::vector<ParticleID> particles;
std::vector<ConnectionID> connections;
}
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Each agglomerate possesses an unique ID throughout the simulation, which enables the user to keep track of each agglomerate and the simulation itself to access speciﬁc agglomerates. Next to the ID, the particle consists of two STL vectors, one for the particles and the second for the connections. The ﬁrst vector uses ParticleIDs, which are simply pointers
to particle instances in the system. This makes the agglomerate management easier and improves the accessibility, but it
has to be assured during the simulation, that each particle is assigned to exactly one agglomerate. The same holds true for
connections, which are accessed by ConnectionIDs in the second vector. The STL vector offers a very fast access to both
the ParticleIDs and the ConnectionIDs and also possess an efﬁcient memory management.
Algorithm 3.2 Implementation of a particle
1: class Particle
2: {
3:
//Constructor
4:
Particle( ... );
5:
...
6:
//Member variables
7:
const int id;
8:
dBodyID body;
9:
dGeomID geom;
10:
std::vector<ConnectionID> connections;
11: }
The class Particle is shown in Algorithm 3.2. Like each agglomerate, particles possess a unique global ID and a STL vector for connections attached to this particle. The two variables body and geom correspond to pointers to structures for the
physics engine ODE. For each particle, a body with an arbitrary mass and a sphere geometry for the collision handling
have to be generated in the rigid body physics engine. ODE always creates point masses, but the mass distribution within a
particle could be adapted. The setup for each particle happens in the constructor of the Particle class, shown in Algorithm
3.3:
Algorithm 3.3 Constructor of the Particle class
1: Particle( const int id, double x, double y, double z, double radius,
2:
double density, dWorldID world, dSpaceID space ):id(id)
3: {
4:
dMass mass;
5:
6:
//Setting the particle mass
7:
dMassSetSphere( &mass, density, radius );
8:
9:
//Creating a sphere geometry
10:
geom = dCreateSphere( space, radius );
11:
12:
//Creating a body
13:
body = dBodyCreate( world );
14:
15:
//Assign sphere geometry to body
16:
dGeomSetBody( geom, body );
17:
18:
//Setting the body properties
19:
dBodySetPosition( body, x, y, z );
20:
dBodySetMass( body, &mass );
21: }
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Each particle needs as parameters the id number, the x, y and z coordinate of its center, its radius and the density, as shown
in line 1 and 2. The id parameter is directly given to the id member variable. In line 4, an ODE mass variable is introduced, which holds information about the total mass, the center of gravity in the body frame and the inertia tensor. The
ODE function in line 7 ﬁlls this structure with information about the mass properties of a spherical body with the given
density and radius. In line 10, ODE creates a sphere geometry with the given radius in the space given by space. space is
an ODE variable for the collision system, which is initialized before the simulation. Algorithm 3.4 shows the algorithm for
the ODE setup of the simulation world and collision space. For performance purposes, ODE offers the possibility to use
several collision spaces in order to speed up the simulation. Together with the body, which only holds information about
the mass and mass distribution of the object and which is created in line 13 in the ODE simulation world (see Algorithm
3.4), the particle is set up in line 16, where the spherical geometry is assigned to the body. dGeomSetBody combines the
mass information with the shape of a spherical body in the ODE simulation system. In line 19, the body is moved from
the center of the Cartesian coordinate system at (0,0,0) to the given coordinates at (x,y,z). Afterwards, the body is given
the mass information. After this particle setup, the physics engine has included another sphere to its simulation world.
Algorithm 3.4 ODE world and space setup
1:
2:
2:
3:
4:
5:
6:
7:

//ODE World Setup
world = dWorldCreate();
dWorldSetGravity( world, 0.0, 0.0, -gravity );
dWorldSetERP( world, 0.2 );
dWorldSetCFM( world, 1.0E-10 );

//gravity in -z direction
//error correction value
//constraint force mixing

//ODE Collision Space setup
space = dSimpleSpaceCreate( 0 );

Algorithm 3.5 Implementation of a connection
1: class Connection
2: {
3:
//Constructor
4:
Connection( ... );
5:
...
6:
//Member variables
7:
const int id;
8:
ParticleID particle1, particle2;
9:
dJointID joint;
10:
dJointFeedback* fb;
11:
...
12: }
Algorithm 3.5 shows the implementation of a connection. Again, like the agglomerate and the particle, the connection
contains a unique global id. Furthermore, each connection knows about the two connected particles, particle1 and particle2, since each connection can only connect two particles. For each connection, an ODE joint is created, which represents a ﬁxed connection for the two connected particles within the physics engine. In order to get feedback information
about the ODE calculated forces acting along a connection, a dJointFeedback structure is created for each connection.
Algorithm 3.6 shows the C++ implementation of the Connection constructor, where the ODE joint setup is performed.
The Connection constructor takes as parameters the two particle IDs of the connected particles. In line 6, an ODE joint
is created, which is added to the simulation world (see Algorithm 3.4). To this joint, the two corresponding bodies are
attached (line 9) and set ﬁxed at their current position (line 12). This setup creates an inseparable connection between
the two particles. Relative to each other, no movements are possible due to the ﬁxed joint. The feedback structure for the
connection force informations is created in line 15 and assigned to the new joint in line 18.
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Algorithm 3.6 Constructor of the Connection class
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

Connection( const int id, ParticleID p1, ParticleID p2, dWorldID world )
:id(id),particle1(p1),particle2(p2)
{
...
//Creating a fixed joint
joint = dJointCreateFixed( world, 0 );
//Attaching the joint to the two bodies
dJointAttach( joint, p1->body, p2->body );
//Setting the current position between the two bodies fixed
dJointSetFixed( joint );
//Creating a new feedback structure
fb = new dJointFeedback;
//Assigning the feedback structure to the new joint
dJointSetFeedback( joint, fb );
}

This agglomerate implementation holds a lot of advantages. Primarily, the structure of the agglomerate is implicitly contained within each agglomerate and doesn’t have to be stored separately with a matrix or a graph. If a connection breaks
and splits the agglomerate, the resulting agglomerates can easily be detected and constructed. The agglomerate structure
is also important for the calculation of forces on connections, since it is important to know, which external force affects
which side of the connection. Furthermore, the administration of the agglomerate is very simple, since only pointers
to instances of particles or connections have to be stored. This also makes the construction of new agglomerate after a
connection break-up very easy, since the particles and the remaining connections only have to be assigned to the new
agglomerates. Another advantage for the administration of agglomerates is the simpliﬁed memory management for the
agglomerate. Since each agglomerate, each particle and each connection only exist once and don’t have to be copied, no
larger copy operations other than the copying of pointers have to applied.This and the application of STL vectors, which
already have their own memory management, makes the agglomerate management very comfortable.
The number of disadvantages for this agglomerate implementation is very short. Throughout the simulation, it has to be
assured, that each connection and each particle is only assigned to exactly one agglomerate. Additionally, the number of
indirections due to the pointers may become very high. Fortunately, the performance of the agglomerate management isn’t
reduced signiﬁcantly as shown in Chapter 5, since the simulation steps required for the agglomerate management nearly
don’t consume computation time compared to the simulation steps for the ﬂuid simulation with the LBM.
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Chapter 4

LBM Extensions for moving Agglomerates
4.1 Two System Simulation
In order to simulate moving agglomerates in a ﬂow, the interesting property of the coupling between two simulation
systems occurs: the LBM, which simulates the ﬂuid behavior, has to be coupled to a rigid body physics engine, which
simulates the correct rigid body movements of agglomerates. For this thesis, the open source rigid body physics engine
ODE was chosen. Figure 4.3 illustrates this two system simulation, which results from the coupling of the LBM ﬂuid
simulation (Figure 4.1) and the rigid body simulation of ODE (Figure 4.2). Both system basically are independent of each
other, which means that either of them can be used on their own for simulation purposes. By coupling these two systems,
a physically correct moving particle simulation can be implemented.
Due to this two system simulation, the basic LBM algorithm (see Algorithm 2.1) has to be extended. Algorithm 4.1 shows
the complete extended LBM simulation loop for moving particles.

Figure 4.1: LBM Simulation

Figure 4.2: Rigid Body Physics Simulation

Figure 4.3: Two System Simulation
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Algorithm 4.1 Extended LBM algorithm for the moving particle simulation
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

Initializations()
for each timestep
{
FlagCalculation()
CollideStep()
StreamStep()
ForceStep()
ODEStep()
ConnectionStep()
}

The ﬁrst step for coupling the two systems is to determine the so called ﬂag value of each cell in the lattice. In the basic
algorithm, each cell in the lattice plays either the role of a ﬂuid or an obstacle cell and its behavior doesn’t change for
the entire simulation. In the extended LBM algorithm, a cell could either function as ﬂuid cell, as obstacle cell or as
particle cell, but the behavior of the cell may change depending on the agglomerate movements. Consequently, this ﬂag
calculation step is necessary for each time step: in each new time step different lattice cells could function as particle
cells depending on the position of the agglomerates and their particles, since the lattice itself is stationary. This step also
contains the task of calculating delta values for the curved geometries. The implementation of curved geometries is essential for the simulation of curved particle surfaces, especially for higher Reynold’s numbers. Section 4.2 will focus on
the problems which arise with the ﬂag calculation in each time step, whereas in Section 4.3 the calculation of the curved
geometries will be discussed. As result of the ﬂag calculation step, the exact position of the agglomerates is known to the
LBM simulation system.
While the collide step and the stream step remain the same as in the basic LBM simulation, the force step is a new step
for the moving particle simulation and a logical conclusion from the stream step. This step implements the force coupling
mechanism between the ﬂuid and the agglomerates. This force results from the moving ﬂuid and is applied to the agglomerates. In this step, the curved geometries are a very important factor for a stable and correct simulation. The force
coupling between the two simulation systems is explained in detail in Section 4.4.
The ODE step represents a simulation step of the rigid body physics engine. The agglomerates have to be moved and
accelerated according to the applied forces. During this simulation step, the equations of motion of the rigid body physics
engine are solved and the forces on each connection, which result from the particle movement, the applied ﬂuid forces
and collisions, are calculated. The calculation of these connection forces are examined in Section 4.5. After the ODE step,
the moving particles may have changed their position, linear and angular velocity. Therefore, a new ﬂag calculation step
is necessary in the next time step.
The last new step for the extended LBM simulation is the connection step. In this step, connection break-ups are determined, which cause agglomerates to split into several new agglomerates. This simulation step mainly involves agglomerate administration, which results from possible connection break-ups. After this step, a complete time step in the extended
LBM has been performed. In the following, Algorithm 4.1 will be called the extended LBM algorithm.

4.2 Flag Calculation
Each cell in the lattice has to carry the information about its purpose. A cell can function as ﬂuid cell, which includes
acceleration, inﬂow and outﬂow behavior and represents cells which contain ﬂuid. Furthermore, it can function as obstacle cell, which indicates a boundary for the ﬂow or it may function as particle cell, which might be a moving boundary
depending on the agglomerate velocity. For the basic LBM algorithm, the ﬂags are initialized once before the simulation starts and stay at their initial ﬂag state for the entire duration of the simulation. In the case of the extended LBM for
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moving particles however, ﬂag states may change during the simulation. Since the lattice itself doesn’t move during the
simulation, each cell, which lies inside a particle of an agglomerate , changes to a particle cell. Since the agglomerates are
moving, the states for cells may change from one time step to the next: ﬂuid cells may change to particle cells, because
after the agglomerate movement the cell is inside a particle or particle cells may change to ﬂuid cells, since this cell is no
longer inside a particle. In contrast to the ﬂuid cells, obstacle boundary cells remain the same for the whole simulation,
because no agglomerate will penetrate the boundary walls. These dynamic ﬂag changes require an additional step for each
time step of the simulation, the ﬂag calculation step. The outline of the ﬂag calculation step is shown in Algorithm 4.2:
Algorithm 4.2 Flag Calculation Step
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

//Flag Calculation
for each cell in the grid
{
Initialize newflag to initial value (e.g. FLUID,INFLOW,...)
if(cell is inside a particle)
Set newflag to PARTICLE
//Treatment for state change from PARTICLE to FLUID
if(oldflag == PARTICLE && newflag != PARTICLE)
{
Restore the distribution functions with correct density
and velocity
}
}
//Delta calculation
for each PARTICLE cell in the grid
{
Calculate the delta value for all FLUID neighbors
}

The ﬂag calculation step is done for each cell in the ﬂuid region of the grid. In order to improve the performance for this
step, only cells which lie inside one of the bounding boxes of the particles could be considered for a ﬂag update. First,
each cell ﬂag is reinitialized to the initial status, which would be in this cell, if no agglomerates were present. After that it
is checked, whether the cell lies inside one of the particles of the simulated agglomerates. This can be done for example
by comparing the distance between the cell and the particles’s center with the radius of the particle. If the cell lies inside
one of the particles, the ﬂag status is set to particle cell. After the calculation of all ﬂag values, the delta values for the
curved geometries can be calculated. Everything related to these curved geometries is discussed in detail in Section 4.3.
The if-statement in line 9 deals with a very critical issue for the ﬂag calculation. If the ﬂag state has changed from particle
to ﬂuid cell, new distribution functions have to be created for the new ﬂuid cell. This circumstance is illustrated in Figure
4.4, where two new ﬂuid cells result due to the agglomerate movement to the lower right.
In order to restore the distribution functions for the new ﬂuid cell, two methods were investigated, which both create new
equilibrium distribution functions depending on the density in the proximity of the new ﬂuid cell. They differ in way the
velocity for the ﬂuid is estimated:
1

During each time step, each particle cell is ﬁlled with the information about the particle velocity in this cell. In the case
of a state change, this velocity is used to generate new equilibrium distribution functions

2

When a ﬂag state change happens, the surface velocity of the surface point nearest to the new ﬂuid cell is calculated.
This surface point is calculated by calculating the distance to the particle’s center and subtracting the particle’s radius.
In this way always a normal to the surface results.
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Figure 4.4: Flag state change from particle to ﬂuid cell due to particle or agglomerate movement
The comparison between the two methods shows no clear advantage for either of them. Both methods produce similar and
stable results. The only advantage for the second method is the reduced overhead for calculating the particle velocity in
a certain point. Yet still, the way to create new distribution functions is critical for the stability and the mass conservation
of the simulation.
One other problem results from the dynamic character of the ﬂag status. From one time step to the next, the number of
ﬂuid cells in the domain may change due to agglomerate movements, since the number of cells inside a particle is not
constant. This may cause mass ﬂuctuations in the simulation, which are also affected by the reconstruction process of the
distribution function of a cell, which just emerged from a particle and switched to ﬂuid cell. To solve this problem, a ﬁnite
volume approach could be tried in order to differ between new and old ﬂuid cells [12].

4.3 Curved Boundary Treatment
4.3.1 Basic LBM Boundary Conditions
The boundary conditions for the LBM simulation are a very important factor for a stable and accurate simulation. The
basic boundary conditions used in LBM simulations are the no-slip boundary conditions illustrated in Figure 4.5 and the

Figure 4.5: No-slip boundary conditions before and
after streaming

Figure 4.6: Free-slip boundary conditions before and
after streaming
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free-slip boundary conditions illustrated in Figure 4.6. The no-slip boundary conditions are used for real walls, where
due to friction a ﬂuid velocity of zero can be assumed. This ﬂuid behavior can be achieved by reﬂecting the distribution
functions in the opposite direction. The free-slip boundary conditions are used for symmetric boundary conditions, as they
for example result from the division of a ﬂow channel along the ﬂow direction. The new boundary within the channel
can be modelled with free-slip boundary conditions, because in this case only the velocities normal to the boundary are
reﬂected.
The surface of a particle resembles a moving wall for the ﬂuid simulation. Therefore, no-slip boundary conditions with
certain extensions can be applied to the surface of particles. This boundary behavior also results from the fact, that between the particle surface and the ﬂuid a certain amount of friction can be monitored.

4.3.2 Curved Boundaries
Both no-slip and free-slip boundary conditions illustrated in Section 4.3.1 are link-bounce back boundary conditions,
which means, that the wall is placed somewhere between the ﬂuid and the obstacle node. In both cases, the wall is placed
exactly between the two nodes, so the distance between the ﬂuid node and the wall is exactly 0.5� |eα|. The same assumption can be made for the surface of a particle, which is illustrated in Figure 4.7: for each fluid node, the distance to each
surrounding particle cell can be assumed to be exactly 0.5� |eα|. But this zig-zag particle surface is only an approximation
to the real particle surface, which would result from a spherical body, as illustrated in Figure 4.8. For a curved boundary,
arbitrary distances between 0 and |eα| could result between fluid nodes and the particle surface.
The simulation with approximated, zig-zag boundaries results in an obvious numerical error due to the fact, that the
reflected amount of fluid particles, represented via the distribution functions, is not accurate. This numerical error is especially critical for higher Reynolds numbers or smaller values for τ (τ < 0.67) because of the overrelaxation due to the τ
value. This error can be visualized with a simple test scenario, illustrated in Figure 4.9: a two particle agglomerate is drifting along a canal from the left to the right at a lattice velocity of 0.1. The additional rectangle around the lower particle
indicates the area of interest for the following discussion, which examines the resulting lattice velocities in the proximity
of the particle surface. The τ value for this simulation is set to 0.52, which is already a critical value for the LBM simulation. Figure 4.10 and Figure 4.11 show an OpenDX visualization of two successive time steps of this simulation with a
standard, zig-zag boundary for the particle surface. It is obvious, that near to the particle surface the velocity values are
strongly tempered due to the incorrect calculation of reflected distribution functions. In contrast to this, Figure 4.12 and
4.13 show the same two time steps with curved geometries for the particle surface. The particle is surrounded by a smooth
velocity field and no obvious error occurs.

Figure 4.8: Curved Geometry

Figure 4.7: Approximated Geometry
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Figure 4.9: Canal simulation with a two particle agglomerate

Figure 4.10: Time step t for a canal simulation with
approximated zig-zag boundaries

Figure 4.11: Time step t+∆t* for a canal simulation
with approximated zig-zag boundaries

Figure 4.12: Time step t for a canal simulation with
curved boundaries

Figure 4.13: Time step t+∆t* for a canal simulation
with curved boundaries
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This error and the resulting instability for the simulation can only be reduced by calculating the exact distances between
the ﬂuid nodes and the particle surface. This distance values are called delta values:
delta ∆ =

Distance between ﬂuid node and particle surface
Distance between ﬂuid node and particle node

є ]0,1]

(4.1)

For each pair of neighboring ﬂuid node and particle node, one delta value has to be calculated. Delta values of zero are
not possible due to the fact, that a node on the surface is counted as particle node.
The algorithm for this calculation is taken from the computer graphics. It tests for an intersection between a ray in direction d and a sphere and calculates the distance between the particle cell and the particle surface. Algorithm 4.3 shows the
original algorithm taken from [10] to demonstrate the general procedure for the intersection test and to show the highly
optimized nature of this algorithm. Figure 4.14, which is also taken from [10], shows an illustration for this algorithm.
Algorithm 4.3 Original ray-sphere intersection test
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:

RaySphereIntersect(o,d,c,r)
returns ({REJECT,INTERSECT},t,p)
l = c-o
s = l·d
l2 = l·l
if( s<0 and l2>r2 ) return(REJECT,0,0)
m2 = l2-s2
if( m2>r2 ) return(REJECT,0,0)
q = √ r2-m2
if( l2 > r2 ) t = s-q
else t = s+q
return(INTERSECT,t,o+td)

The ﬁrst step is to calculate the distance between the ray origin and the sphere center (l). After that, the projection from l
onto the normalized direction d between the ray origin and the sphere center is calculated (s). For a general calculation of
an intersection, the projection s and the square of the distance vector l can be used to detect, whether an intersection is possible. If the projection is negative and the square of the distance is larger than the radius of the sphere, than no intersection
is possible and the intersection test can be rejected. After this step, m2 is calculated, which can again be used for a general

Figure 4.14: Illustration for the original algorithm
for a ray-sphere intersection taken from [10]

Figure 4.15: Application of the ray-sphere intersection algorithm in the LBM simulation; example for
the calculation of one delta value for the curved geometries
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ray-sphere intersection test to determine, whether an intersection is possible: if m2 is larger than the sphere’s radius, than
the ray will miss the sphere. Next, q is calculated, which is used together with the projection value s to calculate the two
possible intersection points with the sphere’s surface.
For the LBM simulation, this algorithm can be reduced due to the fact, that if particle nodes are used as origins, the origin
of the ray can always be considered to be inside the particle. The advantage of this is, that the ray will always intersect the
particle’s surface and therefore no rejection tests have to be included. Algorithm 4.4 shows the intersection test used for
the LBM simulation. This algorithm is illustrated by Figure 4.15. The LBM intersection test algorithm works exactly like
the original algorithm, but without the if-statements for the rejection and without the if-statement for the second possible
intersection point. Since t is the distance from the particle node to the particle surface, the delta value can be calculated
as
delta ∆ = 1.0 -

t
Distance between ﬂuid node and particle node

(4.2)

In terms of performance, this algorithm is a highly optimized intersection test, which reduces the number of ﬂoating point
operation to the necessary minimum. Unfortunately, two square roots, which weight heavy compared to the additions and
multiplications, that sufﬁce for the basic LBM algorithm, cannot be omitted: one for the normalization of the distance
vector and one for the calculation of q. This results in the calculation of several thousand square roots for a moderate
agglomerate with several particles for each time step. For a more detailed performance analysis of the extended moving
particle LBM, see chapter 5.
Algorithm 4.4 Calculation of delta values for the curved geometries
1:
2:
3:
4:
5:
6:
7:
8:
9:

RaySphereIntersect(o,d,c,r)
returns ( delta )
l = c-o
s = l·d
l2 = l·l
m2 = l2-s2
q = √ r2-m2
else t = s+q
return( 1.0-t/|d| )

4.3.3 Bounce back boundary conditions for curved boundaries
The standard link bounce back no-slip boundary condition always assumes a delta value of 0.5 to the boundary wall (see
Figure 4.16). Due to the curved boundaries, delta values in the interval of ]0,1] are now possible. This results in a different bounce back behavior of the particle surface. Figure 4.17 shows the bounce back behavior of a surface with a delta
value smaller than 0.5 and Figure 4.18 shows the bounce back behavior of a wall with delta bigger than 0.5. In all three
illustrated cases, the reﬂected distribution function fα(xf ,t+∆t*) at xf is unknown. Since the ﬂuid particles in the LBM are
always considered to move one cell length per time step (∆x*/∆t*), the ﬂuid particles would come to rest at an intermediate
node (xi). In order to calculate the reﬂected distribution function in node xf , an interpolation scheme has to be applied.

Figure 4.16: Link Bounce Back for
∆ = 0.5

Figure 4.17: Link Bounce Back for
∆ < 0.5
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Figure 4.18: Link Bounce Back for
∆ > 0.5
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In [11] several interpolation schemes ranging from linear interpolations, which only take two ﬂuid nodes into account, to
quadratic interpolations, which use three ﬂuid nodes, are compared. Based upon this work, the linear interpolation scheme
of Yu et al. was chosen. This scheme uses two ﬂuid nodes and doesn’t differ between delta values smaller or bigger than
0.5 for the interpolation.
For the moving particle simulation, this scheme offers some advantages. The ﬁrst one is the amount of ﬂuid cells used
for the interpolation. Since the moving particles may always collide with other particles, agglomerates or the domain
boundaries, the choice of three ﬂuid cells would result switching between different interpolation schemes. Whereas for
most interpolations three ﬂuid cells may be available, for some cells only two or even one ﬂuid cell lies between the
particle surface and the colliding object. The switching between a three and a two cell interpolation scheme might cause
instabilities due to sudden changes in the distribution functions. However, for cases where only one ﬂuid cell is available,
a special treatment is necessary, since no interpolation can be performed. The choice for a linear interpolation scheme with
only two ﬂuid nodes avoids at least the switching between a three and a two ﬂuid node interpolation. Another advantage
is the fact, that no differentiation is made between surfaces with a delta value smaller than 0.5 and a delta value bigger
than 0.5. This fact also reduces the risk of errors due to switching the interpolation method. Third, due to the analysis in
[11], the linear interpolation scheme of Yu et al. is very stable and nearly as efﬁcient in terms of accuracy as the quadratic
interpolation schemes, which use three ﬂuid nodes.
For the discussion of the interpolation scheme, α denotes the direction towards the particle surface, whereas α denotes
the direction from the particle surface. The goal of the interpolation is to calculate a new, reflected distribution function
for fα(xf ,t+∆t*). After the streaming step, if all fluid cells are streaming to all neighbors regardless of their flag value, only
fα(xb ,t+∆t*) and fα(xf ,t+∆t*) are known. The particle distribution function on the particle surface (xw) can be estimated by
a linear interpolation between the two known distribution functions:
fα(xw ,t+∆t*) = fα(xf ,t+∆t*) + ∆ [ fα(xb ,t+∆t*) - fα(xf ,t+∆t*) ]

(4.3)

To ensure the no-slip condition on the wall and by considering the momentum balance in direction
eα the distribution function on the particle surface in direction α is set
fα(xw ,t+∆t*) = fα(xw ,t+∆t*) + 2wα ρ*w 32 eα� u*w ,
c

(4.4)

where ρ*w is the density of the fluid on the surface and u*w is the velocity of the particle surface. The surface velocity term
is responsible for transferring the particle momentum on the fluid and for preserving the conservation laws of mass and
momentum.
By using a second linear interpolation between fα(xw ,t+∆t*) and fα(xf2 ,t+∆t*) at xf2 = xf + ∆t*·eα , the desired value for
fα(xf ,t+∆t*) can be calculated:
fα(xf ,t+∆t*) = fα(xw ,t+∆t*) +

∆ [ f (x ,t+∆t*) - f (x ,t+∆t*) ]
α w
1 + ∆ α f2

(4.5)

Equations (4.3) to (4.5) can be combined into one equation for the calculation of the reﬂected distribution function
fα(xf ,t+∆t*):
fα(xf ,t+∆t*) = 1 +1 ∆ � [ (1-∆)·fα(xf ,t+∆t*) + ∆·fα(xb ,t+∆t*) + ∆·fα(xf 2,t+∆t*) + 2wα ρ*w 32 eα·u*w ]
c

(4.6)

Using Equation (4.6), the reﬂected distribution function due to arbitrarily placed, moving particle surfaces are calculated.
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4.3.4 Critical Cells
A critical issue, as already mentioned, are ﬂuid cell with two obstacle cells in opposite directions. Figure 4.19 and 4.20
give an impression to possible situations: either, the ﬂuid cell is placed between a particle and an obstacle cell or between
two particle cells. In this case, no interpolations for the reﬂections from the particle surface can be made, since only one
ﬂuid cell at xf is available. In these cases, approximations for the reﬂected distribution function have to made according to
the information which is available. Three different methods to calculate fα(xf ,t+∆t*) were investigated:

Figure 4.19: Fluid cell between a particle cell
and an obstacle cell
1

Figure 4.20: Fluid cell between two particle
cells

Ignoring the calculated delta value, the distribution function fα(xf ,t) is reflected at the particle surface like in the basic
no-slip boundary condition for delta values of 0.5. Only the velocity of the surface at xw is taken into account. After
the stream step, this would result in
fα(xf ,t+∆t*) = fα(xb ,t+∆t*) + 2wα ρ*w

2

3
e � u* .
c2 α w

For the interpolation with Equation (4.6), only the distribution function fα(xf ,t+∆t*) is unknown, which is the distribution function, which was reflected at xw2 and which also cannot be interpolated. This distribution function can be
replaced by a simple no-slip boundary treatment at xw2 for the assumption, that the boundary lies exactly between the
obstacle and the fluid node (∆ = 0.5). Therefore, after the streaming step, fα(xf ,t+∆t*) is replaced by fα(xb2 ,t+∆t*), which
simplifies Equation (4.6) to
3
fα(xf ,t+∆t*) = 1 +1 ∆ � [ fα(xb2 ,t+∆t*) + ∆·fα(xb ,t+∆t*) + 2wα ρ*w 2 eα·u*w ] .
c

3

(4.7)

(4.8)

In Equation (4.8), the velocity of the opposing particle surface at xw2 is neglected. In the case of an stationary obstacle,
like illustrated in Figure 4.19, this distribution function reconstruction may be accurate, but not in the case of an opposing moving particle surface like in Figure 4.20. Therefore, in the case of an opposing particle cell, fα(xf ,t+∆t*) is
replaced by
fα(xf ,t+∆t*) = fα(xb2 ,t+∆t*) + 2wα ρ*w2

3
e ·u* ,
c2 α w2

(4.9)

where u*w2 is the surface velocity of the boundary wall at xw2 and ρ*w2 is the fluid density at xw2. This results in the
interpolation Equation (4.10):
fα(xf ,t+∆t*) =

1 ·[ (1-∆)·( f (x ,t+∆t*) + 2w ρ* 3 e ·u* ) +
α b2
α
w2 c2 α
w2
1+∆
∆·fα(xb ,t+∆t*) + ∆·fα(xf ‘,t+∆t*) +2wα ρ*w 32 eα·u*w ] .
c

(4.10)

The quality of the three different methods was investigated with the test scenario illustrated in Figure 4.21: a dual star agglomerate is rotated for 2000 lattice time steps in a shear ﬂow, which results from a ﬂow to the right in the upper half and
a ﬂow to the left in the lower half of the domain. The domain size was limited to 523 in order to increase the number of
particle cells relative to the number of ﬂuid cells and due to the fact, that no no-slip or free-slip boundary conditions have
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inﬂuence in this scenario. For all measurements, the
same inﬂow and outﬂow boundary conditions were
used and the distribution function reconstruction due
to ﬂag changes was treated in the same way. So the
only change in the simulation is the boundary treatment for the critical cells. For all three methods,
the mass difference, which results from inaccurate
distribution function reconstruction, was compared
for a laminar ﬂow with τ = 1.0 and a turbulent ﬂow
with τ = 0.52. Additionally, the velocity values from
neighboring cells were compared to the resulting velocities in the critical cells.
The simulation runs stable for both values of τ and
for all three methods, respectively. All three methods don’t signiﬁcantly temper the mass conservation
in the LBM system. Only the second method, which
doesn’t take the surface velocity of the opposing particle boundary into account, results in a higher mass
increase. The second method is also the only one,
which produces ﬂuid velocity differences in the critical cells compared to their neighborhood. Between
Figure 4.21: Rotating dual star agglomerate in a shear ﬂow
method 1 and 3, no real differences could be monitored. Although method 3 takes both surface velocities into account, it shows no clear advantage over the computationally simpler method 1. Therefore, method 1 can be
used for a faster, but nevertheless very stable moving particle simulation.
Mass increase (after
2000 time steps)
Method 1
Method 2
Method 3

τ = 1.0

τ = 0.52

0.00833902 %
0.00979979 %
0.00837217 %

0.0326245 %
0.0331794 %
0.0326886 %

Table 4.1: Mass increase due to critical cell boundary treatment

4.4 Force Coupling
After collide and stream step, the force step takes place. In this step, the ﬂuid force, which is applied by the ﬂuid on the
moving agglomerates, is calculated. The forces which are transferred from the moving agglomerates on the ﬂuid have
already been applied in the stream step with Equation (4.4).
In order to calculate accurate forces on the moving agglomerates, the momentum exchange method is used, which already showed good results in [1] for curved boundaries of bodies with a lattice radius of at least 5 and for the calculation
of drag forces for static particles in [11].
Figure 4.22 shows the general momentum exchange for a physical system. Depending on the momentum of the ﬂuid,
the agglomerate is accelerated depending on its mass. Since the amount of momentum has to stay constant in the system
(conservation of momentum), the momentum of the ﬂuid is reduced. The accelerating force can only be calculated for a
certain time step size Δt, since the equation for the force calculation has a singularity for Δt = 0. This means, that the exact
force value during the collision resulting from the momentum exchange cannot be calculated.
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Figure 4.22: Momentum exchange in physics
The momentum exchange method for the LBM is based upon the transfer of momentum by ﬂuid particles to a particle
surface during the stream step. The amount of transferred momentum is calculated for each pair of ﬂuid and particle cells
by eα [ fα(xb,t) + fα(xf ,t) ] ∆x* / ∆t* . The total force acting on a particle is then calculated as
19

F* =

∑ ∑e
all xb α=1

α

[ fα(xb,t) + fα(xf ,t) ]� [ 1-w(xf) ] ∆x* / ∆t*

(4.8)

where the inner sum, running from α=1 to 19 in the D3Q19 model, calculates the momentum exchange for a particle cell
for all possible neighboring ﬂuid nodes and the outer sum adds up the total transferred momentum for the particle. w(xf)
is an indicator for the flag status of the surrounding cells, which is 1 for a particle cell and 0 for a fluid cell.

Figure 4.23: Situation before stream step

Figure 4.24: Situation after stream step

The momentum exchange for one pair of ﬂuid and particle cells is illustrated in Figure 4.23 and 4.24. Figure 4.23 shows
the situation before the stream step. The particle itself has a lattice velocity of u*w. After the stream step (Figure 4.24),
the reﬂected distribution function fα(xf ,t) has been calculated as explained in Section 4.3.3. The sum of fα(xf ,t) and fα(xb,t)
results in the momentum exchange for this single pair of cells.
During the simulation, force ﬂuctuations can be monitored for the momentum exchange method. One obvious reason for
these ﬂuctuations are the ﬂag status changes, as already discussed in Section 4.2. Since the number of ﬂuid cells is not a
constant due to the agglomerate movement, the number of ﬂuid cells applying force on an agglomerate changes as well.
Also, the number of lattice lines intersecting the particle surface varies depending on the position and orientation of the
agglomerate. Therefore a different number of distribution functions are reﬂected from the boundary and consequently a
different force results. An other reason is the distribution function reconstruction process for cells, which change from
particle to ﬂuid cell. Due to errors in this reconstruction, the force on the particle may vary. This problem may be reduced
by differentiating between new and old ﬂuid cells and using a ﬁnite volume approach [12].
Algorithm 4.5 shows an overview of the force step. Since in the stream step each distribution function is streamed regardless of the neighboring cell’s ﬂag, the force step as subsequent step to the collide-stream step is also responsible for the
boundary treatments. Depending on the type of boundary, the no-slip, free-slip or curved boundary treatment is applied in
order to calculate the reﬂected distribution function. In the case of a particle cell, the reﬂected distribution function will
be needed for the momentum exchange force calculation. After the force step, the total forces acting from the ﬂuid on the
agglomerate have been calculated. In the next step, the ODE step, these forces are used to accelerate the agglomerate and
the agglomerate is moved according to its linear and angular velocity. This will result in the calculation of the forces on
the agglomerate connections, which will be the topic of the following section.
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Algorithm 4.5 Overview of the force step
1: for each cell in the grid
2: {
3:
//No-slip boundary treatments as illustrated in Figure 4.5
4:
if( flag == NOSLIP )
5:
...
6:
7:
//Free-slip boundary treatments as illustrated in Figure 4.6
8:
if( flag == FREESLIP )
9:
...
10:
11:
//Curved boundary treatment with force calculation
12:
if( flag == PARTICLE )
13:
{
14:
for each direction with FLUID neighbor
15:
{
16:
//Calculate the reflected distribution function
17:
Calculate exact point on the particle surface with the calculated delta
18:
Calculate surface velocity with dBodyGetPointVel(...)
19:
20:
if( FLUID cell is noncritical cell )
21:
use Equation (4.6) to calculate the reflected distribution function
22:
else if( FLUID cell is critical cell )
23:
use one of the methods described in Section 4.3.4
24:
25:
//Calculate force from FLUID neighbor on PARTICLE cell
26:
Use momentum exchange for the FLUID-PARTICLE pair
27:
Add force to the corresponding particle with dBodyAddForceAtPos(...)
28:
}
29:
}
30: }

4.5 Forces on Connections
One value of interest is the force on the connections between two particles of an agglomerate. The force can be used to
estimate critical connections within an agglomerate and to predict and to simulate break-ups.
The physics engine ODE has to calculate forces on connections in order to move the agglomerates physically correct. Unfortunately, ODE
applies the forces of the connections to the attached particles’ center
instead of to the contact point or area. Although this doesn’t tamper the
simulation of the agglomerate movements, it results in different absolute values for the forces.
This difference in the force calculation is presented by means of a simple, physical test scenario, which still can be solved analytically, since
no ﬂuid is present in this scenario. The angular velocity of a two particle
agglomerate, which is illustrated in Figure 4.25, is constantly increased
by a force on both particles, in order to rotate the agglomerate around
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Figure 4.25: Two particle agglomerate
with contact point
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its center of mass along the y-axis. The two particles both have a radius of 5 m and a mass m1,2 = 5.23·105 kg for a density
ρ = 1.0 kg/dm3. The total agglomerate mass is m = 1.046·106 kg. The distance between the two particles centers is 10 m,
which results in a contact point, which lies exactly at the center of mass of the entire agglomerate. Although contact points
are only of theoretical nature, it helps to simplify this setup and to analytically solve the forces on the connection. The
left particle will be denotes as body 1 of the connection and the right particle as body 2. The forces on body 1 or body 2
applied by the connection can be calculated as
F1,2 = m1· u˙ - m1·ω2·r -

∑F

Body 1,2

e

.

(4.9)

where m1 is the mass of body 1, u˙ is the acceleration of the agglomerate, ω is the angular velocity of the agglomerate, r
is the distance between the center of mass of body 1 and the center of mass of the agglomerate and Fe are the external
forces applied on body 1. Depending on the force calculated with Equation (4.9), the normal and tangential forces can be
calculated as
n = (F1,2 · d) · F1,2
t = F1,2 - n

(4.10)
(4.11)

where n is the normal force, d is the normalized distance vector between the two particles’ center and t is the tangential
force.
Figure 4.26 and Figure 4.27 show an illustration of the two particle agglomerate and the applied forces: Figure 4.26 shows
the forces calculated and applied by ODE and Figure 4.27 illustrates the forces acting on the contact point, which are
calculated with Equation (4.9). Fa is the applied acceleration force, which is calculated by
Fa = (

pi,Z - cZ
pi,X - cX
, 0.0,
) · 25.0 ,
|r|
|r|

(4.12)

where pi is the center of mass of a particle, c is the center of mass of the agglomerate and r is the distance between the
center of mass of a particle and the center of mass of the agglomerate. This results in an absolute force of 25.0 N on both
particles in the xz-plane and perpendicular to the connection axis of both particles and in an total agglomerate force of 0
N. Consequently, the angular velocity is constantly increased as illustrated in Figure 4.28, whereas the linear velocity of
the agglomerate always remains at |u| = 0.

Figure 4.26: Two particle agglomerate with ODE
forces in the center of the attached particles

Figure 4.27: Two particle agglomerate with forces
in the contact point
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The total force on the connection in this simple setup should consist of the centrifugal forces due to the rotation calculated
as
| Fc | = m1,2·ω2·r

(4.13)

and the external acceleration force Fa. By splitting the connection force into its normal and tangential component, one
would expect the normal force component to be equal to the centrifugal force Fc and the tangential force component to
be equal to the acceleration force Fa.
Figure 4.29 shows the force on body 1 calculated by ODE. The absolute force increases quadratically to a maximum value
of 121.87 N after 1000 seconds. The force on body 2, illustrated in Figure 4.30, has exactly the same absolute value and
is the inverse of the force on body 1. This is to be expected from Newton’s third law of the momentum conservation. By
calculating the resulting connection forces analytically, the absolute value of the forces doesn’t match with the forces
calculated by the ODE rigid body physics engine. Figure 4.31 and 4.32 show the real force on the connection calculated
with Equation (4.9). After 1000 seconds of simulation time, the absolute force reaches a maximum value of 124.491 N.
Especially in the ﬁrst 400 time steps, the two force calculations obviously differ.
The resulting difference between ODE and Equation (4.9) can be explained, if the force is split to its normal and tangential
component. Figure 4.33 and 4.34 compare the normal component of the force on body 1. In this case, no great difference
in the force calculation occurs ( Fn(ODE) = 121.706 N, Fn(4.9) = 121.955 N ). In contrast to the normal component, the
tangential component compared in Figure 4.35 and Figure 4.36 show an obvious difference: whereas a tangential force of
Ft(ODE) = 6.31 N results from the forces of the ODE system, a tangential force of Ft(4.9) = 25 N can be calculated with
the force calculated by Equation (4.9), which is exactly the accelerating force Fa. Therefore, the tangential component of
the connection force calculated by ODE is the main reason for the force discrepancy.
This difference in the force calculation results from the two different frames of reference. It is important to notice, that this
difference doesn’t temper the agglomerate movements, since the forces are calculated correctly in the closed rigid body
physics system of ODE, but are simply applied at different points. From the agglomerate’s point of view, it is only rotating
due to the accelerating forces and its linear velocity is 0. From the view of the ODE system, the complete agglomerate is
not known, only the two particles connected by a joint. Therefore, both particles have the same angular velocity, but also
a linear velocity due to the fact, that their center of mass is not lying on the rotation axis. Although this situation is much
more complicated to solve analytically, different forces have to be applied to the two particles in order to keep them in a
pure rotational movement. For this reason, the real forces acting in the connection point or area between two bodies have
to be calculated with Equation (4.9) in order to set a physical force threshold for possible connection break-ups.

Figure 4.28: Angular velocity for the two particle agglomerate
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Figure 4.29: Force on body 1 calculated by ODE

Figure 4.30: Force on body 2 calculated by ODE

Figure 4.31: Force on body 1 calculated with
Equation (4.9)

Figure 4.32: Force on body 2 calculated with
Equation (4.9)

Figure 4.33: Normal force on body 1 calculated
by ODE

Figure 4.34: Normal force on body 1 calculated
with Equation (4.9)
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Figure 4.36: Tangential force on body 1 calculated
with Equation (4.9)

Figure 4.35: Tangential force on body 1 calculated
by ODE

Additional to the force in a connection, the torque is of greater importance. In contrast to the force, which is responsible
for ruptures in the agglomerate structure, the torque might cause structural displacements, which change the particle structure and therefore the mass distribution and moving behavior. As in the case of the force, the torque calculated by ODE
can be accessed with the dJointFeedback structure in Algorithm 3.5, but as the force, the torque is referred to the ODE
frame of reference. Since for the torque the exact distance between the point of the force application and the connection
is important and since ODE doesn’t refer to the contact point or area, the torque values calculated by ODE have nothing
in common with the expected physical torque values in the connection. Unfortunately, the exact calculation of the torque
could not be implemented in this thesis. However, since this value is of considerable importance for the agglomerate
analysis, it will be the next simulation extension.
Algorithm 4.6 Overview of the ODE step
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

//Calculate all collisions in the rigid body physics simulation
dSpaceCollide( space ,0 ,&NearCallback );
//Calculate one time step in the rigid body physics simulation
dWorldStep( world, 1.0 );
//Calculate the force on the particles resulting from collisions
for each contact between a particle and a second body
Add collision force to all involved particles
//Calculate the connection forces
for each agglomerate in the simulation
{
Sum up the forces on all particles in the agglomerate
Calculate the agglomerate acceleration
Calculate the current center of mass
Calculate the angular velocity
for each connection in the agglomerate
{
Calculate the connection force depending on the agglomerate movements,
the fluid forces and collisions
}
}
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Algorithm 4.6 gives an overview of the ODE step. First, all collisions between agglomerates and the boundary are calculated for the collision space denoted by space (see Algorithm 3.4). This is done by using the built in collision system of
ODE. In this function, contact points between colliding particles are generated, which prevent the two involved objects
from penetrating each other. After all contact points have been calculated and ﬁlled with information about the acting
forces for the collisions, the function for one time step of the rigid body physics system can be called. dWorldStep moves
all agglomerates contained in the simulation for one lattice time step according to the acting forces and the resulting linear
and angular velocities. This function solves the ﬁrst order equations of movement for the agglomerates, which are derived from a Lagrange multiplier velocity based model due to Trinkle/Stewart and Anitescu/Potra [9]. Next, the collision
forces resulting from the agglomerate movements are added to each involved particle’s total force, which until now only
consists of the force resulting from the agglomerate ﬂuid interaction. After this step, the forces on the connections can be
calculated. Therefore, the total force on the agglomerate and the resulting acceleration, the agglomerate’s center of mass
and the angular velocity of the agglomerate have to be determined. Altogether, the total force on a connection results from
both the external forces on the agglomerate, which consist of the ﬂuid forces and collision forces, and from the agglomerate movements. After each agglomerate has been moved, the contact points from the collisions are removed again.
The next step in the extended LBM system will be the connection step, where possible break-ups due to the connection
forces are examined. An overview of the connection step is given in Algorithm 4.7.
Algorithm 4.7 Overview of the connection step
1: for each agglomerate in the simulation
2: {
3:
for each connection in the agglomerate
4:
{
5:
if( force limit is exceeded )
6:
{
7:
Destroy connection
8:
}
9:
}
10:
11:
if( connection break-up happened and agglomerate is split )
12:
{
13:
Break agglomerate and create new agglomerates
14:
}
15: }
After the ODE and connection step, the number of agglomerates and the agglomerates’ position and orientation could
have changed. Therefore the ﬁrst step in the next time step is the ﬂag calculation step in order to adjust the ﬂag values,
which precedes the next collide and stream step, where new forces act on the agglomerates, which could again break-up
connections.
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Performance Considerations
One major drawback for virtually all cellular automata methods is the great dependency of their performance on the
memory architecture, especially for the 3D case. As already examined in [2], [14] and [15], the performance of the LBM
can be improved by cache optimization techniques, which either focus on optimizing the reusage of data already loaded
into the cache or on the optimization of the streaming process. Either way, all three theses use the basic lid driven cavity
setting for their performance optimization, which only consists of stream and collide step. As discussed in Chapter 4, the
extended moving particle simulation additionally consists of the ﬂag calculation step, the force step, the ODE step and
the connection step, which all fulﬁll speciﬁc extensions to the basic LBM algorithm. For this extended LBM algorithm it
is now interesting, which step requires most of the computation time in order to focus on this step for future performance
improvements. For this purpose, a realistic test scenario illustrated in Figure 5.1 and 5.2 will be used: a 16-particle, complex agglomerate will be rotated in a shear ﬂow, which results from a ﬂow to the right in the upper half of the domain
and a ﬂow to the left in the lower half. As test platform, an Intel Northwood 3.0 Ghz CPU equipped with 2048 MByte of
main memory was used. The scenario was run twice, once for a domain size of 603 and once for a domain of 1003. The
agglomerate itself always consists of particles of lattice radius 3. The LBM lattice consists of two grids, as shown in [14]
and [15] for a basic LBM implementation. For the performance measurements only the ﬂuid cell updates were counted.

Figure 5.1: Complex 16-particle agglomerate in a
shear ﬂow at the beginning of the simulation

Figure 5.2: Complex 16-particle agglomerate in a
shear ﬂow after 1000 lattice time steps

Table 5.1 shows the timing results for both domain sizes. Obviously, the collide-stream step still requires most of the
computation time. Nevertheless, the ﬂag calculation step produces about 12.5 % of the CPU load. This results from the
calculation of the delta values for the curved geometry: for this 16-particle agglomerate about 19200 square roots have to
be solved in order to calculate accurate delta values. The force step requires about 5.2 % of the computation time for the
smaller domain size and only about 4.1 % for the larger domain. This can easily be explained by the growing ﬂuid cell
to particle cell ratio. The contribution of the ODE and the connection step to the total CPU load is negligible. This load
distribution shows, that the parallelization of the collide-stream step would already result in a considerable performance
increase, whereas the parallelization of ODE might be omitted.
The performance for both domain sizes reaches about 0.31 MLUPS. Apparently, the performance doesn’t decrease for a
larger domain size. This behavior can be explained by the fact, that until now the extended moving particle algorithm is
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Two Grids
Performance
Flag Calculation Step
Collide-Stream Step
Force Step
ODE Step
Connection Step

603 Domain

1003 Domain

12.4141 %
82.2336 %
5.27656 %
0.0710638 %
6.38019e-04 %

12.5232 %
83.2994 %
4.16098 %
0.0153749 %
1.40469e-04 %

0.318187

0.318637

MLUPS

Table 5.1: Runtime distribution and performance for the
standard two grids implementation
far from performance optimized and still requires far more memory than the basic LBM algorithm used in [14] and [15].
Due to this additional memory requirements, the reduction of the memory usage is very attractive in order to be able to
simulate larger domains. One possibility is the grid compression technique discussed in [14]: instead of two grids, only
one slightly larger grid is allocated and an additional shifting operation is introduced in order to preserve still needed
data values, which was the reason for the application of two grids in the basic LBM. Due to this shifting operation, the
proposed implementation of [14] contained two for-loop groups and a visible shifting operation in the access macro.
Algorithm 5.1 shows the implementation of [14], although the former plain C code has been transformed to C++ in order
to offer a better comparability. As proposed in [14], a hand-linearized array for the grid is used. The domain sizes dimX,
dimY and dimZ represent the number of ﬂuid cells in the lattice, therefore a total memory of (dimX+5), (dimY+5) and
(dimZ+5) has to be allocated for two additional boundary cells, two ghost layer cells and for the slightly increased grid
size due to the grid compression. The two for-loop groups start in line 21 and 30, respectively. In order to calculate the
correct number of time steps, the timing loop uses a step size of 2. The shifting operation with an additional +1 or -1 is
clearly visible in the access macro in line 24 and 33.
The grid compression implementation shown in Algorithm 5.1 is an obvious extension to the two grids implementation: both phases and the shifting operation are visible and add to the complexity of the code. Algorithm 5.2 proposes an
improved implementation. As in Algorithm 5.1, only one grid of the same total memory is allocated, but additionally, a
second grid pointer is used. By using the illustrated access macros, which don’t differ from the one used in Algorithm 5.1,
both grids can be accessed exactly as in the two grids implementation. Therefore, existing two grids code has only to be
adjusted in the access macro itself, not in the algorithm. Compared to the implementation of Algorithm 5.1, Algorithm 5.2
consists only of one for-loop group, which contains variables as loop parameters. By adjusting these parameters each time
step, an existing two grids algorithm has to be extended only with these loop parameters in order to use the grid compression technique. Therefore, the implementation of grid compression is a matter of minutes if the two grids implementation
already used access macros. Otherwise, a few more changes have to be made, but nevertheless, this approach offers a
nearly transparent implementation of grid compression.
Grid Compression
Performance
Flag Calculation Step
Collide-Stream Step
Force Step
ODE Step
Connection Step

603 Domain

1003 Domain

12.7912 %
80.781 %
6.33837 %
0.0836866 %
7.85882e-04 %

12.6466 %
82.3014 %
5.03246 %
0.0183099 %
1.61739e-04 %

0.374404

0.38036

MLUPS

Table 5.2: Runtime distribution and performance for the
compressed grid implementation
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In the case of the extended moving particle LBM, grid compression already yields a performance improvement. Table
5.2 shows the timing results and performance of the same test scenario as before using grid compression. The fraction
of CPU runtime required by the collide-stream step, where the majority of the accesses to the distribution function grid
are located, has been reduced and the fractions of the ﬂag calculation and the force step have been increased. The performance of the algorithm has been increased to about 0.38 MLUPS, which is a performance increase of 19.37 % for the
larger problem size of 1003. But the implementation of the extended LBM algorithm can still be optimized, which will
be a future task.
Algorithm 5.1 Implementation of the grid compression technique as proposed in [14]
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:

//Access macros
#define CELLSIZE 19
#define grid(i,j,k,l) grid[(i)·(dimY+5)·(dimX+5)·CELLSIZE + \
(j)·(dimX+5)·CELLSIZE + (k)·CELLSIZE + (l)]
...
//Domain size
int dimX, dimY, dimZ;
...
//Memory allocation
double *grid = new double[(dimZ+5)·(dimY+5)·(dimX+5)·CELLSIZE];
...
//Time loop
for( int t=0; t<timesteps; t+=2 ) {
//First phase of the grid compressed algorithm
for( int i=dimZ+2; i>0; i-- ) {
for( int j=dimY+2; j>0; j-- ) {
for( int k=dimX+2; k>0; k-- ) {
for( int l=0; l<CELLSIZE; l++ ) {
grid(i+1,j+1,k+1,l) = ... ;
}
}
}
}
//Second phase of the grid compressed algorithm
for( int i=2; i<dimZ+4; i++ ) {
for( int j=2; j<dimY+4; j++ ) {
for( int k=2; k<dimX+4; k++ ) {
for( int l=0; l<CELLSIZE; l++ ) {
grid(i-1,j-1,k-1,l) = ... ;
}
}
}
}
}
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Algorithm 5.2 Improved implementation of the grid compression technique
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
21:
21:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
41:

//Access macros
#define CELLSIZE 19
#define src(i,j,k,l) src[(i)·(dimY+5)·(dimX+5)·CELLSIZE + \
(j)·(dimX+5)·CELLSIZE + (k)·CELLSIZE + (l)]
#define dst(i,j,k,l) dst[(i)·(dimY+5)·(dimX+5)·CELLSIZE + \
(j)·(dimX+5)·CELLSIZE + (k)·CELLSIZE + (l)]
...
//Domain size
int dimX, dimY, dimZ;
//Grid Compression variables
int iStart, iEnd, jStart, jEnd, kStart, kEnd, step;
...
//Memory allocation
double *src = new double[(dimZ+5)·(dimY+5)·(dimX+5)·CELLSIZE];
double *dst = &src(1,1,1,0);
...
//Initializing the grid compression variables
...
//Time loop
for( int t=0; t<timesteps; t++ ) {
//Loops over the domain
for( int i=iStart; i<iEnd; i+=step ) {
for( int j=jStart; j<jEnd; j+=step ) {
for( int k=kStart; k<kEnd; k+=step ) {
src(i,j,k,l) = ... ;
dst(i,j,k,l) = ... ;
}
}
}
//Grid Swapping
double *tmp = src;
src = dst;
dst = tmp;
//Adjusting the grid compression variables
...
}
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Results

In this chapter, several test scenarios for the moving particle simulation are discussed. Unfortunately, there are no possibilities to compare the results of complex moving agglomerates, since the physical measurements to gather information
about the agglomerate structure and moving behavior soon are limited. For this reason, Section 6.1 shows a very simple
test scenario of rising and sinking particles, which still can be solved analytically. The comprehensible particle movement
shows, that the simulation produces credible results. The next scenario in Section 6.2 of a rotating ﬁve particle agglomerate shows the accuracy of the momentum transfer from the agglomerate on the ﬂuid. Section 6.3 demonstrates the breakup of a four-particle agglomerate in a canal ﬂow. An example for a complex rotating agglomerate is given in Section 6.4:
a dual star agglomerate is rotated in a shear ﬂow and the connection forces of the central particle are examined.

6.1 Rising and sinking particles
This test scenario is one of the few possibilities to compare analytical solutions with simulation results. In the ﬁrst case,
an agglomerate consisting only of a heavy particle with a density of ρP = 2.0 kg/dm3 is put in a closed box of ﬂuid with the
density ρF = 1.0 kg/dm3. Figures 6.1 to 6.3 illustrate this scenario. The expected particle behavior in this scenario would
be, that the particle starts sinking, until it hits the ground of the box. The initial forces acting on the particle are the accelerating gravity force Fg and the lifting force Fl in the opposite direction:
Fg = mP · g = VP · ρP · g

(6.1)

Fl = mF · g = VP · ρF · g

(6.2)

where mP , VP and ρP are the mass, the volume and the density of the particle, mF and ρF are the mass and the density of
the displaced fluid and g is the gravity acceleration (9.81 m/s2). Since the particle density is larger than the ﬂuid density,
the gravity force is larger and the particle is accelerated toward the bottom of the box. As the particle starts moving, the
accelerating force is inhibited by the friction force Ff , which constantly grows with the increasing velocity of the particle,
until all involved forces have reached an equilibrium:
Ff = 6·�·η·r·v

Figure 6.1: Heavy particle at the
beginning of the simulation

(6.3)

Figure 6.2: Heavy particle after
250 lattice time steps
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Figure 6.3: Heavy particle after
500 lattice time steps
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State of equilibrium: Fg = Ff + Fl

(6.4)

where η is the dynamic viscosity, r is the radius of the particle and v is the sinking velocity. The dynamic viscosity can be
derived from the kinematic viscosity as
η = ν · ρF .

(6.5)

For this simulation, the dynamic viscosity for water was used, which is η = 1.0 mPa/s. Depending on these three forces,
the analytical solution for the sinking velocity of the particle can be calculated as
v =

2·g·r2·( ρP-ρF )
9·η

.

(6.6)

The analytical solution calculated with Equation (6.6) is v = 5.45·10-3 m/s for a particle with a physical radius
r = 5·10-5 m and a lattice radius of r = 5. Figure 6.4 shows the simulation results of the sinking velocity in a lattice domain
of 603 fluid cells with free-slip boundary conditions. After the initial acceleration phase, the particle reaches a maximum
velocity of 5.5183·10-3 m/s. Although this value is slightly above the analytical solution, it demonstrates the accuracy of
this simulation. The reason for the difference between the analytical solution and the simulation results can be found in
an examination of the total force on the heavy particle, which can be seen in Figure 6.5. Although the expected gradient
can be monitored and the accelerating and inhibiting forces nearly compensate each other after some time, the absolute
force shows an obvious fluctuation pattern, which repeats after several time steps. These fluctuations show the problems
with the momentum exchange method as discussed in Section 4.4: due to an inconstant number of fluid cells acting force
on the particle, the total force fluctuates. This is also the reason for the slightly increased sinking velocity, because the
total value of the lifting force, which is calculated with the momentum exchange method, can not exactly compensate the
accelerating gravity force.

Figure 6.4: Velocity of the heavy particle

Figure 6.5: Total force on the heavy particle

The same analysis can be repeated for an agglomerate, which only consists of a lightweight particle with a density of
only ρP = 0.5 kg/dm3. This simulation is illustrated in Figure 6.6 to 6.8. For this scenario, one would expect the particle
to rise until it reaches the top of the closed, ﬂuid ﬁlled box. For the analytical force and velocity calculations, the same
Equations (6.1) to (6.6) can be used. The analytical solution for the absolute rising velocity of the lightweight particle
with a physical radius of r = 5·10-5 m and a lattice radius of r = 5 is v = 2.725·10-3 m/s. Figure 6.9 shows the simulation
results for the rising velocity in a free-slip 603 domain. Unfortunately, the velocity only reaches an average value of
v = 0.9·10-3 m/s and obvious fluctuations in the velocity can be monitored.
The simulation result for the lightweight particle can be improved by increasing the domain size and therefore reducing
the boundary influence. Figure 6.11 shows the absolute velocity of the rising lightweight particle in a 1503 domain. In
this case, the average rising velocity reaches a value of v = 1.0·10-3 m/s. However, the simulation result still reaches only
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Figure 6.6: Lightweight particle at
the beginning of the simulation

Figure 6.7: Lightweight particle
after 250 lattice time steps

Figure 6.8: Lightweight particle
after 500 lattice time steps

Figure 6.9: Velocity of the lightweight particle in
the 603 domain

Figure 6.10: Total force on the lightweight particle
in the 603 domain

Figure 6.11: Velocity of the lightweight particle in
the 1503 domain

Figure 6.12: Total force on the lightweight particle
in the 1503 domain
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a fraction of the expected rising velocity. In this case, the force fluctuations from the momentum exchange method show
their influence on the accuracy of the simulation. Since in this case the lifting force is the driving force, the accuracy of
this force component is much more important as in the case of the sinking particle, where the constant gravitational force
is the driving force. This test scenario shows, that there is still a need for an improvement of the accuracy of the momentum exchange method for moving particles. However, the heavy particle is sinking with nearly the exact sinking velocity
and the lightweight particle is rising with a rising velocity, which reaches the same order of magnitude as the analytical
solution. This shows, that the simulation is capable of simulating the behavior of particles of different densities.

6.2 Rotating mixer scenario
In this test scenario, a ﬁve-particle agglomerate illustrated in Figure 6.13 is rotated in a closed box of ﬂuid. Each particle
of the agglomerate has a radius of 4 lattice cells, which results in a total particle length of 40 lattice cells. The ﬂuid domain
is discretized in 603 lattice cells. In this case, no ﬂuid stimuli are used, which means that neither inﬂow and acceleration
boundary conditions nor gravity are involved. The only ﬂuid stimulation comes from the ﬁve-particle agglomerate, which
is rotating with a constant angular velocity. For this simulation, the ﬂuid applies no force on the particle, therefore the
rotational movement of the particle is neither slowed nor accelerated. The only purpose of this scenario is a comparison
between the maximum surface velocity of the agglomerate and the maximum velocity, which results in the ﬂuid. Figure
6.14 gives an impression of the surface points of the agglomerate, where the maximum velocity is measured.

Figure 6.13: Five-particle mixer agglomerate

Figure 6.14: Rotating axis and point of the maximum
surface velocity

Figure 6.15 and 6.16 show the simulation after 200 and 500 lattice time steps, respectively. From the ﬂow ﬁeld it becomes
apparent, that only the ﬂuid next to the agglomerate is stimulated to a compensation ﬂow: in front of the moving agglomerate, the ﬂuid is compressed and behind it the ﬂuid density is reduced. This results in a ﬂow from the areas of high
density to the areas of low density.

Figure 6.15: Rotating ﬁve-particle agglomerate
after 200 lattice time steps

Figure 6.16: Rotating ﬁve-particle agglomerate
after 500 lattice time steps
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The comparison between the maximum surface velocity and the maximum ﬂuid velocity is shown in Figure 6.17 and 6.18
for two different values of τ. In both cases, the maximum surface velocity is a constant value due to the unchanged angular
velocity of the rotating agglomerate. Additionally, for both simulations, the maximum ﬂuid velocity never exceeds the
velocity of the agglomerate surface. For both τ, the absolute value of the ﬂuid velocity is slightly smaller than the surface
velocity. This result can be expected due to the fact, that the ﬂuid velocity is only measured in the lattice cells, which are
never exactly on the agglomerate surface (otherwise the ﬂuid cells would change to particle cells). Therefore, the ﬂuid
velocity has always to be smaller than the surface velocity because of the distance between the ﬂuid cells and the agglomerate surface. Due to the very similar values of the absolute velocity values, the momentum transfer from the agglomerate
on the ﬂuid, which is conducted by Equation (4.4), can be considered to work properly.

Figure 6.17: Velocity comparison for τ = 1.0

Figure 6.18: Velocity comparison for τ = 0.526

6.3 Breaking agglomerate in a canal ﬂow
In order to demonstrate the break-up of a connection, the following simulation scenario was designed: a four-particle agglomerate as illustrated in
Figure 6.19 is accelerated in a canal ﬂow towards an obstacle. The agglomerate and the obstacle are placed exactly in the middle of the canal, so that the
obstacle hits particle 2 above and particle 3 below their center of mass. This
collision is supposed to break-up connection 2 due to the strong tractive force
on this connection. The simulation is run in a 60·40·40 ﬂuid cell domain and
the radius of each particle is set to 4 lattice cells.
For this break-up demonstration, it is very important to notice, that the force
resulting from the collision between the agglomerate and the obstacle is depending on the momentum change of the agglomerate. According to the equation in Figure 4.22, the total force is depending on the physical time step size
Δt. Since Δt is in the denominator and therefore cannot be 0, it is impossible
to calculate the force for the moment of impact. For this reason, the collision
forces for the moving particle simulation are calculated for one time step Δt.
This constraint for the collision force calculation is a clear limitation for the
deﬁnition of a force threshold for a connection break-up. Therefore, in this
test scenario, the threshold was arbitrarily set to a value, which would cause
a connection break-up for demonstration purposes. This approach should not
be used in the case of a real physical simulation.
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Figure 6.19: The agglomerate
for the canal ﬂow simulation
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Figure 6.20 to 6.22 illustrate the course of the simulation: after hitting the obstacle, the agglomerate is split into two new
agglomerates with two particles each. These two new agglomerates are dragged past the obstacle. Figure 6.23 and 6.24
show the force on particle 2 and particle 3. In both cases, the absolute force during the impact reaches a lattice force value
of 55.4651. Due to the symmetric setup of this simulation, the absolute force on both particles is identical, although the
force vector points in different directions. During the impact, which causes a large force amplitude, the force on particle
2 points in -x and -z direction, whereas the force on particle 3 points in -x and +z direction. This causes the tractive force
on connection 2 and splits the agglomerate.
Figure 6.25 to 6.27 show the force on connection 1 to 3. In all three ﬁgures, the peak during the impact is obvious to see.
After the impact, which results in an absolute lattice force of 25.8984 on the connection 2, the force on connection 2 is
always assumed to be 0, since this connection doesn’t exist anymore. From the force peaks it becomes obvious, that due
to the impact also connection 1 and 3 might break, but for this simulation, these two connections were considered to be
unbreakable.
This scenario shows the capability of the simulation system to handle connection break-ups depending on the forces on
the agglomerate.
6.20

6.21

6.22

Figure 6.20 to 6.22: The four-particle agglomerate is accelerated in the canal ﬂow from left to right towards the obstacle.
On impact (Figure 6.21), the force on particle 2 is pointing in the -x and -z direction, whereas the force on particle
3 is pointing in the -x and +z direction. This force is displayed as two spheres inside particle 2 and 3, which point
into the direction of the force vector. Due to the symmetric setup, the absolute force on both particles is exactly
the same. The impact causes a tractive force on connection 2, as illustrated in Figure 6.26. This force causes the
agglomerate to break in connection 2 and to be split into two new agglomerates, which are dragged past the obstacle. Due to the collision and the stronger ﬂow next to the obstacle, both two-particle agglomerates are starting
to rotate, until they pass the obstacle.
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Figure 6.23: The forces on particle 2

Figure 6.24: The forces on particle 3

Figure 6.25: The forces in connection 1

Figure 6.26: The forces in connection 2

Figure 6.27: The forces in connection 3

45

Chapter 6 - Results

6.4 Rotating dual star agglomerate
In this test scenario, a dual star agglomerate with 13 particles and 12 connections is rotated in a shear ﬂow (see Figure 6.28
and 6.29). Each particle has a radius of 4·10-4 m, which results in a maximum agglomerate length of 4·10-3 m. The shear
ﬂow results from a ﬂow to the right in the upper half of the ﬂuid domain and a ﬂow to the left in the lower half.
The value of interest in this simulation is the force in the two connections of the central particle. Due to the complexity of
the simulation, no analytical solution for this force exists, so no comparisons between analytical results and the simulation can be made. For the ﬁrst simulation run, a lattice cell length of dx = 10-4 m is used, which results in a lattice domain
discretized to 603 lattice cells and a particle radius of 4 lattice cells. Figure 6.30 and 6.31 show the force on both center
connections. The basic sinus oscillation of the forces can be monitored, which results from the pure rotational movement
of the dual star agglomerate due to its symmetric structure. It also becomes obvious, that the force on connection 2 is
exactly the inverse of the force on connection 1 due to the symmetric setup of this simulation. In both cases, a maximum
absolute force of 3.50536·10-7 N acts on the connections. But during the simulation, the gradient of the curve isn’t smooth
and several leaps in the force calculation occur. On the one hand, this results from the small lattice radius and on the other
hand again from the changing number of ﬂuid cells acting upon the agglomerate as discussed in Section 4.4.

Figure 6.28: Rotating dual star agglomerate at the
start of the simulation

Figure 6.29: Rotating dual star agglomerate after
1000 time steps

Figure 6.30: Force in connection 1 in the 603 domain

Figure 6.31: Force in connection 2 in the 603 domain
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This problem can partly be improved by scaling the domain and the agglomerate size: by using the half lattice cell length,
the resolution in each dimension is doubled, as is the radius of each particle. Therefore the second simulation run uses a
1203 domain and a particle radius of 8 lattice cells. In this second simulation, the physical input parameters are calculated
in order to keep the lattice velocity at a constant value of 0.1. As shown in table 6, this approach changes the lattice viscosity and with it the lattice relaxation time τ. The results of this second simulation are shown in Figure 6.32 and 6.33.
Although the force ﬂuctuations have been reduced, the total force acting on the agglomerate has changed to an maximum
absolute value of 1.90095·10-7 N. This may result from the changed value of τ and the change in the lattice viscosity, but
also from a different inﬂuence from the boundary conditions. Therefore a third simulation run was conducted, again using
a dx of 5·10-5 m, which results in a 1203 domain and a particle radius of 8 lattice cells, but this time keeping the lattice viscosity at a constant value of 0.1. For this reason, the lattice relaxation time τ is also kept constant at 0.8, whereas the lattice
velocity is halved due to the halved physical time step. Figure 6.34 and 6.35 show the result of this third simulation run.
Again, as in the second simulation run, the magnitude of the force leaps can be reduced due to the larger particle radius
and the less critical changes in the number of fluid cells acting force on the agglomerate. But the value of the maximum
absolute force has also changed again: in this simulation, a value of 7.00557·10-7 N is simulated.
Parameter Comparison
Physical dx [m]
Physical dt [s]
Lattice relaxation time τ
Lattice viscosity
Lattice velocity

603 domain
10-4
10-3
0.8
0.1
0.1

1203 domain,
changed viscosity
5·10-5
5·10-4
0.909091
0.2
0.1

1203 domain,
changed velocity
5·10-5
2.5·10-4
0.8
0.1
0.05

Table 6.1: Comparison between the parameters of the three simulation runs

Figure 6.32: Force in connection 1 in the 1203 domain
with changed lattice viscosity

Figure 6.33: Force in connection 2 in the 1203 domain
with changed lattice viscosity

Although all three simulated force values are in the same dimension, the absolute value of the force varies depending on
the size of the physical lattice cell size dx, the lattice velocity and the lattice viscosity. In [11] similar effects depending
on the boundary conditions and the distance from the particle to the boundaries were encountered in the measurements
of the drag force on stationary particles. Therefore this test scenario shows, that the moving particle simulation is capable
of simulating complex agglomerates in a flow, but the influence of various simulation parameters on the forces will be
investigated in order to increase the reliability of the simulation results.
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Figure 6.34: Force in connection 1 in the 1203 domain
with changed lattice velocity

Figure 6.35: Force in connection 2 in the 1203 domain
with changed lattice velocity
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Chapter 7

Conclusion
The characterization of nano-particles and agglomerates and the investigation of their behavior in a ﬂow can efﬁciently
be solved by the numerical simulation approach presented in this thesis. For the ﬂuid simulation, the Lattice Boltzmann
Method is used, which uses an approach based on the Boltzmann equation to simulate dynamic ﬂuid ﬂows. By extending
the LBM with a treatment for curved boundaries and a force interaction method between the ﬂuid and the nano-particles
and by coupling this ﬂuid simulation to a rigid body physics engine, an accurate simulation of moving agglomerates can
be implemented. In contrast to the analytical methods, this simulation is able to calculate the connection forces between
several sintered particles and therefore predict connection break-ups due to stress forces, which might result for example
from a shear ﬂow. The accuracy of this approach was demonstrated in several test scenarios.
However, in some simulations, the accuracy of the simulation results still has to be improved. For example, the momentum exchange approach as introduced in this thesis could be extended by a ﬁnite volume calculation in order to reduce the
force ﬂuctuations. The accuracy of the simulated results can also be improved by a deeper understanding of the inﬂuence
of the LBM simulation parameters and boundary condition inﬂuences.
The next step to improve the features of the simulation would be to include the exact calculations of the connection
torques. This calculation would enable the prediction of structural displacements due to a strong torque in a connection.
In the future, this simulation can also be extended by a couple of new LBM technologies. One very interesting technique
to increase the accuracy would be the technique of grid reﬁnement. By using several grids of different resolutions, the
areas of interest could be simulated very accurate, whereas the boundary condition inﬂuences could be reduced by using
coarse grids for the remaining domain. Another important matter for a stable and accurate simulation could be a step size
control. Due to collisions in the physical system, large agglomerate velocity changes can occur, which might temper the
ﬂuid simulation. By adjusting the time step size depending on imminent collisions, this risk might be reduced.
To improve the ﬂuid simulation, the technique of two relaxation time (TRT) or multi relaxation time (MRT; see for example [1]) could be implemented. This might improve the accuracy especially for turbulent ﬂuid simulations. The performance of the moving particle simulation could be improved by several cache optimization techniques or by implementing
a parallelization. Since ODE might be very complicated to parallelize, this might include the implementation of a own
rigid body physics engine, which only contains the features needed for this simulation.
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