FRIEDRICH-ALEXANDER-UNIVERSITÄT ERLANGEN-NÜRNBERG
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Abstract
In power plant simulation, the dominating partial difference equations are usually converted into a system of differential-algebraic equations. Then this equation system can be
solved by numerical solvers within simulation tools. The current simulation tools mostly
only include some sequential solvers, which can solve the equation system only in serial but
not in parallel. When there are a large number of complicated equations in the equation
system, the amount of computational efforts to solve the system will be very huge. In order
to make the simulation running faster in this situation and to exploit the compute capability of multi-core processors, there are requirements to solve the equation system by parallel
solvers. But the existing solvers for parallel solution of differential-algebraic systems can
be applied directly in power plant simulation since there are some specific problems in
power plant simulation, for example, the Jacobian matrix may be not diagonal-dominant.
In order to introduce parallelism into the simulation tools we use, we modified the Implicit
Differential Algebraic solver to make it fit with power plant simulation, made an interface
between this solver and the simulation tools, and we also modified the simulation tools
to work with the Jacobian matrix generated from the model either analytically or numerically. After experiments on integrations of the parallel solver and analytical Jacobian
generation into the simulation environment, we present the results of them and discuss the
possible future work on this topic.

Zusammenfassung
In der Kraftwerkssimulation werden die dominierenden partiellen Differenzialgleichungen normalerweise in ein System von differenzial-algebraischen Gleichungen umgewandelt. Danach kann dieses Gleichungssystem von numerischen Lösern mit Hilfe von Simulationswerkzeugen gelöst werden. Die gegenwärtigen Simulationswerkzeuge enthalten meistens nur einige sequenzielle Löser, die das Gleichungssystem nicht parallel lösen können.
Wenn viele schwierige Gleichungen im Gleichungssystem vorkommen, ist der Berechnungsaufwand um das System zu lösen sehr hoch. Um die Simulation in dieser Situation
zu beschleunigen und um die Kapazität von Mehrkernprozessoren auszunutzen, sind parallele Löser notwendig. Aber die vorhandenen, parallelen Löser für differenzial-algebraische
Systeme können nicht direkt in der Kraftwerkssimulation genutzt werden, da dort einige
spezifische Probleme auftauchen, z. B. muss die Jacobi Matrix nicht diagonal-dominant
sein. Zur Einführung von Parallelismus in die benutzten Simulationswerkzeuge, wurde
ein implizite differenzial-algebraische Löser modifiziert und an die Kraftwerksimulation
angepasst. Zudem wurde eine Schnittstelle zwischen diesem Löser und den Simulationswerkzeugen geschaffen und auch die Simulationswerkzeuge selbst so verändert, dass es
möglich wurde, mit der vom Modell analytisch oder numerisch erzeugten Jacobi Matrix zu
arbeiten. Nach den Experimenten zur Integration des parallelen Lösers, zur Erzeugung der
analytischen Jacobi Matrix in der Simulationsumgebung, und Simulationsergebnissen für
ein einfaches Modell, werden mögliche zukünftige Arbeiten zu diesem Thema diskutiert.
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1

Introduction
Motivation

The objective of this work is to make the power plant simulation tools be able to solve the
equations in parallel. Simulation plays an important role in researches on the power plants,
and the computer platform is naturally its hardware basis. As the computer platforms turns to
use the multi-core processors more and more, the simulation software also have to be adjusted
in order to follow these changes in the hardware, especially when multi-core processor brings
evolutional changes in the computer architecture.
The multi-core processor provides faster hardware for simulation tools. Since 1970s, processor designers has been making continuous efforts to increase the number of transistors on a
single chip and increase the clock frequency of the CPU. For decades, the number of transistors on a single chip is doubled every 18 months, and this has been predicted by the Moore’s
Law. By the late 1990s, the clock frequency of mainstream CPU exceeded 3 GHz and then a
series of problems occurred when the designers tried to enhance the performance by increasing
the clock frequency to 4 GHz. One main problem is that the power consumption increases
exponentially with the clock frequency, so the heat dissipation becomes a larger and larger
problem as the single-core processor runs faster and faster. In order to keep on increasing the
performance, engineers put two or more low-frequency cores on a single chip. For example
(Figure 1), a 2 GHz CPU normally consumes 50 W att, if we increase the clock frequency
by 15% to be 2.3 GHz, the energy consumption will increase to 80 W att, but if we decrease
the frequency by 15% to be 1.7 GHz, it will only consumes 25 W att. So if we put two
1.7 GHz cores together, we can achieve a 3.4 GHz processor while keeping the same energy
consumptions and the same heat dissipation. In the past few years, the multi-core processor
architecture has established its dominating position in the computer platforms, covering all
the sizes from huge supercomputers to personal desktops and portable laptops. The number of
cores on the same chip has been doubled from 2 (dual-core) to 4 (quad-core) and is still going
to be even 8 (eight-core) or 16. The tendency of increasing compute performance continues
with multi-core processors.
The multi-core processor also brings challenges to the simulation tools. These challenges
mainly comes from the gap between the slow memory access and fast CPU execution. During
the boosting of CPU frequency, although the sizes of caches increases following the Moore’s
Law together with the CPU, the improvement of technologies on the DRAM (dynamic random access memory) is very poor. The memory bandwidth increases only 7% every year, and
the memory latency remains constant. So for most applications running on multi-core processors, the access to main memory is usually the most significant bottleneck of performance.
Therefore, topics such as data locality and data communication become the main concerns of
implementation of a code which can make full use of the computation ability of the multi-core
processor. Since most of the present simulation tools have not taken these features into consideration, modifications must be made to these tools, as more and more simulation platforms
are going to equip multi-core processors. And this is where the idea of this work comes from.

1.2

Organization of the Thesis

This thesis is written to reflect the works on solving the differential-algebraic equations in
power plant simulation with parallel solvers. The goal of this work has been stated in the
above section, and here is the outline of this thesis.
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Figure 1: Comparison between the single-core processor and dual-core processor.

In Chapter 2, we present the equations that appear in power plant simulation. First
we introduce a typical power plant we want to simulate, the transient simulation of it, and
some results of this dynamic simulation. Then we introduce the simulation tools we are using, including the modeling language Modelica and the modeling software Dymola. In the
third part we present the dominating partial difference equations in power plant, show how to
get differential-algebraic equations from these equations by spatial discretization, and explain
some of the characteristic problems in power plant simulation which must be considered by
the solvers of the equations.
In Chapter 3, we introduce the solution methods for the differential-algebraic equations.
We first compare the differential-algebraic equations and the ordinary difference equations,
and review the fundamental theories of the multi-step and one-step methods for solution of
these kinds of equations and some of the present solvers which can solve them. Then we introduce the solver that we integrate in our simulation tool to solve the equations in power plant
simulation in parallel, i. e. the IDA library which can solve these equations both in serial and
in parallel, and we show the basic algorithm and some specific functionalities of the IDA library.
In Chapter 4, we state our implementation strategies on integration of the IDA library
in our simulation software environment. First is the integration strategy of the IDA library,
where we summarize current parallel solvers for ordinary difference equations and differentialalgebraic equations, the parallelization strategy of the IDA library by data distribution and
data communication on different processes by the message passing interface, and the interface
between the parallel solver library and our simulation environment. Second is the implementation and integration of the analytical generation of Jacobian matrix, including comparison
between analytical and numerical generation, choice of the dependent variables to make an-
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alytical generation possible, the idea of scaling the entries in the matrix and timing to do
re-calculation.
In Chapter 5, we demonstrate the results of the tests we have made. First we show the
models we made tests with, which covers both simple models with mostly linear equations and
complicated models with a lot of non-linear equations, and these models also vary in number
of unknowns it contains. Then we describe the hardware and software configurations of the
multi-core cluster on which the tests were made. At the end is the results of a series of tests
on different models and with different settings.
In Chapter 6, we discuss the result of our work and future improvement. First we review
the results of the tests, from which we evaluate our current implementation. Then we talk
about ways that we have in mind to improve this implementation, and suggest a plan for
further work on this topic.
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4

DAE in Power Plant Simulation

Researches on power plant refer to not only designing its steady properties of how the plant
should work at a fixed given status, but also watching its dynamic behavior of how it will response to changes between different statuses. Simulation is such a helping assistant to physical
experiments that simulation of power plant has become an essential part of these researches.
In simulation, the thermal and kinetic behavior of the power plant can be described by a
system of partial difference equations in both the time dimension and all the three space dimensions. However, for most simulations, there is usually no need to get a very detailed and
exact solution from these equations. As approximated solutions are acceptable, people make
simplifications to the equation system in order to solve them in shorter time. The consequence
is a system of differential-algebraic equations which can be solved much faster than the original
system of partial difference equation, yet resulting in acceptable approximated solutions.
This chapter explains how the system of differential-algebraic equations arises in power
plant simulation. In section 2.1, we describe a typical power plant built in Siemens and show
some of the results of the transient simulation of it. In section 2.2 we introduce the simulation tools we are using, including the object-orientated modeling language Modelica and
the software Dymola which supports modeling with Modelica and solves the equations in the
model by a series of solvers. In section 2.3 we present the balance equations in the form of
partial difference equations for an example fluid tube, point out problems with supplementary
functions associated with the balance equations, and show how to make spacial discretization
of these equations and get differential-algebraic equations out of it.

2.1
2.1.1

Power Plant Simulation
Combined Cycle Power Plants

The power plant is an equipment which produces kinetic or electrical energy from other forms
of energy, such as chemical energy, gravitational potential energy or heat energy. It is widely
used both in electric power generation and as engine of ships, aircrafts and other large vehicles. The core component of a typical power plant is a heat engine, such as steam turbine, gas
turbine, or combined cycle, which burns fossil fuels such as oil, coal and natural gas. Other
sources of energy are also used in power plants, for example, nuclear, wind, sunlight, falling
water and tidal motion.
The Combined Cycle Power Plant (CCPP) produced by Fossil Power Generation department, Siemens AG, is a typical example of the power plant. A CCPP combined the Joule
cycles of gas turbines and Clausius Rankine cycles of steam turbines. It’s more efficient than a
separate steam turbine or a separate gas turbine power plant. Its structure, working procedure
and advantages are as the follows.
1. Structure of CCPP:
In a CCPP, a number of gas turbines, heat recovery steam generators, steam turbines,
generators and some other components are connected. There are several possible interconnections and operation configurations. One of these configurations with the smallest
number of components is the single-shaft CCPP (Figure 2) which consists of one gas turbine (GT), one heat recovery steam generators (HRSG), one steam turbine (ST) and two
generators (G) on a common shaft. Both gas turbine and steam turbine are connected
to a generator.

2
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Figure 2: Structure of the single-shaft CCPP.
2. Working procedure:
The idea of CCPP is to reuse the the exhaust gas of gas turbines as the heat source of
steam turbines. For the single-shaft CCPP, its working procedure can be tracked from
Figure 3. At the beginning, a normal gas turbine burning fossil fuels is connected with
a generator through a shaft and generates some amount of electricity. The exhaust gas
of this gas turbine is then channeled to the HRSG, heating the water in HRSG and
turning the water into steam. The produced steam is then used to drive the steam
turbine. The steam turbine is connected with another generator on another shaft to
generate electricity additional to the electricity generated by the gas turbine.
3. Advantages:
The CCPP has higher total energy efficiency than normal gas turbine power plants.
This can be seen from Figure 3 for a single-shaft CCPP. Since the power in the feeding
fuel is 685 M W , and the gas turbine can only produce 270 M W power, if only the gas
turbine is generating electricity in the plant, the energy efficiency of the plant is only
approximately 38 %. A lot of energy is contained in the exhaust gas which is going to
the outlet at a temperature of 592 ◦ C and the energy in exhaust gas will be wasted
if there is no reuse of it. But with a HRSG connected to the gas turbine, the heat in
exhaust gas will be transferred to the water in HRSG. At the end, the outlet gas will
has a temperature of only 92 ◦ C, and only 57 M W will be lost within it. Most of the
energy in the exhaust gas will then be transferred to the steam produced and sent to
the steam turbine. The steam turbine can use the steam to generate 135 M W power.
As there is 5 M W energy loss in the generators, the total power of the CCPP reaches

2
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Figure 3: Energy flow in the single-shaft CCPP.
400 M W , and the energy efficiency rises to above 58 %.
In this work, the HRSG in the CCPP is studied by transient simulation, where the components of HRSG such as the exhaust gas, water and steam and the fluid tubes are modeled
and simulated.
2.1.2

Transient Simulation of Power Plants

In power plant industry, the numerical simulation plays an important role in many aspects.
In numerical modeling and simulation, the thermal- and fluid dynamics behaviors of the plant
are modeled with mathematical equations, and these models are simulated with different parameters under different settings to mimic the behavior of the real plant. As a consequence,
the design of the plant can be examined, evaluated and optimized before it is constructed, and
its operation process can be tested, analyzed and improved after construction. Besides, Applications of simulation can also be found in safety management, efficient operation, componentand system control, and many other fields related to power plant. Numerical simulation is
especially useful in cases that physical experiments are infeasible or too expensive.
There are mainly two kinds of power plant simulation: steady state study and transient
performance analysis. The steady-state study looks for the equilibrium conditions of the components in a power plant, which means the time derivatives of the properties equals zero. The
characteristics of steady state simulation can be used to give design specifications in the design
process, and to specify suitable working scenarios and proper operation plan.
On the other hand, the transient simulation focuses on the dynamic behavior of the plant
in transient processes, where there exist time derivatives for the properties. The transient
process occurs when the plant changes from one steady status to another. This happens
frequently in actual use, for example, when the power plant need to be shut down for maintenance and afterwards start up to run again, or when the need for power changes with the
season so the power plant has to change its working load between its full load and smaller
loads during running. Depending on the differences between the starting and ending steady
statuses, and on the response characteristics of the plant, this transient process can lasts from
several minutes to several hours.
The basic concern of transient simulation is the continuously-varying properties in the
power plant. When the power plant is in transient status, its thermal and kinetic properties
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will change gradually until they reach steady status again, and from then on, the power plant
can give out electric or mechanic power at a steady level again. To watch and predict the
behaviors of these properties is the main task of transient simulation. The transient simulation
contributes to studies on frequency response capabilities, thermal stresses, thermo hydraulic
stabilities, control concept designs, fault event analysis, etc. This work comes out of the transient simulation.
Some typical results of the start-up simulation for the above single-shaft CCPP is shown in
Figure 4. Curves in a) show how the temperature and the mass flow of the exhaust gas of gas
turbine changes while the load of gas turbine is gradually increased. The exhaust gas temperature along with its mass flow and other properties are achieved from gas turbine simulation
and are used as the inputs of the simulation on the HRSG model. Curves in b) show how the
temperature at different positions of the HRSG react to the exhaust gas temperature. The
steam properties such as temperature, pressure and mass flow are used as the inputs of steam
turbine simulation. When the temperature at all positions converge, the start-up procedure
is finished and the steady status is achieved.
In order to get the modeling and simulation implemented in a way that they can be
easily understand and efficiently executed, simulation tools such as modeling languages and
simulation softwares are used.

2.2
2.2.1

Simulation Tools
Modeling Language

In modeling and simulation, specially designed modeling languages are much more widely
used than normal programming languages. And among the modeling languages, componentbased modeling languages are more suitable than block-based ones for power plant simulation.
The normal programming languages such as C/C++, Java and FORTRAN, are not suitable for power plant simulation. When the physical system is so simple that all of its governing
equations can be easily implemented, a normal programming language may be used to build
the model. However, in most cases, the system that people want to model and simulate is
highly complicated. There may be a lot of different kinds of components and complex interconnections in the system. To implement such a complicated system in a normal programming
language is troublesome, even if the language itself is structured and object-oriented. And
sometimes a lot of coding can be caused by small modifications in the physical structure such
as adding a new component and rearranging the interconnections. What makes things worse
is that there is no natural way to build graphic descriptions for the modeled components and
the system by a normal programming language, so understanding the model structure through
the code is difficult.
In contrast, specially designed modeling languages overcome the problems in modeling
large and complicated systems. In modeling languages, the system is divided into blocks or
components, which can be subdivided again and again recursively until their behavior can be
presented by easier equations. These basic blocks or basic components are then connected
into subsystems according to their functionalities, and the subsystems are connected into a
final model of the system. The basic blocks or basic components can be easily implemented
and reused in other blocks or components. Since a graphic user interface is usually provided,
the structure of the system and its subsystems can be directly viewed. And as the interconnections betweens blocks or components or subsystems are presented very simply, changing
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the structure of the model refers only to small efforts. In summary, modeling languages are
very convenient and flexible to construct the model and make modifications.
There are two different kinds of modeling languages, one kind is block-based modeling
languages and the other kind is component-based modeling languages. A representative of
the block-based modeling languages is Matlab/Simulink. It assemble the equations by basic
blocks with the functionalities such as addition, subtraction, multiplication and integration.
And it provides graphic diagram of the blocks and their connections. The component-based
a)

b)

Figure 4: Some of the results of start-up simulation for the single-shaft CCPP.
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Figure 5: HRSG with mixer and splitter of parallel tubes for water and steam.
modeling languages build the model by components and subcomponents, which preserve the
mapping from the physical components of the system into the components in the model. And
these component-based modeling languages have object-oriented features allowing reuse and
inheritance of model classes which is useful to specialize models by adding additional variables
and equations to a base class.
The component-based modeling languages are considered to be more suitable for power
plant simulation. There are two main reasons for choosing component-based but not blockbased modeling languages. One consideration is to get more flexible interconnections. The
data flow direction of a interconnection in block-based modeling languages is always assigned
by the user and can not be changed during simulation. This is not a problem for control
systems, but very inconvenient for physical systems such as power plants, while the flow in
the components may go both directions. The interconnections built by the component-based
modeling languages have no explicit directions, so they are closer to physical connections.
Another benefit is to allow algebraic constraints to be solved. The block-based modeling languages usually do not accept algebraic constraints in the model, and by eliminating all the
algebraic constraints, the system structure will be changed. But in power plant simulation, algebraic constraints are common and necessary equations. For example, a mixer and a splitter
are used in HRSG to collect and distribute water and steam in the parallel tubes (Figure 5).
There are equations for the mixer and splitter describing that the total mass flow after the
mixer, or before the splitter, equals the summation of mass flow in each parallel tube. Theses
equations are algebraic constraints associated with the differential equations for thermal- and
fluid properties in the HRSG, and they can not be correctly modeled by a block-based modeling language but only by a component-based modeling language.
The modeling language used in this work is Modelica. It is an object-oriented componentbased modeling language, designed to allow convenient, component-oriented modeling of complex physical systems, e. g. systems containing mechanical, electrical, electronic, hydraulic,
thermal, control, electric power or process-oriented subcomponents. It satisfies the requirements of power plant simulation mentioned above, and besides, it also provides some nice
features such has analytical generation of the Jacobian matrix for some of the thermal- and
fluid properties, where it does symbolic analysis on the differential equations and generate
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differential equations with one order higher from built-in functions. Details of this analytical
generation of Jacobian matrix can be found in section 4.2.
The modeling language itself usually does not implement numerical solvers for the equation
it builds. So after being built, the model is usually simulated in a simulation software.
2.2.2

Simulation Software

The simulation software is needed to make numerical simulations on the models built by a
modeling language. The modeling languages are usually used to build the model equations,
but they may be not good at implementing the numerical solvers for these equations. These
solvers are normally implemented in an ordinary programming language which can solve efficiently by ways such like making time integration for the variables within the model. The
models built in modeling languages must be translated before they can be solved by solvers
implemented in programming languages. During translation, the variables, equations and
many other model specifications are extracted from the model and gathered into a code which
can be applied with numerical integration schemes implemented in a programming language
like C or FORTRAN. Modelica also needs a specific simulation software compatible with it,
where the script file containing the model information and the euations can be translated into
a header file in C language, and with the help of suitable solvers, these equations can be solved
and the results of the simulation can be viewed.
The simulation software we use is the commercial software Dymola. It contains three main
functionalities for using Modelica. First of all is a graphical editor for the Modelica libraries.
In this graphic user interface, the users can create new models by classes from the standard
Modelica libraries and extended libraries, insert new classes by inheriting from the built-in
classes or other classes, browse and edit the structure, equations and parameters of their
models and check the grammar of the scripts. The second part is a translator from Modelica
modeling language to C programming language. It is able to perform all necessary symbolic
transformations for large systems, e. g. systems with more than 100,000 equations, as well
as for real time applications. Before translation, it optimizes the sequence of the equations
so that they can be solved more efficiently. And after translation, it compiles and links the
exported C code to numerical simulation packages. The third part is a simulation environment
with several built-in solvers (Table 1) and some other functionalities used for simulation and
post-processing. The post-processing functionalities are used so that the results of simulation
can be plotted in graphs or made into an animation, and parameter studies can be taken in
order to help the optimization of the model. These three parts together with other features
make Dymola the leading Modelica software.
One of the aims of this work is to use parallel solvers in Dymola. The currently available
solvers in Dymola are merely sequential solvers. And because the solver packages are built-in,
it’s impossible for a user to directly apply other solvers within Dymola. Fortunately, there is a
stand alone version of the Dymola simulation environment, namely Dymosim. This Dymosim
package is an ANSI-C package. It solves the equations by solvers provided by the users, and
it requires no modification on the exported C code from the Modelica model. This Dymosim
package is where the parallel solvers are integrated in. And the models ware still edited and
translated in Dymola.
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Table 1: Current serial solvers in Dymola.
Name
Order
DASSL
1∼5 (variable)
LSODAR
1∼5, 1∼12 (variable)
Euler
1
Runge-Kutta
2, 3, 4
RADAU IIa
5
ESDIRK
3, 4, 5
DOPRI
5, 8
SDIRK
4
CERK
3, 4, 5

2.3
2.3.1

Equation System in Power Plant Simulation
Balance Equations

In theory, the dominating equations for the thermal- and fluid components in a power plant
are partial difference equations (PDE), which reveal the derivatives of the thermal- and fluid
properties over time and space dimensions. For example, for compressible viscous fluid, the
governing equations are the continuity and Navier-Stokes equation:

 
∂u

 ρ
+ (u · ∇)u = −∇p + γ∇2 u,
∂t
(1)

 ∂ρ + ∇ · uρ = 0
∂t
where ρ is the density, u is the velocity, p is the pressure and γ is the kinematic viscosity. And
for the thermal phenomenon like heat transfer between components, the governing equations
are also partial difference equations.
However, solving the original governing equation system of PDE is normally not the way
of power plant simulation. The problem with solving the original PDE is that it refers to a
large system of equations to be solved and requires a fine mesh in all three spacial dimensions
to assure the accuracy. When the power plant model is complicated and if every component
of this power plant is modeled by a system of multi-dimensional PDE on a detailed three
dimensional mesh, the total computational effort will accumulate to be so enormous that no
computing system can afford it at present or in near future. On the system level, PDE can
not be applied to power plant simulation in practice, although on the component level, simulations based on solution of PDE are applied in some cases like combustion visualization of
the combustion chamber of gas turbine.
In practical power plant simulation, a simplified system of balance equations is solved.
These equations are achieved after a lot of assumptions and simplifications, both on the
governing equation system and on the discretization. For example, the viscous force in the
Navier-Stokes equation of the fluid is usually neglected, so the equation becomes an Euler’s
equation. Another simplification is that every equation is discretized to only one spatial dimension.
Take the balance equations of a fluid tube surrounded by gas in the HRSG for example.
The geometry of the tube is shown in Figure 6, where z is the discretization coordinate, di
is the diameter of the ith section of the tube, U is the inner perimeter, A is the inner cross
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Figure 6: Geometry of a fluid tube.
section, L is the length, ∆H is the height difference, ϕ is the inclination angle.
In this example, there are balance equations both for the fluid dynamics in the tube and for
the heat transfer in the wall. In these equations, the independent variable is always the time
t, and the dependent variables can be chosen from the thermal- and fluid properties. Once a
dependent variable is chosen, its time derivative will be presented by a differential equation.
Then by integration of its derivative over time, the values of the dependent variables can be
calculated, and a solution to the system will follow.
1. Balance equations for the fluid in the tube:
For the fluid in the tube, all three balance equations of mass, momentum and energy
are needed. When the dependent variables are chosen to be the density of fluid ρ, the
mass flow rate ṁ and the specific enthalpy h, the equation system contains the following
equations:

∂ρ
1 ∂ ṁ


=− ·
,


∂t
A ∂z 
!


 


 ∂ ṁ
1 ∂ ṁ2
∂p
∂p
=− ·
−A
+ (ρ + ∆ρb ) · g · sin ϕ +
,
(2)
∂t
A ∂z
ρ
∂z
∂z f riction

!





U · q̇mf

∂h
ṁ
1 ∂p ∂h 1
∂p
1 ∂p


+
+ ·
 ∂t = A · ρ · ρ · ∂z − ∂z + ρ · ∂z
A·ρ
ρ ∂t
f riction
where p is the pressure, ∆ρb is the slip 
correlation
when the tube contains both water

∂p
and steam, g is the gravity acceleration,
is the pressure loss caused by fluid
∂z f riction
friction, q̇mf is the heat flux density between the tube wall and the fluid.
2. Balance equation for the tube wall:
Since only the thermal processes take place in the tube wall, there is only a balance
equation of energy. When the temperature T is chosen as the dependent variable, the
equation will be
∂T
= c2 · q̇gm − c1 · q̇mf
(3)
∂t
where q̇gm is the heat transfer rate between the tube wall and the surrounding gas, c1
and c2 are the specific heat capacity of the fluid and the wall correspondingly.
Some of th above balance equations may be reformed if some other properties are chosen
to be the dependent variables, and the equation system will looks different. But not matter which properties are chosen, the number of these dependent variables must be equal to
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the number of equations in the system, in order to assure that the system has a unique solution.
There are still some additional terms in the above equations, such as the the pressure p and
the heat flux density q̇mf . These terms are usually determined by supplementary functions in
order to solve the system of equations in practice.
2.3.2

Supplementary Functions to Balance Equations

There are some supplementary functions which are essential to solve system of balance equations. As mentioned above, there are some terms which appear in the balance equations (2)
and (3) for the fluid tube which must be determined. But as these terms are not chosen to be
dependent variables, they can not be calculated from integration over their time derivatives.
Therefore, they must be calculated from algebraic equations with other variables which are
known or can be calculated. These algebraic equations with additional functions are characteristic problems in power plant simulation. And solvers used in power plant simulation must
be able to handle these problems, which refer to functions for water-steam properties, friction
pressure loss, slip correlation and heat transfer correlations.
1. Water-steam property:
The water-steam property reveals the relations between the thermal- and fluid properties
such as the density ρ, the pressure p and the specific enthalpy h. Each of these properties
can be presented by a function with other relevant properties. The functions are usually
implemented into tables where the value of one properties can be interpolated by the
values of the other properties at a specific status. These functions and tables are based
on experimental data and they have been made for both the water and the steam which
are the most common media in industrial applications.
The Power Generation department of Siemens AG use a library of the water-steam property tables which are developed from the IF97 (Industrial Formulation 1997) provided by
IAPWS (The International Association for the Properties of Water and Steam). Figure 7
is the plot of one of the table which reveals the relationship between density, pressure
and specific enthalpy. In this plot, the left lower part reflects the behavior of water,
and the right upper part reflects that of steam. From this table, any one of these three
properties can be interpolated if the values of the other two properties are given. In the
Modelica class library, some of the water-steam property functions are included in the
Modelica.Media.Water package, examples of these functions are:
ρ = ρ(p, h),
p = p(ρ, h),
h = h(ρ, p).

(4)

In the water-steam property library, there are also functions for the first order derivatives
of the common properties. For example,
∂ρ
= r ph(ρ, p, h).
∂h

(5)

These functions on first order derivatives are useful when choosing different properties
as dependent variables in the balance equations and transforming the balance equations
to have time derivatives for the other dependent variables. These functions on first order
derivatives are also useful when generating the Jacobian matrix of the equation system,
where the entries stand for the changes in values of the dependent variables caused by
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Figure 7: General view of the IF97 water-steam property.
changes in that of another dependent variable. Unfortunately, the library contains no
functions for the second or higher order derivatives, so if the Jacobian matrix contains
also entries related to them then the generation can not be done. This will affect the
analytical Jacobian generation mentioned in section 4.2.
2. Fluid friction pressure loss:
Since the viscous force term is neglected in the momentum balance equation, the influence of momentum transfer between the fluid and the tube wall is reflected by a term of
pressure friction caused by fluid friction, which can be given by
 


∂p
ξ
|ṁ| · ṁ
ξadd
=
·
(6)
+
∂z f riction
di
L
2 · ρ · A2
where ξ and ξadd are the coefficients in the radius direction and length direction respectively. Figure 8 shows how the pressure loss in unit mass flow changes with the
proportion of the steam in the fluid. This curve has been divided into four parts according to the four boiling stages: the left most part is under the stage of sub-cooled boiling
where no steam has been produced significantly, then the boiling stage where the boiling
occurs and steam is mixed with water, the post-dryout stage is the first part of being
unwetted flow where the steam takes most proportion in the tube and the pressure loss
drops at the beginning of this stage, the last stage is the single phase stage where all
the water has turned into steam.
3. Slip correlation:
When there is a boiling procedure taking place in the tube, steam will be produced. So
the total density of the mixture of water and steam must be corrected from the time
derivatives of the fluid density. This correction can be calculated by a linear combination
of the first and second order derivatives of density itself:
ρ + ∆ρ = ε · ρ00 + (1 − ε) · ρ0

(7)
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Figure 8: Specific pressure loss caused by the phase changes in a tube.
where the coefficient ε is interpolated from a table depending on some of the thermaland fluid properties and the geometry of the tube, and the function for this is
ε = ε(ṁ, p, h, d, ϕ)

(8)

whose table is a 5-dimensional table that can not be plotted directly.
4. Metal-fluid heat transfer correlations:
In the energy balance equation for the tube wall, the heat transfer rate is proportional
to the temperature difference between the tube wall and the fluid in the tube, this can
be described by
qmf = αmf · (Tm,i − Tf )
(9)
where the coefficient αmf changes also according to the four different boiling stages,
Tm,i means the temperature of the ith layer of the tube wall as is discretized in radius
direction, and Tf if the temperature of the fluid in the tube which is constant in one
cross section at the corresponding position since the fluid is discretized only along its
flow direction.
With the above supplementary functions for water-steam properties (Eq. (4)), fluid friction
pressure loss (Eq. (6)), slip correlation (Eq. (7)) and metal-fluid heat transfer correlations
(Eq. (9)), the balance equation system (Eq. (2) and Eq. (3)) is solvable. And to solve this
PDE system, we need to make spatial discretization and then do time integration.
2.3.3

Spatial Discretization: from PDE to DAE

After reducing the spacial dimension of the problem, the three-dimensional PDE system is
simplified to be a one-dimensional PDE system. Then by making spatial discretization by
finite difference or finite element method over the components, the one-dimensional PDE system will be simplified further and reformed into a system of differential-algebraic equations
(DAE). The differential terms in is system are only time derivatives, and it can be solved by
being treated with as a typical initial value problem.
For example, the HRSG in CCPP is discretized over the parallel tubes for the cooling water
and over the channeled exhaust gas respectively (Figure 9). The exhaust gas in the channel is
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Figure 9: Spatial discretization of HRSG.
Y : valve position, T : temperature, m: mass flow, h: specific enthalpy.
discretized in one-dimensional along its flow direction. Each section of the discretization contains one row of parallel water tubes. And in each of these sections, the heat transfer between
the exhaust gas and the tube walls is considered to be uniform. The water tube is discretized
both along its radius direction and the flow direction of the flow direction of the fluid in it
(Figure 10). But for heat transfer in each section of the tubes, the derivatives are modeled only
along the radio direction, and along its length direction the temperature is considered to be
uniform. And the fluid in the tube is discretized only along its flow direction. In summary, for
each kind of balance equations of gas and water, only one-dimensional discretization is applied.
After the discretization along the flow direction by finite difference scheme (Figure 11),
the mass balance of the fluid in the tube becomes

1
∂ρ1


=−
(ṁ1 − ṁin ),


∂t
A∆z


1
 ∂ρ2
∂ρ
1 ∂ ṁ
=−
(ṁ2 − ṁ1 ),
=− ·
⇒
(10)
∂t
A∆z

∂t
A ∂z

.
.
.




 ∂ρN = − 1 (ṁN − ṁN −1 )
∂t
A∆z
which changes from a one-dimensional PDE system to a system of ordinary difference equations (ODE). Other balance equations for the fluid, the tube and the exhaust gas can be
treated in a similar way so that all the original balance equations are converted to a ODE
system with time as the unique independent variable.
Additional to the ODE system mentioned above, some algebraic equations can also be
constructed. The algebraic equations describes the physical constraints in the modeled system.
For example, the mass conservation equations for the mixer and splitter in the HRSG:
X
ṁmain =
ṁi
(11)
i

where ṁmain is the mass flow in the main tube, and ṁi is the mass flow in the ith parallel
tube. There is no time derivative for the mass flow, so this is an algebraic equation reflecting
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Figure 10: Spatial discretization of water tube.

Figure 11: Mass balance in water tube after spatial discretization.
the physical constrains on the mass balance.
These important algebraic constraints are essential to the equation system because they
are satisfied by the analytical solution, but may not be satisfied by the numerical solution of
the ODE system. Therefore, the algebraic constraints are combined with the ODEs to form
a system with both of them, which is named a system of differential-algebraic equations (DAE).
The DAE system as the model for power plant simulation brings several challenges to the
solvers for them. First of all, this system is usually stiff. This stiffness happens because the
hydrodynamics procedures take place very fast, while on the other hand, the thermal procedures take place much slower. To overcome this stiffness problem, the time step of the solver
must be small in order to catch up with the fast variation from the fluid side. The second
challenge comes from the discontinuities of the functions which can make the numerical solution unstable. One example of discontinuity is when a valve on the tube is opened or closed,
the mass flow becomes discontinuous. Another example is that there are sharp jumps in the
water-steam property tables at the places where the media changes its phase, e.g. from water
to steam. The third one is that the calculation of the supplementary functions may be time
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consuming. For instance, the water-steam property functions and the slip correction refers to
interpolating in a three- or even five-dimensional table. The last but never the least challenge
is the discontinuous derivatives. This happens at a changing flow direction where the functions
maybe be continuous but may not be smooth.
All these problems make it necessary to apply a solver suitable for solving the DAE system
in power plant simulation. And in the next chapter, some of these solvers will be introduced.
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Solution for DAE System

A DAE system contains both ordinary difference equations and algebraic equations. The solution methods for this system shares many common aspects with the solution methods for a
system of pure ordinary difference equations (ODE). And because of the existence of algebraic
equations, the solution methods for the DAE system have some different considerations and
characteristic aspects. Therefore, the solvers designed for solution of DAE systems are similar
to the solvers for that of ODE systems, but they have some more functionalities in purpose of
solving the differential equations and algebraic equations together.
This chapter talks about the the solution methods and some solvers for the system of
differential-algebraic equations in power plant simulation. In section 3.1, we first explain the
relations between a DAE system and an ODE system, then we introduce the multi-step methods and one-step methods for solution of DAE systems, at the end some solvers for DAE. In
section 3.2 we focus on the IDA solver library which can solver a DAE system in parallel, and
explain some of its algorithms.

3.1
3.1.1

Solution Methods for DAE
Relations between DAE and ODE

A DAE system can be presented in an implicit form of

F (x0 , x, y, t) = 0,
G(x, y, t) = 0

(12)

where t is the independent variable, x and y are the dependent variables, x0 is the first order
dx
derivative of x with respect to t i. e. x0 =
, F is the implicit system of differential equations
dt
and G is the implicit system of algebraic equations. Note that the x and y are two vectors
representing two groups of dependent variables, and they have the same dimension as F and
G respectively. Here x represents the dependent variables whose derivatives appear in the
differential equation system F , and y represents the dependent variables whose derivatives are
not explicitly related in F .
The above DAE system can be formed equivalently in a semi-implicit form of
 0
x = f (x, y, t),
0 = g(x, y, t)

(13)

where f is the explicit differential equation system and g is the implicit algebraic equation
system. Note again that similar to the situation in the implicit form, only the dependent
variables in x have explicit equations for their derivatives. [1]
A DAE system have some common aspects with an ODE system. First, both of them
contain differential equations with respect to one independent variable, which in both cases
is usually the time. Besides, the total number of the dependent variables equals to the total
number of the equations in the system, no matter whether there are algebraic equations and
no matter how many algebraic equations there are.
A DAE system also differs from a pure ODE system. The main difference can be stated
that in a pure ODE system, all the equations are differential equations and each of these equations represents the derivative of each of the dependent variables. While in a DAE system,
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only some of the equations are the differential equations, and only some of derivatives the dependent variables have equations on their derivatives. The derivatives of the other dependent
variables are contained in the algebraic equations.
A DAE system can be transformed into a pure ODE system by taking time differentiations of the algebraic equations. After a number of time differentiations, the time derivatives
of all the dependent variables will be explicitly revealed in continuous equations. The minimal
number of steps required to differentiate all of the algebraic equations with respect to time
in order to get implicit differential equations, is named the index of the DAE system. If the
equation system contains only ODE and no algebraic equations, then the index of this system
is zero.
The procedure of transformation from a DAE system to an ODE system is as follows.
For the system of Eq. (13), when the time differentiation is taken for the algebraic equation
g(x, y, t) = 0, the resulted differential equation is
gx (x, y, t)x0 + gy (x, y, t)y 0 + gt (x, y, t) = 0

(14)

where gx = ∂g/∂x, gy = ∂g/∂y and gt = ∂g/∂t.
If gy 6= 0 when y is a single real value, or if the matrix gy is nonsingular when y is a vector
of real values, we can get a pure ODE system for x and y:
 0
x = f (x, y, t),
(15)
y 0 = −gy (x, y, t)−1 [gx (x, y, t) + gt (x, y, t)]
and the index of this DAE system is defined to be one. If gy = 0 or the matrix gy is singular,
then the linear equation after one time differentiation (Eq. (14)) is actually
gx (x, y, t)x0 + gt (x, y, t) = 0,
where the y 0 is still not explicitly given by any equation. So we repeat the procedure of taking
the time differentiation until y 0 can be presented explicitly. The minimal number of time
differentiations in this procedure will be the index of this system.
Take a simple DAE system for example,
 0
 y1 = y1 t + y2 y3 ,
y 0 = y1 y2 ,
 2
0 = y1 + y2 + y3
where y1 and y2 are dependent variables whose derivatives have explicit equations, so they are
in the vector x of Eq. (13), and y3 is in the vector y. The algebraic equation after one time
differentiation is
0 = y10 + y20 + y30 ⇐⇒ y30 = y10 + y20 + y30
which gives an equation for the derivative of y3 and the system becomes a pure ODE system,
so the index of the example DAE system is one.
Meanwhile, if the algebraic equation in this example system is
0 = y1 + y2 + y32

3

SOLUTION FOR DAE SYSTEM

21

then taking one time differentiation gives
0 = y10 + y20 + 2y3
this is not an explicit equation for the derivative of y3 , so a second time differentiation is
needed so that
0 = y100 + y200 + 2y30 ⇐⇒ y30 = −0.5y100 − 0.5y200
and now a pure ODE system is formed so the DAE system has an index of two.
In power plant simulation, the dependent variables in the algebraic equations are expressed
only linearly, so only up to the first order time differentiation is applied to transform the algebraic equations into ordinary differential equations, and the DAE systems in power plant
simulation are always of index zero or one.
A DAE system can be solved either by solution methods specially designed for DAE
systems, or by solution methods for ODE systems after the DAE system has been transformed
into an ODE system. Usually it is recommended to solve the DAE system in the first way and
not in the second way. This is because transforming the DAE system into an ODE system
has some problems. First, the algebraic equations come from the physical constraints, but
taking derivatives of these equations may not be physically meaningful and some meaningful
variables may be eliminated during this transformation. Second, the transformation may be
time consuming or even impossible when the algebraic equations are nonlinear, and nonlinear
algebraic equations exist very commonly in practical applications. Other problems are that
the structure of the system may be no longer sparse after the transformation, and most of the
modeling tools only support building the model into DAE systems without transformation
into ODE systems. Therefore, the DAE systems are usually solved directly by DAE solvers.
3.1.2

Multi-step Methods for DAE

There are mainly two kinds of solution methods for the initial value problems for ODE and
DAE systems, namely the multi-step methods and the one-step methods. For a DAE system,
the most popular solution method is the backward differentiation formulas (BDF), which is
one of the multi-step methods.
The BDF method calculates the dependent variables at a discrete time step backward from
their values at previous time steps. At the time step of tn , the k-step BDF method calculate
yn = y(tn ) from backward time steps of tn−1 , tn−2 , . . . , tn−k . It replaces the time derivative of
yn by a linear combination of the values of yn , yn−1 , yn−2 , . . . , yn−k .
The time stepsize of BDF can be constant or variable. The k-step BDF with constant
stepsize computes the derivative by
P
yn − ki=1 αi yn−i
ẏn =
(16)
hβ0
where h = tn − tn−1 is the stepsize, αi is the coefficient for the value at the ith former step,
β0 is the coefficient for the derivative at the current step. [2]
If the stepsize is variable, then the BDF can be constructed in three ways.
1. Use the BDF with constant stepsize and then interpolate at a spacing equal to the actual
stepsize.
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This way is rarely used because when the stepsize is enlarged greatly, it is unnecessary
to keep constant stepsize. And when the stepsize shrinks frequently, using relatively too
large stepsize may be unstable.
2. Use the BDF with fully variable stepsize, so the derivatives can be determined by
!
k
X
−1
ẏn = (hn βn,0 )
yn −
(17)
αn,i yn−i
i=1

where the coefficients αn,i for variables and βn,0 for derivatives depend on the stepsize
hn , hn−1 , . . . , hn−k+1 .
The disadvantage of this way is that the coefficients βn,0 are usually varying at each
step, and frequent inversions of this vector brings a lot of computational efforts.
3. Use the fixed-leading coefficient form, which is a compromise between the first two ways.
In this form, the coefficient for the derivative at current step is kept to be a constant
βn,0 = β0 = P
k

1

−1
j=1 j



and the derivative at one step before, ẏn−1 , is included additionally in the linear combination, which becomes
!
k
X
ẏn = yn −
αn,i yn−i − hn βn,1 ẏn−1 / (hn β0 )
(18)
i=1

where βn,1 is the coefficient for ẏn−1 , and this term vanishes when stepsizes are constant.
This fixed-leading coefficient form is the most popular form of the BDF method. It
exploits the flexibility of variable stepsize and saves computational efforts.
The BDF with different order k can be constructed for constant stepsize and variable
stepsizes. For example, the first oder BDF of k = 1 is actually the backward Euler formula:
yn = yn−1 + hẏn .
The second order BDF of k = 2 can be constructed for constant and variable stepsize in
different forms:
1. Constant stepsize form:
4
1
2
yn = yn−1 − yn−2 + hẏn .
3
3
3
2. Full variable stepsize form:
yn =


1 
(ρ + 1)2 yn−1 − ρ2 yn−2 + (ρ + 1)hn ẏn
2ρ + 1

where ρ ≡ hn /hn−1 .
3. Fixed-leading coefficient form:




ρ2
ρ2
2
ρ−1
yn = 1 +
yn−1 − yn−2 + hn ẏn −
hn ẏn−1
3
3
3
3
where ρ ≡ hn /hn−1 .
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The stability of a BDF method relates to the order of the method. All the BDF methods
with order k = 1 and k = 2 are A-stable, whose absolute stability region (ASR) includes
the left half-plane, i. e. Re(hλ) < 0, where h is the stepsize and λ is the eigenvalue as
ẏ = λy. The BDF methods up to order k ≤ 6 are A(α)-stable, whose ASR includes a sector
−α < arg(−hλ) < α for some α < π/2, but since α for k = 6 is too small, only BDF methods
up to order k ≤ 5 are actually used. The BDF methods up to order k ≤ 6 are also stiffly
stable, which means their ASR includes a half-plane left of some d < 0 and they are accurate
in an adjoining rectangle centered at the origin.
Applied with BDF methods, a ODE or DAE system becomes a system of nonlinear equations for yn , which is then solved by Newton’s method. The accuracy of BDF methods depend
both on the accuracies of the initial guesses, the accuracy of the Newton iteration and the
stepsize. For a k-step BDF (k ≤ 6) method with constant stepsize, if all of the k initial values
are O(hk ) accurate and if the Newton iteration at each step is solved with O(hk+1 ) accuracy,
then this method is convergent and accurate to O(hk ) after k + 1 steps. With variable stepsize, the BDF method is convergent if it is implemented to be stable for a standard ODE
system. In both cases, if the starting values are O(hk+1 ) accurate, then the method converges
immediately after one step.
3.1.3

One-step Methods for DAE

The one-step methods belong to another kind of solution methods for the initial value problems
for ODE and DAE systems besides the multi-step methods. Although this kind of methods
are used mostly in solving ODE systems and not widely used in solving DAE systems, a brief
introduction to them is necessary because they have potentials to be used in solution of DAE
systems.
One-step methods use information within the current step and one step former. Representatives of one-step methods are the implicit Runge-Kutta (IRK) methods and extrapolation
methods.
1. Implicit Runge-Kutta methods:
An M -stage IRK method applied to an ODE or DAE system F (t, y, y 0 ) = 0 is given by


M
X
F tn−1 + ci h, yn−1 + h
aij Yj0 , Yi0  = 0,
j=1
M
X
yn = yn−1 + h
bi Yi0

(19)

i=1

where i = 1, 2, . . . , M are the labels of inner stages, h = tn − tn − 1 is the stepsize,
Yi0 ≈ y 0 (tn−1 + ci h) are called the stage derivatives, Yi are estimates for y(tn−1 + ci h) by


M
X
F tn−1 + ci h, yn−1 + h
aij Yj0 , Yi0  = 0,
j=1

Yi = yn−1 + h

M
X

(20)

aij Yj0 ,

j=1

and aij and bi are the coefficients for Yj0 and Yi0 respectively, and ci is the coefficient for
the stepsize at ith stage.

3

SOLUTION FOR DAE SYSTEM

24

2. Extrapolation methods:
The extrapolation methods are based on the values at the inner stages but not their
derivatives as in the IRK methods. We denote the basic stepsize to be H, and choose
a sequence of positive integers n1 < n2 < n3 < . . . and define the inner stepsizes
hj = H/nj . Then an extrapolation method can be defined as
Tj1 = yhj (H),
Tj,k+1 = Tj,k +

Tj,k − Tj−1,k
(nj /nj−k ) − 1

(21)

where yhj (H) is the numerical solution at t = Hdetermined by taking nj steps with
length hj by the implicit Euler method. The extrapolation can be combined with explicit
Euler method, implicit Euler method, midpoint rule, Gragg’s rule and trapezoidal rule.
The one-step methods are not used as widely as the multi-step methods for solving DAE
systems. First reason is that the one-step methods are more complicated so they are more
difficult to be implemented. Second reason is that the one-step methods cost more computational efforts because they need evaluations not only of variables but also derivatives inside the
step, and the higher the order is, the more efforts will be required. However, the multi-step
methods require only the values and derivatives at former time step which have already been
calculated, so they are cheaper in computation efforts.
On the other hand, the one-step methods have also potentials to be used together with
the multi-step methods for solving DAE systems. First, they are A-stable up to much higher
order formulas than multi-step methods. So they can solve problems whose eigenvalues are
close to the imaginary axis, while multi-step methods may be unstable in these conditions.
Second, one-step methods can generate starting values at higher order accuracy than multistep methods, while the multi-step methods can start with only the first order, so multi-step
methods usually can not converge for higher index system at the first step. Third, one-step
methods are more efficient to restart at higher order for frequent discontinuities. When there
is discontinuous in a system, the multi-step methods must restart calculation from the first
order formula and their convergence will slow down. But one-step methods can always restart
at a higher order when discontinuity happens.
3.1.4

Solvers for DAE

From the 1970’s, numerical methods for DAEs have been developed. A lot of them are implemented based on BDF methods, and the most representative one is the DASSL [3] solver
by Petzold. This DASSL solver uses a variable stepsize and variable order implementation of
BDF formulas to advance the solution from one time step to the next. This DASSL solver is
designed for the solution of DAE systems with index zero and one. The DASSL solver and its
successors such as DASPK have been included in the Dymola software, used in power plant
simulation for some years at Power Generation department of Siemens AG, and considered
to be suitable for power plant simulation where the related DAE systems are always of index
zero and one.
As all of the other sequential ODE and DAE solvers, DASSL and DASPK also suffer from
performance problems when the equation system contains a large number of unknowns. This
situation can be improved by solving the huge system by a parallel solver. IDA (Implicit
Differential-Algebraic solver) is a successor of DASPK and can solve DAE systems in parallel,
so it is considered to be suitable for the parallel solution of DAE systems in power plant

3

SOLUTION FOR DAE SYSTEM

25

simulation.
The IDA solve is chosen to be integrate in this work because the following reasons. First,
it is derived from the DASSL/DASPK solver and keeps the functionalities of these solvers.
Since these serial solvers have already been successfully used in power plant simulation, IDA
is considered to be suitable to be applied in this field. Second, IDA can solve DAE systems
in parallel, so the parallelism in the simulation environment can be achieved by integrating
this library into the software we use, with less efforts than implementing the parallel solver
from the very beginning. Third, IDA is implemented in the C language, and the model is
translated into C code and simulated with solver implemented by C language. Therefore, the
IDA solver is naturally compatible with our modeling and simulation environment.

3.2
3.2.1

IDA Solver Library
Theoretic Basis of IDA Solver

IDA is a ANSI-C implementation of DASPK (Differential Algebraic equations’ Solver with
Preconditioned Krylov method) solver which is derived from the DASSL solver. It can run
in parallel within the SUNDIALS (SUite of Nonlinear and DIfferential/ALgebraic equation
Solvers) package. [4]
IDA solves the initial value problem of a DAE system in general form of

 F (t, y, ẏ) = 0,
y(t0 ) = y0 ,

ẏ(t0 ) = ẏ0

(22)

where y, ẏ and F are vectors in RN , t is the independent variable, ẏ = dy/dt.
The BDF method used in IDA is with order 1 to order 5, and the multi-step formula is
k
X

αn,i yn−i = hn ẏn

i=0

where k is the order of BDF method, yn and ẏn are the computed approximation of y(tn )
and ẏ(tn ) respectively, and the stepsize is hn = tn − tn−1 . The coefficients αn,i are uniquely
determined by k and the history of the step sizes.
Applying the BDF formula to the DAE system results in a nonlinear algebraic system to
be solved at each time step:
!
k
X
−1
G(yn ) ≡ F tn , yn , hn
αn,i yn−i = 0.
(23)
i=0

The solution of this nonlinear system is accomplished with some form of Newton iteration.
Each Newton correction leads to a linear system in the form
J[yn,m+1 − yn,m ] = −G(yn,m )

(24)

where yn,m is the mth approximation of yn , J is the approximation of the system Jacobian
matrix
αn,0 ∂F
∂G
∂F
J=
=
+
·
.
∂y
∂y
hn ∂ ẏ
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Algorithm of IDA Solver

The basic algorithm of the IDA solver is shown in Figure 12, and the algorithm of each time
step (Step 2b of Figure 12) is shown in Figure 13.
The Newton iteration in IDA can either use a direct method or a iterative method, namely
Krylov method. The direct method solves by LU-decomposition on the entire Jacobian matrix,
and it assumes that the Jacobian matrix is constant so it will not re-calculate the Jacobian
1. Initial check:
(a) Check consistency of initial conditions.
(b) Set initial stepsize.
(c) Check zeros of the root functions.
2. Loop over time steps:
(a) Check stopping conditions:
i. Check number of time steps.
ii. Check amount of calculation time.
iii. Check accuracy tolerances.
(b) Take a time step from tn to tn+1 = tn + h.
(c) Deal with failures in this step.
(d) If outputs of the models are required then calculate the outputs.
Figure 12: Outline of the basic algorithm for IDA solver.
1. Set coefficients in the equations.
2. Advance state variables from xn to xn+1 :
(a) Solve nonlinear system:
i. Predict states and derivatives, and compute residual.
ii. Do Newton Iteration:
A. Call the linear solver function to get correction vector.
B. Apply correction vector to states, derivatives and etc.
C. Check convergence, if not converged redo 2(a)iiA, if fails four times then
quit.
iii. If recoverable failure happens, retry 2(a)i, if fails again then quit.
iv. Check and enforce inequality constraints.
(b) If 2a successes, perform error test and go to 3.
(c) If 2a fails, restore the values and go to 1, until nonrecoverable failure.
3. Change stepsize and order of BDF formula.
4. Recalculate the estimated local error.
Figure 13: Outline of the algorithm for each time step of IDA solver.
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matrix. The iterative method can be applies the LU-decomposition on an approximation of
the Jacobian matrix. The approximation matrix can be made by taking only the diagonal
entries, or block-diagonal entries of the actual Jacobian matrix.
The linear solver for the direct method can be either an LU-decomposition on the entire
Jacobian matrix in banded storage or in its original storage. The linear solver for the iterative
method can be GMRES (Generalized Minimal RESidual), CGStab (Bi-Conjugate Gradient
Stabilized) or TFQMR (Transpose-Free Quasi-Minimal Residual) method. All the iterative
methods use scaled and preconditioned approximation of the Jacobian matrix.
Since the IDA library is the solver we integrate into our simulation environment in this
work, and we want to apply the IDA solver to solve the DAE systems in parallel. So in the
next section, some of the integration and parallelism strategies will be presented.
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Implementation Strategy

Since the main motivation of this work is to exploit the performance enhancement of multicore processors, we integrate a parallel solver for the differential-algebraic equations in power
plant simulation into the simulation software environment we are using. As mentioned in the
last chapter, we choose the IDA solver library which can solve the differential-algebraic equations in parallel to be integrated into the Dymosim package we use in power plant simulation.
An interface between them and modifications to both of them are implemented. In addition
to the integration of a parallel solver, we also combine the analytical generation of Jacobian
matrix, which is provided by the Modelica language, with the solvers in the Dymosim package.
In this chapter, we summarize first the integration of the IDA library then the integration
of the analytical generation of Jacobian matrix. In section 4.1, the parallel solvers and different approaches to parallelism are introduced, the parallelization mechanism of the IDA library
is introduced, and the interface and changes within the IDA library and the Dymosim package
are described. In section 4.2, the analytical generation of Jacobian matrix is introduced, the
considerations in its integration into the Dymosim package are explained.

4.1
4.1.1

Integration of IDA Library
Parallelism Mechanisms

Ideas of parallelism in the solvers for DAE systems can be derived from those in for ODE
systems. There are two basic approaches in the researches on parallel ODE solvers [5].
1. Parallelism across the problem:
This approach achieves parallelism by segmenting the equations into separate subsystems, or exploiting parallel algebra methods. The first way of segmenting the equations
is difficult to be applied to DAE systems in power plant simulation, because the equation
systems there are so tightly combined that they can not be naturally divided. The second
way of exploiting parallel algebra methods refers not to modifications in the equation
systems, so this way is more potential to be applied for DAE systems in this situation.
2. Parallelism across the ODE method:
The objective of this approach is to reduce the wall-clock-time per step while producing
numerical solutions with comparable quality to sequential solvers. In another sense, with
the same wall-clock-time per step, parallelism in this approach can improve quality of
the numerical solution with higher accuracy and large stability region while using larger
step size. For this approach, there are two basis to composite the parallel ODE solvers.
One is extrapolation of basic ODE solvers which combines Richardson extrapolation
with finite different generating method such as midpoint rule or trapezoidal rule. The
other one is iteration of implicit Runge-Kutta methods based on Gaussian quadrature
formulas. The latter way on IRK is more stable but more difficult than the first way on
extrapolation.
There are already several parallel ODE and DAE solver libraries implemented. The recent parallel ODE solvers are ParSODES by C. Bendtsen [6], parallel EBDF by J. E. Frank
and P. J. van der Houwen [7], PVODE by G. D. Byrne and A. C. Hindmarsh [8]. Generally
speaking, these parallel ODE solvers can not be applied directly on DAE systems, because
there are more considerations in solution of DAE systems than in that of ODE systems. For
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parallel DAE solvers there are Concurrent DASSL by A. Leung, A. Skjellum and G. Fox [9],
and IDA by A. C. Hindmarsh [4], and so on. These parallel DAE solvers are implemented
with functionalities for solving DAE systems directly such as handling the algebraic equation
without transformation to ODE by time differentiations. Among these parallel DAE solvers,
we mainly tried to use the IDA solver for DAE systems in power plant simulation.
The IDA library can solve DAE system in parallel within the SUNDIALS package. In this
package, the variables are wrapped in a vector structure that can be communicated by the
Message Passing Interface (MPI) library. When solving by IDA in parallel, the unknowns are
distributed onto different processes separately. For example, if a system with 1000 unknowns
are being solved on 4 processes, then each process is in charge of calculating 250 unknowns
respectively. At each time step, each process calculates its local part of the unknowns. After
all of the unknowns have been calculated, the local results will be communicated between each
other process so that every process gets the same updated unknowns in global. Then further
calculations such as residual calculation can be taken on each process.
4.1.2

Interface between IDA Library and Dymosim

The interface between the IDA Library and the Dymosim package is implemented for usage
in the Windows operating systems. This includes modifications to both the IDA library and
the Dymosim package.
1. Modifications to IDA library:
All the functionalities of the IDA library, as well as the related functionalities of the
SUNDIALS package, are exported into dynamic-link library (DLL) files. When the Dymosim simulation environment calls the parallel solver, the functions and solver modules
in these DLL files can then be imported and used.
When IDA solves a DAE system in parallel, the linear solver can only be one of the
iterative methods. The consideration of this is that the computation effort of the direct
mainly resides in the manipulations on the entire Jacobian matrix. In contrast, the
iterative methods use approximations of the Jacobian matrix, so it is computationally
cheaper.
Compared to the normal algorithm of IDA solver, the step of consistent check on the
initial conditions is omitted. This is because the Dymosim already provides a function
call to check the consistence of the initial conditions, so that the initial values of states
and their derivatives can automatically satisfy the DAE system.
2. Modifications to Dymosim package:
The Dymosim package is also modified in order to work together with the IDA library
in the following aspects:
(a) First, the package is modified to run in parallel with MPI library, so the equation
system can be solved either by a serial solver or by a parallel solver supplied by the
user.
(b) Second, an interface data structure is implemented to wrap the necessary data
which should be communicated between different processes. It also contains some
of the global information such as the number of processes, which are needed by
functions like Jacobian generation.
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(c) Third, we also implement some functions needed by IDA solver, For example, function to calculate the residual during the solution, function to calculate the Jacobian
matrix or the Jacobian-vector multiplication, function of preconditioner for the iterative solvers, and functions to display the information of the solving procedure
and for the debugging.

4.2
4.2.1

Analytical Generation of Jacobian Matrix
Analytical and Numerical Generation of Jacobian

Generation of Jacobian matrix is an important part in an ODE or DAE solver. There are
two ways to generate the Jacobian matrix in power plant simulation, namely the analytical
generation and the numerical generation.
The Jacobian matrix of the system can be generated analytically by Modelica libraries.
If all of the derivatives of variables in the equations are presented by explicit functions, then
these derivatives can be used to assemble the Jacobian matrix when the model is translated
into a C file. As a result, each of the non-zero entries of the Jacobian matrix is presented by an
equation in the translated C file. Otherwise, if the model contains some dependent variables
can not be differentiated with explicit functions, then the Jacobian matrix must be computed
numerically.
The entries of Jacobian matrix can be calculated numerically by forward difference, i. e. each
time add a small change to one of the states and then compute the changes in derivatives
caused by this change. Among the first order differential schemes, forward difference is the
best choice because central difference and backward difference refer to a time step previous to
the first time step. Higher order difference schemes are too time consuming, which is a severe
problem if recalculation of Jacobian is needed very frequently.
The advantage of the analytical way of Jacobian matrix generation is that it requires less
computation effort than the numerical way. The reason is that the analytical calculation only
refers to the non-zero entries in these matrices, and expresses these entries in one equation.
On the other hand, the numerical calculation goes through every entry of the matrices, and
the number of evaluations over all the equations for Jacobian calculation equals the number
of dependent variables, so when the model contains a large number of dependent variables,
the computation effort becomes not affordable. Since the Jacobian matrices in power plant
simulation are always sparse matrices, and the sparsity gets more significant when the number
of unknowns is larger, so the performance benefits of analytical calculation is larger. As a
result, the analytical generation of Jacobian is always our first choice when it’s possible.
4.2.2

Usage of Analytical Jacobian in Power Plant Simulation

The IDA solver library provide an interface for a user-supplied function to calculate the Jacobian matrix. If the user does not provide a Jacobian calculation function, then the solver will
calculate the Jacobian by itself using the forward difference scheme. If analytical generation
is available for the model, we always prefer to provide the analytically generated Jacobian
matrix to the solver in order to get better performance.
There are some considerations for Jacobian generation in power plant simulation because
of the characteristics of the properties and the implementation of the modeling language.
1. Choice of dependent variables:
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For the dependent variables in the balance equations (Eq. (2)), together with m and
h, we can either choose p or ρ because these two properties are related by water-steam
property functions (Eq. (4)). If we choose p as a dependent variable, then we need
to calculate the thermo properties such as ρ, T , etc. from the water-steam property
functions. For density, the function is
ρ = ρ(p, h)
so the time derivative of density is given by
∂ρ
∂ρ ∂p ∂ρ ∂h
=
·
+
·
∂t
∂p ∂t
∂h ∂t

(25)

which is required by the mass conservation equation.
As revealed by the above equation, the time derivative of density refers to the first-order
derivatives of the water-steam property functions, and the responding entries in the
Jacobian matrix will further refers to the second-order derivatives of the water-steam
property functions. However, the IF97 functions only provide some of the first-order
derivatives such as ∂ρ/∂p and ∂ρ/∂h, but not the second-order derivatives. Because the
time derivative of density is essential to the mass conservation equation and can not be
omitted, the Jacobian matrix can be generated not analytically but only numerically, if
p is chosen as a dependent variable.
On the other hand, however, if we choose ρ as a dependent variable, the time derivative
of density exists already explicitly in the mass balance equation. Instead, ∂p/∂t in
the energy conservation equation will have to be differentiated from the water-steam
property functions as
∂p
∂p ∂ρ ∂p ∂h
=
·
+
·
.
(26)
∂t
∂ρ ∂t
∂h ∂t
This term mainly reflects the energy dissipations in context with very fast pressure
changes such as pressure shock waves. Therefore, it can be neglected in nearly all of the
normal power plant operation modes. The main benefit from neglecting this is that the
Jacobian matrix refers to no more than the first order derivatives functions of watersteam properties. As a consequence, The Jacobian matrix can be generated not only
numerically but also analytically if ρ is chosen as an dependent variable.
The only problem with choosing ρ as an dependent variable is that the value of ∂ρ/∂t will
be very small when the fluid is very close to the incompressible fluid. In our simulation,
we always treat the fluid in a power plant as compressible fluid, so that this problem
is not too severe. Thus we prefer to taking ρ as a dependent variable in the equation
system so that the Jacobian matrix can be generated analytically.
2. Scaling of Jacobian entries:
The scaling of Jacobian entries must be considered in power plant simulation. The Jacobian entries have the physical meaning that the changes of one dependent variable with
respect to another one. In power plant simulation, the variables are thermal- and fluid
properties with different nominal values. The nominal value of a physical properties is
its typical value with its standard unit.
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For example, pressure is usually around 106 P a, and mass flow rate is usually around
10 kg/s. Therefore the entry in Jacobian matrix which stands for the changes in mass
flow rate caused by changes in pressure is typically around 10−5 kg/(s · P a), which is
quite close to the computational error caused by some numerical schemes and therefore
may be wrongly ignored as an error.
In the other hand, the large nominal values will not be wrongly ignored as small nominal
values, but an actual computational error may be wrongly kept. For example, the entry
in Jacobian matrix which stands for the changes in pressure caused by changes in mass
flow rate is typically around 105 P a · s/kg. Then a relative error of 10−4 can result
in an absolute error of 10 P a · s/kg. And this is difficult to be distinguished from a
meaningful value, so it will be kept and will cause convergence problem in solving the
equation system.
In order to get rid of the above problems with too large and too small nominals, a relative
scaling of the Jacobian entries is introduced. Since the values of dependents in power
plant simulation are usually not changing significantly, their values can be considered to
be close to the actual values of states. For instance, the temperature in power plant is
usually several hundred Celsius degree, and the pressure is usually several bar. We can
define a nominal value for every dependent variable, and calculate the nominal values
for all the entries of Jacobian by comparing the corresponding nominal values of the
variables. And then when an entry is computed, the result will be compared with its
nominal value: if the ratio between the result and its nominal value is smaller than a
tolerance then it’s considered to be an error and its actual value will be set to zero,
otherwise if the ratio is larger than the tolerance then it will be accepted as its actual
value.
3. Strategy on re-calculation of Jacobian
If the analytical generation of Jacobian matrix is used, its computation effort is affordable and its re-calculation does not necessarily need to be skipped.
In the other situation, if the numerical generation of Jacobian matrix is used, the recalculation should not be too frequent because of the huge computation effort especially
when the number of dependent variables is large. So the re-calculations of Jacobian
matrix at some of the steps have to be skipped, and the Jacobian from the last time
step(s) will be used for solving at this step. In some of the DAE solvers such as DASSL,
the Jacobian will be re-generated only at some time steps under one of these conditions:
(a) The first time step,
(b) The step-size is fixed,
3
5

≤ ρ ≤ 53 , where ρ is the ratio between the current
hn
and former step-size, i. e. ρn =
,
hn−1
(d) The solution of the system of equations failed with the current Jacobian matrix.
(c) The step-size is variable and

5

EXPERIMENTS

5

33

Experiments

Some experiments are made on the Dymosim package with IDA library included and analytical generation of Jacobian matrix integrated. The environment, settings and results of these
experiments are shown in this chapter.
In section 5.1, we describe the models used in the tests which are built with different complexities and relations to power plant simulation, and introduce the hardware and software
environments of the experiments. In section 5.2, the results of experiments on the parallelism,
the analytical generation of Jacobian matrix and some specific considerations such as scaling
of Jacobian entries are presented.

5.1
5.1.1

Models and Environments
Models in Experiments

The model used in this work is built by Modelica language in the Dymola software. These
models are with different complexities of the equtions in them, and different relations to power
plant simulation.
1. Linear model:
This kind of models are built from a number of the first-order control blocks. Each
of these blocks attempts to adjust its output to follow the change of its input in the
first-order formula of
k
y=
·u
T ·s+1
where y is the output, u is the input, k is the gain of the output to the input, T is the
time constant for the speed if changing, and s is the derivative of y defined with the
above formula
s ≡ ẏ = (k · u − y)/T.
This kind of models contains only linear differential equations, so they are considered to
be simple models and used for debugging and some basic tests.
Take the linear model with three blocks (Figure 14) for example, it contains three differential equations as

 ẏ1 = (k1 · u0 − y1 )/T1 ,
ẏ2 = (k2 · y1 − y2 )/T2 ,
(27)

ẏ3 = (k3 · y2 − y3 )/T3
where all of the equations are linear with the time-varying variables yi of the ith block.

Figure 14: Example model with three first-order control blocks.
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Figure 15: Test model for a fluid tube without heat exchange but with water flow in it.
The Jacobian matrix of this system can be generated analytically, and there will be
equations for each of the non-zero entries in the matrix. For the above model with three
first-order control blocks, the Jacobian matrix will be evaluated analytically with the
following equation

j11 = −1/T1 ,




 j21 = k2 /T2 ,
j22 = −1/T2 ,


j = k3 /T3 ,
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j33 = −1/T3
where jij is the entry at the ith row and jthe column of the Jacobian matrix, which is
formed to be


∂ ẏ1 /∂y1 ∂ ẏ1 /∂y2 ∂ ẏ1 /∂y3
J = ∂ ẏ2 /∂y1 ∂ ẏ2 /∂y2 ∂ ẏ2 /∂y3  .
∂ ẏ3 /∂y1 ∂ ẏ3 /∂y2 ∂ ẏ3 /∂y3
In experiments, linear models with different number of dependent variables are tested,
and both numerical and analytical generation of Jacobian matrix are possible for these
models.
2. Tube model:
Tubes are one of the most basic components in power plant. Tubes are usually filled
with one or more kinds of fluid, and there may be heat transfer between the tube wall
and the fluid inside, and between the tube wall and the surrounding fluid outside.
The models for the wall of a tube and the media inside and outside of it are built
separately in Modelica. If the media is chosen to have differentiable water-steam properties, then the Jacobian matrix of the system can be generated not only numerically
but also analytically. The tube can be discretized along its length direction and the
radius direction with a number of cells for balance equations.
As an example, if the tube (Figure 15) has no heat transfer at the wall, then the discretization is made only along its length direction. If it is segmented into 5 cells, then
the specific enthalpy is discretized at each cell, and with the pressure and mass flow in
the tube, there are seven dependent variables in total. The names, units, nominal values
and the descriptions of these variables are listed in Table 2.
The tube model tested in the experiments is a tube without heat exchange. And analytical generation of Jacobian matrix is included in this model.
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Table 2: List of the dependent variables in the tube
No Name
Unit Nominal
1
tube unheated.h2o[1].p
[Pa]
1e6
2
tube unheated.h2o[1].h [J/kg]
5e5
3
tube unheated.h2o[2].h [J/kg]
5e5
4
tube unheated.h2o[3].h [J/kg]
5e5
5
tube unheated.h2o[4].h [J/kg]
5e5
6
tube unheated.h2o[5].h [J/kg]
5e5
7
tube unheated.m flow
[kg/s]
10
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model discretized into five cells.
Comment
Absolute pressure of medium
Specific enthalpy of medium
Specific enthalpy of medium
Specific enthalpy of medium
Specific enthalpy of medium
Specific enthalpy of medium
Mass flow rate of medium

3. HRSG model:
The HRSG (Heat Recovery Steam Generator) model is the most complicated model used
in the experiments in this work. It contains components of a sample design of HRSG,
where the main part is a parallel evaporator with heat exchange between cold water
and hot gas. The components in this model is discretized separately, and the number
of dependent variables can vary from hundreds to tens of thousands depending on the
fineness of the discretization.
Its physical design is shown in Figure 5. The red tubes are filled with steam and blue
tubes containing both steam and water. The hot exhaust gas flows from left to right,
going around the water tubes and the water and steam flows perpendicularity to the
exhaust gas flow. In order to increase the heat exchange efficiency, there is a splitter at
the beginning point of the water tube and a mixer at the end of the tube, so the water
and steam tubes are heated in parallel tubes.
Its Modelica model is shown in Figure 16. This model is built by components where the
fundamental governing equations are implemented. When the model is simulated, the
equations will be solved and the behavior of the sample HRSG can be investigated. The
minimal number of dependent variables in this model is around 200, if lower than this
number, then the model will be too rough to be feasible.
The sample HRSG model with 246 dependent variables is tested. Because in this model
the analytical generation functions are not included, the Jacobian matrix has to be
generated numerically.
5.1.2

Environments of Experiments

The tests were performed on the Windows cluster in the Regionales RechenZentrum Erlangen
(RRZE). This cluster consists of 16 dual-core processors, with cache coherent Non-Uniform
Memory Access (ccNUMA) architecture. This architecture is different from the Uniform Memory Access of a pure multi-core processor. On the cluster, two dual-core processors share the
same memory, while a real quad-core processor has its own memory.
The configuration of the cluster is as follows.
1. Hardware Environment:
The hardware components of the cluster:
• 7 compute nodes:
- 2 dual-core AMD Opteron 270 processors (2.0 GHz) on each node,
- Peak performance: 112 GFlop/s,
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- 4 GBytes of RAM per node.
• 1 head node:
- 2 dual-core AMD Opteron 270 processors (2.0 GHz),
- 8 GBytes of RAM.
• Interconnection network.
2. Software Environment:
The software development environment of the cluster:
• Operating system:
Microsoft Windows Cluster Server 2003.
• Compilers:
Microsoft Visual Studio 2005, Intel C/C++ Compiler 9.1, Intel Fortran Compiler
9.1.
• Parallel computing libraries:
Microsoft MPI, MPICH 2.0, OpenMP.

5.2
5.2.1

Results of the Integrations
Results of Reversing Flow in the Tube model

When the flow direction reverts, the structure of Jacobian matrix of the tube model will
change. The reason can be the backward difference formula always takes the upstreaming
properties to calculate the down-streaming properties. This is a strong reason for why a pure

Figure 16: HRSG model built in Modelica.
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ODE solver can not be directly applied to the equation system arising in the power plant
simulation, since a lot of such problems must be considered by the numerical solver.
The reversing flow can be simulated by first setting the mass flow rate to a positive value,
and then at some time step, setting it to be a negative value gradually in the next several
time steps. One example result is shown in Figure 17. Along with the changes in the Jacobian structure(b), pressure oscillation(c) is also observed after the reversion of the mass flow
direction(a) in this simulation.
Another observation out of the tests on the tube model is that the Jacobian matrix is not
necessarily diagonal-dominant. For example the very first entry of Jacobian matrix is zero
at the fist time step as shown in Figure 17. This possible non-diagonal-dominant structure
brings additional difficulties in applying pure ODE solvers into power plant simulation.
5.2.2

Results of Scaling on Jacobian Entries

The purpose of considering the nominal values of dependent variables is to get rid of computation errors in the Jacobian matrix, and to keep the variables which are physically meaningful
but have relatively small values. By setting the nominal value of each properties in the Dymola
libraries, a nominal value can be assigned to each of the variables and translated into C code
together. Then in the solver provided by the user, these nominal values can be extracted and
used to determine whether an Jacobian entry is just an error.
As an example, Figure 18 shows how this scaling procedure affects the Jacobian matrix of
the sample HRSG design model. After scaling, the block diagonal structure of the Jacobian
matrix is sparser, and most of the the irregular off-diagonal entries are swept away.
Note that this system is not diagonal-dominant, since the sum of entries in some lines are
greater than the entries on the diagonal, and one diagonal entry is even zero.
5.2.3

Results of Parallelism

Our primary idea was to make experiments on the Sample HRSG model. But debugging of
the code was finished few weeks before the deadline of my thesis, so there was not enough
time to perform a series of experiments on this complicated model.
Instead, the linear models with some different sizes were tested. We generated the linear
models with 100 and 300 dependent variables, and made some simulation on different numbers
of processes. The number of steps N is changed as
N = (tstart − tend )/h

(28)

where tstart and tend are the starting and ending time of the simulation respectively, h is the
stepsize for calculating the outputs but not necessarily the actual stepsize of the simulation. In
the following tests, the tstart and h are fixed and tend is changed to control the number of steps.
We watch the runtime of the entire solving phase and the analytical or numerical generation of Jacobian matrix itself. For the linear model with 100 dependent variables, the results
are shown in Figure 19, Figure 20, Figure 21 and Figure 22. In these figures, np is the number
of processes, i. e. the number of cores under use, and np = 2 or e is tested for this model,
where np = 1 means directly use the serial solver.
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a)

b)

c)

d)

Figure 17: Non-zero entries of Jacobian matrix for a tube with reverting mass flow.
b) before reverting, c) after reverting.
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a)

b)

Figure 18: Non-zero entries of Jacobian matrix for sample HRSG model.
b) before scaling, c) after scaling.
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Figure 19: The runtime of analytical Jacobian generation for linear model with 100 variables.

Figure 20: The runtime of numerical Jacobian generation for linear model with 100 variables.
For the linear model with 100 dependent variables, parallelism with two processes always
works well. It shortens the time for both the analytical and numerical generation of Jacobian,
and it also shortens the total solving time. However, using four processes does not always
help so much. When the model is relatively simple, the parallelization overhead is also larger
when there are more processes.
Note that the entire runtime is not proportional to the number of steps. This is because
the IDA solver uses a variable stepsize method. Therefore, the solver always tries to predict
as many later steps as possible so that a lot of calculation on these predicted steps can be
omitted. Since the linear models contains only linear equations which can be easily predicted,
the actual calculation steps are much less than the steps required by equation (28).
Similarly, the results of the linear model with 300 dependent variables are shown in Figure 23, Figure 24, Figure 25 and Figure 26. For this model, np = 2, 4, 8 are tested, also with
the serial solver.
For this larger model, the parallelization still works with two processes. But the parallelism
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Figure 21: The runtime of solving the equations with analytical Jacobian for linear model
with 100 variables.

Figure 22: The runtime of solving the equations with numerical Jacobian for linear model
with 100 variables.

Figure 23: The runtime of analytical Jacobian generation for linear model with 300 variables.
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Figure 24: The runtime of numerical Jacobian generation for linear model with 300 variables.

Figure 25: The runtime of solving the equations with analytical Jacobian for linear model
with 300 variables.

Figure 26: The runtime of solving the equations with numerical Jacobian for linear model
with 300 variables.
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Figure 27: The proportion of runtime of analytical Jacobian generation for linear model with
100 variables.
efficiency for using four processes varies among the different number of steps and among these
tasks. For numerical generation of Jacobian matrix with 106 steps, the parallelization benefit
brought by using four processes is apparent, but in the other case it’s not. Using eight
processes is not working well in all the cases, this may be caused by the communication via
the slow network connection between the processes on different nodes. And due to the cluster
is structured into a way that only up to four processes sharing a fast memory access on the
same node, using eight processes will definitely interfere with data transfer via the internal
network, whose bandwidth and latency then become the bottleneck of the performance.
5.2.4

Results of Using Analytic Jacobian

From the results in the last section, the proportions of analytical or numerical generation of
Jacobian matrix can be calculated. The time proportion of the Jacobian generation is shown
in Figure 27 and Figure 28 for the linear model with 100 dependent variables, and in Figure 29
and Figure 30 for the linear model with 300 dependent variables.
The first information can be retrieved from these plots is that the Jacobian calculation is
one of the most time consuming functions called by the solver, so it makes sense to generate
the Jacobian calculation in a more efficient way. Second, using four processors for 100 variablemodel and using eight processes for 300-variable model looks both only takes a little part in the
total runtime. However, combined with the poor performance shown before, we can conclude
that this is because the communication contributes the most of the time of solving procedure.
So the decrease in the proportion of the Jacobian calculation in the solving effort helps to
achieve better performance only when the communication overheads are also prohibited.
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Figure 28: The proportion of runtime of numerical Jacobian generation for linear model with
100 variables.

Figure 29: The proportion of runtime of analytical Jacobian generation for linear model with
300 variables.

Figure 30: The proportion of runtime of numerical Jacobian generation for linear model with
300 variables.

6

6

DISCUSSION

45

Discussion

Although the integration of the IDA parallel solver can work with the simulation software
now, there is still some work to do in order to make it working better.
First of all, there are some more experiments planned but there is no time to carry them
on. For example, the sample HRSG model has much more power plant characteristics in it
than the linear models. So it is interesting to measure the performance of the parallel solver
when simulating this model. This model can also be extended with other functionalities and
its discretization can be made finer easily, so plenty of experiments can be done on it. One
problem with this model is that currently the Modelica standard library does not support
the analytical generation of Jacobian matrix for this model because its media package has no
higher order derivatives defined. With numerical Jacobian generation, the larger the equation
system is, the more computational efforts are required. So these experiments will take a long
period of time.
Second of all, some of the planned tests can not be taken on the cluster. These tests
are on the fluid components whose Jacobian can be generated analytically. But this is done
with a IntH2O library where higher order derivatives of the thermal- and fluid properties are
implemented. This library current is only available on 32-bit platforms. While on the cluster,
only 64-bit MPI library is provided. Therefore, all the experiments on analytical Jacobian in
this work is only made with linear models whose analytical Jacobian can be generated easily.
This is not enough for further applications of this solver on power plant simulation or any
other fields where the equation systems are very complicated such as highly nonlinear.
Thirdly, there are still parallelization strategies which may be helpful to this implementation. For example, LU-decomposition is used by the solver, so there are chances that applying
a parallel linear algebraic library, which can make LU-decomposition in parallel, will further
improve the performance. Another potential lies in the IDA library, which provides several
linear solvers, these solves may have advantages in different situations so choosing the most
suitable solver can also help with performance enhancement. Besides these, the interface code
may still have rooms to be optimized, so that the parallelism can be fully exploited. This optimization also depends on the architecture of the multi-core machine, and a workstation will
be installed in the office in a short time. So for future work on parallelism, code optimization
with regards to the hardware configuration is also necessary.
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