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Abstract
Despite their omnipresence and their great variety of tasks, bacteria are not yet fully understood.
The formation of flow patterns in their swarms, for instance, still poses questions to the scientific
community. Simulations are often a good means for finding answers, wherefore this thesis mainly
deals with self-propelled microscopic swimmers modelling bacteria. They consist of three spheres on
a common axis that are connected by two springs. The discrete element collision solver within the
massively parallel physics engine pe has been successfully extended by new communication routines
for springs and, as they might span over several process domains, a class allowing for convenient communication between processes farther away from one another. Bacterial swarms and the surrounding
fluid can be simulated by coupling pe with the lattice Boltzmann flow solver waLBerla. In order
to keep the spheres of the model aligned on their axis after collisions, an angular spring has been
implemented into the physics engine pe. Finally, the functionality of the newly introduced features
has been demonstrated by carefully chosen test cases.

Kurzzusammenfassung
Trotz ihrer Allgegenwart und der überwältigenden Vielzahl ihrer Aufgaben sind Bakterien noch
nicht vollständig verstanden. So stellt beispielsweise die Entstehung von Strömungen in ihren Schwärmen die Wissenschaftsgemeinde noch immer vor ungelöste Fragen. Simulationen sind häufig gut dazu
geeignet, Antworten darauf zu finden. Deshalb beschäftigt sich diese Arbeit vornehmlich mit selbst angetriebenen Schwimmern, mit denen Bakterien nachgebildet werden. Sie bestehen aus drei Kugeln auf
einer Geraden, die über zwei Federn miteinander verbunden sind. Deshalb wurde der auf der Discrete
Element Method basierende Kollisionslöser in der hochgradig parallelen Bibliothek pe zur Simulation
von Starrkörpern erfolgreich um neue Kommunikationsroutinen für Federn erweitert. Da sich diese
über mehrere Prozessgebiete hinweg erstrecken können, wurde außerdem eine Klasse zur praktischen
Kommunikation zwischen weiter entfernten Prozessen geschaffen. Zur gemeinsamen Simulation von
Bakterienschwärmen und dem sie umgebenden Fluid kann die pe mit dem Gitter-Boltzmann Strömungslöser waLBerla gekoppelt werden. Um die Kugeln des Modells auch nach Kollisionen auf ihrer
Achse zu halten, wurden außerdem Drehfedern in die Physik-Engine pe integriert. Abschließend wurde
für einige ausgewählte Testfälle die Funktionsfähigkeit der Implementation demonstriert.
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1 Motivation and Structure
Despite their typically small sizes in the order of 0.5 to 5.0 µm (Sagan and Margulis, 1988), the estimated
five nonillion (5·1030 ) (Whitman et al., 1998) bacteria play a major role on planet Earth. Some species are
responsible for the natural decomposition process and therefore enhance soil quality, others can be used
for sewage treatment, and yet others are used in food and chemical production. The number of bacteria
in the human body exceeds the number of human cells by a factor of ten, totalling to a hundred trillions
(1014 ) (Berg, 1996). Most of them live in the intestines splitting up chemical structures the human body
is not able to digest directly. Bacteria have not been seen by human eyes until the 17th century when the
first microscopes were invented. In 1675, for instance, the Dutch draper Antonie van Leeuwenhoek (1632–
1723), investigated soft matter he extracted from his loose tooth. He might have found Selenomads and
thus, for the first time, studied bacteria. Despite extensive research on these small organisms, little is
known about the flow pattern formation in bacterial swarms. These flows in the size of several bacteria’s
diameter form although a single bacterium moves in a rather chaotic way.
The emerging field of physical simulation and the ever-increasing compute power can help to further
investigate this collective behaviour. A number of studies has been undertaken so far. The simulations,
however, were often limited with respect to shape or number of bacteria. The work done in this thesis
aims at simulating huge swarms of bacteria in three dimensions up to millions of individuals. Basically,
it extends the physics engine and Najafi and Golestanian’s (2004) simplest swimmer model used by Pickl
et al. (2012). Three rigid spheres are linked by springs and driven by a sinusoidal force protocol. The
fluid-structure interaction has been simulated by coupling the pe physics engine (Iglberger, 2010) with
the widely applicable lattice Boltzmann solver from Erlangen, (waLBerla) (Feichtinger et al., 2011),
both developed at the Chair for System Simulation at the university of Erlangen-Nürnberg. The former
framework treats the movement and collisions of the fully resolved spheres whereas the latter one computes
the fluid flows and forces acting on the spheres.
The existing implementation was limited in at least two ways. For an efficient swarm simulation in
parallel, springs have to be sent to other processes. Therefore, the previous simulations only featured
swimmers moving in parallel, each in a single process and thus avoiding collisions. Corresponding send
and receive functions for springs have been introduced. Furthermore, communication between processes far
away from one another might occur. The pe physics engine, however, was only capable of communications
between processes in the close proximity. If two linked spheres extended over more than two process
domains, the communication needed for the calculation of spring forces would not have been possible
without explicitly opening a permanent communication channel. As a consequence, the micro-swimmers
could not cross process boundaries. During this thesis, a new DistantProcess class has been implemented
to enable these communications. For the discrete element method (DEM), implemented for the pe physics
engine by Heene (2011), this also implied a third communication step to ensure data consistency between
the time steps when users might want to retrieve current information about bodies’ owner processes.
The second problem of collisions and associated effects like bending did not occur in the scenarios
hitherto simulated, because collisions were not possible by setup. For the collision handling, however, the
room between the spheres should be collidable as well. Furthermore, once a collision has happened, forces
act on the individual spheres. As bacteria are not as bendable as springs are, the swimmer’s spheres have
to stay aligned on a straight line. The latter is achieved by attaching angular springs in addition to the
extension/compression springs. These keep the spheres on a straight line and care for proper rotation of
both, the individual spheres as well as the whole swimmer.
According to the aforementioned motivation, this thesis is structured in the following way. Section 2
presents a short overview of the bacterial swimming process at low Reynolds numbers and Najafi and
Golestanian’s swimmer model used for the simulations. These are conducted by the frameworks waLBerla
and pe whose numerical methods are described in section 3. There, the reader finds introductions to the
discrete element method for rigid body dynamics and the lattice Boltzmann method for fluid dynamics.
Section 5 describes how springs and other so-called attachables are parallelised in the pe, followed by
the design of angular springs in section 6. In section 7, some test cases for the new implementations are
provided. A summary and brief outlook for possible further research concludes this thesis with section 8.
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2 Swimming at Low Reynolds Numbers
Bacteria are omnipresent in almost all environments found on planet Earth according to Sagan and
Margulis (1988); Berg (1996). In order to better understand their motion, it is necessary to observe
their bodies and living conditions in more detail. The same examination will also be valid for other
micro-organisms like spermatozoa aiming for and gathering around the ovum.

2.1 Hydrodynamic Considerations
Those self-propelled microscopic swimmers have developed different swimming strategies, most commonly
by periodically changing the shapes of their bodies. Any other kind of motion as, for instance, by chemical
processes is not treated in this thesis.
Usually, the main part of the body keeps its shape whereas even smaller appendages are responsible
for the locomotion. Bacteria are prokaryotes meaning their cells lack nuclei. As mentioned by Margulis
(1980), they can have one or more flagella consisting of flagellin protein. Each of those flagella is composed
of a rotary motor actuating a helical filament via a hook. Depending on the species, the motor can stand
still, rotate in a single direction or both, forward and backward, or coil when resting. These engines
induce flows in the surrounding fluid. The current state of the fluid can be described by the flow’s velocity
field u (x, t), its density field ρ (x, t), its pressure field p (x, t), and its temperature field T (x, t). These
>
quantities depend on position x = (xx , xy , xz ) and time t. For simplicity, the explanation in this thesis
is restricted to incompressible Newtonian fluids. That means density is constant with respect to both,
position and time, and that the dynamic viscosity η is independent of shear rate and time. Furthermore,
buoyancy effects and the changes in the temperature field are neglected.
From the conservation of momentum, the Navier-Stokes equation


∂u
+ u · ∇u = −∇p + η · ∆u + f
(1)
ρ·
∂t
can be derived with the condition
∇·u=0

(2)

∂·
following from the conservation of mass. ∂t
denotes the partial derivative with respect to the time and
∇ and ∆ are the gradient and Laplace operators with respect to space. The above equation has to be
solved for the flow field u and the pressure field p according to the problem specific boundary conditions.
With the no-slip boundary condition, the relative velocity of fluid and solid boundary is zero. The term
inside parentheses on the left-hand side is the expansion of material (or total, in mathematical terms)
derivative of the velocity field with respect to time. The terms in equation (1) model unsteady ∂u
∂t and
convective u · ∇u accelerations. Multiplying by the density ρ leads to the inertial forces per unit volume.
The right-hand side characterises the spatial pressure gradient ∇p and the frictional forces η · ∆u, both
driving stress divergence. Other body forces with the dimension mN3 , such as gravity or those induced by
externally applied electrical fields, are summarised in the last term f .
When a rigid body with characteristic length L and mean velocity V relative to the fluid velocity “swims”
in the given fluid and velocity, pressure, and body forces are expressed by the respective unit quantity,
multiplication of the Navier-Stokes equation by ρVL 2 yields the non-dimensional form

∂u0
η
+ u0 · ∇0 u0 = −∇0 p0 +
∆0 u0 + f 0 .
0
∂t
ρLV

(3)

The primed quantities are given by
u0 =

u
,
V

p0 =

p
,
ρV 2

f0 =

fL
,
ρV 2

t0 = t

V
∂
L ∂
⇒
=
, and ∇0 = L∇.
L
∂t
V ∂t

(4)

Dropping the primes for readability and substituting Re :=

ρLV
η

results in

∂u
1
+ u · ∇u = −∇p +
∆u + f.
∂t
Re

(5)

Re is known as the Reynolds number. Classically, it is defined as the ratio of inertial to viscous forces.
For this interpretation, one can have a look at the scaling behaviour of the individual terms in the NavierStokes equation:
V2
V
V
∂u
(6)
∝
, u · ∇u ∝ V , and ∆u ∝ 2 .
∂t
L
L
L
Relating the inertial and the viscous terms yields the Reynolds number
2

ρ VL
ρLV
=
= Re.
η
η LV2

(7)

But there are also several other interpretations. Purcell (1977) remarked that the squared viscosity
divided by the density yields a force
 2 −1 
η ρ
= Pa2 · s2 · kg−1 · m3 = N2 · m−4 · s2 · m3 · kg−1 = N2 ·

s2
N2
=
= N.
kg · m
N

(8)

kg
For water with viscosity η ≈ 10−3 Pa · s and density ρ ≈ 1 · 103 m
3 , he gave as example, this force was
−9
approximately 10 N. He further concluded that this force will tow anything independent of its size at
a Reynolds number of 1. For large objects like a submarine weighing 20 kilotons, this force yields an
21
acceleration of 5 · 10−20 sm2 . That means, to accelerate the submarine to a velocity of only 1 km
h takes 2 · 10
seconds which still is about 140 thousand times the age of the planet Earth. In order to provide some
intuition, a man swims in water at Reynolds number at about 104 , a fish at about 102 . In contrast, low
Reynolds numbers can be found in convection of the Earth’s mantle. There, according to Purcell (1977),
the force needed to pull something at a Reynolds number of Re = 1 is

1020 Pa · s
η2
≈
kg
ρ
104 m
3

2
= 1036 N.

(9)

This is about 109 times larger compared to the gravitational force
Fgrav =

1
N
· mEarth · g ≈ 3 · 1024 kg · 9.81
≈ 3 · 1025 N
2
kg

(10)

one hemisphere of the Earth exerts on the other one.
Let us now have a look at the microbial micro-cosmos with a typical length-scale of one micrometre.
Life in their world is in a low Reynolds number regime, as
Re =

kg
−6
1 · 103 m
m · 3 · 10−5 ms
ρLV
3 · 10
=
= 3 · 10−5 .
η
1 · 10−3 Pa · s

(11)

Since this number is small, it is sensible to examine the behaviour in the limit Re → 0. As seen before, the
Reynolds number is a measure of the importance of the inertial and the viscous terms. A Reynolds number
of zero thus means that there is no inertia and all forces are purely viscosity driven. The Navier-Stokes
equation (5) simplifies to the linear Stokes equation
0 = −∇p + η∆u + f.

(12)

In this so-called Stokes regime, flows are always laminar and cannot be turbulent. Additionally, time does
not enter in the equation, wherefore motion must be non time-reversible in order to travel a net distance.

3

Purcell (1977) gave a nice picture for this necessity in his scallop theorem. Imagine a scallop travelling
in water as depicted in figure 1. It moves by opening its shells slowly, soaking in a little bit of water.
Then, it performs the reverse action and closes its shells. However, this is done rapidly and the squirting
water pushes the scallop in the opposite direction. In the Stokes flow, however, it will travel as far as it
has travelled when opening its shells. If the change of the body’s shape is the same but reversed, it does
not matter whether the motion is slow or fast. With its single hinge, however, this is the only motion,
the scallop can perform. At least one more degree of freedom is needed for non-reciprocal motion. That
can be either a second hinge or one or more partners in swarm. In the latter case, multiple swimmers will
move forward, if their movements are synchronised (Koiller et al., 1996; Lauga and Bartolo, 2008).

∆

Figure 1: Purcell’s scallop theorem: Motion of
a scallop

Figure 2: Motion of Purcell’s swimmer (Stark,
2007)
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Figure 3: Najafi and Golestanian’s simplest swimmer, slightly varied by introducing harmonic oscillators
between three rigid spheres by Pickl et al. (2012)
Next to Purcell’s suggestion of a micro swimmer consisting of three rods connected by two hinges as
depicted in figure 2, several other models have been proposed in the literature, as summarised by Fei
et al. (2012). Among those, the “simplest swimmer model” by Najafi and Golestanian depicted in figure 3
has been chosen. Its relatively simple geometry consists of three rigid spheres connected by two stiff
rods with variable length. Prescribed velocities of the spheres lead to to the self-propulsion observed in
bacteria. There are several variations of this swimmer. Ledesma-Aguilar, Löwen, and Yeomans (2012),
for instance, describe a circular swimmer with an angle at the central sphere propelled by varying the
distances between the spheres. The investigated model by Pickl et al. (2012), depicted in figure 3, exhibits

4

springs instead of stiff rods, as for instance, Felderhof (2006) described. It also reminds of the FrenkelKontorova model for the dynamics in atomic particle chains or strands of DNA as given in Braun and
Kivshar (2004). Additionally, forces obeying a protocol actuate the spheres for self-propulsion of the
swimmer. This method is well suited for stable simulations in the pe physics engine with the DEM, as
collisions are also resolved by applying repulsive forces.
Before the model is described in more detail, a brief overview of the simulation frameworks waLBerla
for fluids and the pe physics engine for rigid bodies and the underlying numerical methods is given in the
next sections.

5

3 Numerical Methods and Software Frameworks
Physical phenomena like the motion or deformation of bodies or flows in fluids are often simulated with
physics engines. They provide algorithms for numerically evaluating the underlying laws of physics.
In almost all cases, these software frameworks are restricted to certain physical phenomena or limited
in accuracy. Most often, they are encountered in video games where real-time capability and realistic
impression is more important than physical correctness. For film productions, realism is the only criterion.
But there are also physics engines in the scientific community optimised for precision. Furthermore,
most frameworks are specialised to either rigid body dynamics, soft body dynamics, or fluid dynamics.
Simulating bacterial swarms requires a combination of rigid body dynamics and fluid dynamics frameworks
as the swimmers induce flows in the surrounding fluid. These, in turn, exert forces on the swimmers’
bodies. Therefore, the pe (Iglberger, 2010) physics engine is coupled with the lattice Boltzmann framework
waLBerla (Feichtinger et al., 2011) as worked out by Götz et al. (2010b) and especially for swimmers by
Pickl et al. (2012). A short overview of these frameworks is given in the following subsections where the
relevant numerical methods are described as well.

3.1 Rigid Body Dynamics
Rigid body dynamics describe the motion and interactions of non-deformable bodies possibly under the
influence of external forces such as introduced by gravity or electric fields. This behaviour is described by
Newton’s equations of motion combined with a collision model for the contact forces. The forces can act in
normal direction, repelling the bodies and thus preventing overlaps or interpenetrations, or in tangential
direction, modelling friction between the bodies. Additionally, there might be restrictions on position or
velocities, enforced by elements like joints, or forces between two or more bodies, exerted by springs or
generated by charged particles, for instance.
For simulations, the rigid bodies are modelled as geometric primitives such as spheres, boxes, or cylinders. More complex objects can be composed of several such elements or can be represented by triangle
meshes. Event-driven methods, where calculations are performed at the exact time when a collision occurs, might come to one’s mind. Indeed, these methods can be applied for large scale systems. But when
it comes to dense media, the collision events will occur after very short times and thus leading to slow
simulations. This effect is also referred to as inelastic collapse by McNamara and Young (1994). This
problem does not occur in time-stepping methods described, for instance, by Lötstedt (1982), Anitescu
and Potra (1997), Cottle et al. (2009), or Erleben et al. (2005). At each time step, the impulses on each
of the bodies are calculated from a possibly large system of constraints which is often formulated as a
linear complementarity problem (LCP). Derived from analytical mechanics, this approach is accurate but
more difficult to parallelise than penalty methods. Those do not impose constraints on the bodies’ motion
but tolerate small constraint violations. Any of these violations, that is, for example, an overlap, is alleviated by applying penalty forces. Keeping overlaps small enough, requires tiny time step sizes, usually
prescribed beforehand. An example for a penalty method is the discrete element method, also known as
distinct element method, developed by Cundall (1971) and nicely described by Cundall and Strack (1979).
In the discrete element method used for this thesis, at each time step, each body’s position, orientation,
and velocities—linear and angular—are used for calculating motion. To proceed in time, all the forces
acting on each body are calculated. To do so, all contact points between two rigid bodies have to be
detected in order to determine a contact force resolving the contact. With Newton’s second law of motion
F = m · a,

(13)

an acceleration a, that is assumed to be constant for one time step, can be obtained from the total force F
acting on the body. It is composed from external forces such as exerted by gravity or a hydrodynamic
flow field and penalty forces, including those generated by springs or joints. Based on that, position and
velocities are updated, and the simulation loop starts again with the collision detection. Intuitively, one
would check each pair of bodies for contacts. More formally, this approach is called exhaustive search.
Among other algorithms reducing the complexity, there are the sweep and prune method, described, for
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instance, by Cohen et al. (1995), or hierarchical hash grids investigated in Schornbaum (2009). The
collision response module then calculates restoring forces pushing the colliding bodies apart. A collision
takes several time steps until the involved bodies separate again. It might also happen that they do not
separate at all.
3.1.1 The Discrete Element Method (DEM)
The discrete element method (DEM) has been introduced by Cundall (1971) for problems in rock mechanics as a numerical framework for the simulation of systems of arbitrarily shaped particles. The method
does not impose any limits on displacements or rotations and automatically finds new contacts. In the case
of rigid bodies, fictitious elastic materials are introduced for developing repulsive contact forces to resolve
the collisions. Although the bodies are rigid and cannot overlap, one might also look at the contacts as
virtual deformation of the colliding bodies with a spring-dashpot system in between, as shown in figure 4.
The dashpots dampen the relative contact velocity whereas the spring pushes them apart, as illustrated
in figure 5.

Figure 4: Spring-dashpot systems between two bodies in the discrete element method. kn is the spring
stiffness and γn and γt are the damping coefficients in normal and tangential directions. The
system in normal direction responds to penetrations whereas the one in tangential direction
models friction.
A brief description of the necessary steps is given as example with two colliding spheres, neglecting
friction, as depicted in figure 5. After the detection of collisions, a loop over each contact calculates
restoring forces. Therefore, the normal vector of the contact
n=

x2 − x1
|x2 − x1 |

(14)

can be calculated in order to obtain the direction of the repelling force. Additionally, the displacement is
obtained by
ζ = (r2 + r1 ) − |x2 − x1 | .
(15)
Obviously, ζ > 0 holds in case of an overlap. The relative velocity is given by
vrel = (v1 + r1 · ω1 × n) − (v2 − r2 · ω2 × n) .

(16)

>
vn,rel = vrel
·n

(17)

The normal velocity
can be calculated as the scalar product of the relative velocity and the normal unit vector and the tangential
velocity
vt,rel = vrel − vn,rel · n
(18)

7

Figure 5: The collision of two spheres with radii r1 and r2 , positions x1 and x2 , translational velocities
v1 and v2 , and rotational velocities ω1 and ω2 is resolved with a spring-dashpot system in the
DEM algorithm. n is the contact normal vector pointing from the left sphere’s centre of mass to
the contact. For better visualisation, the length ζ is exaggerated in this figure and much smaller
in real simulations.
as the difference of the relative velocity and the normal velocity vectors. Depending on the force model,
the contact forces on sphere 1 thus might read
F1,n = (−kn · ζ − γn · vn,rel ) · n,

F1,t = −γt · vt,rel

(19)

with spring stiffness kn and damping coefficient γn in normal and damping coefficient γt in tangential
direction. The forces on sphere 2 act in the opposite direction with same magnitude
F2,n = −F1,n = (kn · ζ + γn · vn,rel ) · n,

F2,t = −F1,t = γt · vt,rel .

(20)

Alternatively, the forces can be calculated with Hertz’ non-linear approach


1
1
3
F1,n = −kn · ζ 2 − γn · vn,rel · ζ 2 · n and F1,t = −γt · vt,rel · ζ 2 .

(21)

More information on the force models can be found, for instance, in Heene (2011). The forces also introduce
a torque of
τ1 = r1 · n × (F1,n + F1,t ) ,
τ2 = −r2 · n × (F2,n + F2,t )
(22)
obtained by the cross product × with the distance vector. In order to evolve the system, Newton’s second
law and the kinematic equations of motion for sphere i
Fi
,
mi
dvi
d2 xi
ai =
=
dt
dt2
ai =

vi =

dxi
,
dt

(23)
(24)

have to be time-integrated. There, between explicit and implicit methods can be distinguished, where the
new quantities can be obtained directly or by solving a system of linear equations. Usually, explicit or
implicit Euler or a leapfrog algorithm are used. As the spring force generators need the conservation of
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energy, either very small time steps or a symplectic method as the semi-implicit Euler scheme should be
chosen. The time discretisation for that scheme is as follows:
(n+1)

vi

(n+1)
xi

(n)

= vi
=

(n)
xi

(n)

+ ai
+

· ∆t,

(n+1)
vi

· ∆t.

(25)
(26)

The velocity update equation is explicit, as it only uses values known at time step n for the update. The
equation for the update of the position is implicit, as the new velocity has to be known already. This
complies to the fact that DEM is usually used with explicit schemes, as stated, for instance, by Bićanić
(2004) and Heene (2011).
For the parallelisation of the DEM, two communication steps are necessary per time step. The first
one takes place after the calculation of the contact forces. The process containing a body’s centre of
mass is called its owner. The bodies colliding in a different process’ domain receive the forces acting on
it during the first communication step. Afterwards, each process can update the body’s position and
velocities, which, again, have to be sent to the processes the body intersects with. Algorithm (1) gives a
brief overview of the parallel discrete element method.
Algorithm 1 Parallel discrete element method, executed on all processes (Heene, 2011)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

f i n d a l l c o n t a c t s C i n s i d e t h e domain
for a l l c o n t a c t s c in C
resolveContact (c)
}
// F i r s t MPI communication : Sending f o r c e s and t o r q u e s
f o r a l l remote b o d i e s brem
send f o r c e and t o r q u e on brem t o i t s owner p r o c e s s
R e c e i v e and apply f o r c e s and t o r q u e s on r e s p e c t i v e l o c a l b o d i e s
f o r a l l l o c a l b o d i e s bloc
move ( bloc )
// Second MPI communication : Updating remote b o d i e s and i n f o r m
// n e i g h b o u r i n g p r o c e s s about b o d i e s e n t e r i n g t h e i r domain
f o r a l l l o c a l b o d i e s bloc {
update bloc ’ s shadow c o p i e s on remote p r o c e s s e s
send bloc t o a l l n e i g h b o u r s whose domain i t newly i n t e r s e c t s
}
R e c e i v e u p d a t e s and new b o d i e s
delete unneeded remote b o d i e s

3.1.2 The Physics Engine pe
The pe physics engine, originally written by Iglberger (2010), offers all the features for rigid body dynamics
mentioned above. An outstanding feature of this particular physics engine is its flexibility obtained by
high modularity and massive parallelisation. It allows for easy selection among time-integration schemes
and collision resolution algorithms using templates. Additionally, it scales well on large compute clusters,
making simulations of huge swarms of bacteria feasible. For instance, it has already been used for the
simulation of flows of billions of granular particles by Iglberger and Rüde (2010) and Heene (2011).
Furthermore, it can be coupled with other frameworks. Götz et al. (2010b), for example, utilised it with
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waLBerla in order to simulate particulate flows. The coupling of the two frameworks is described in
subsection 3.3.
Force generators such as springs, needed for a swimmer, are attached to the bodies on which they exert
the forces. Therefore, they can be more generally regarded as attachables. Each force generator stores the
bodies it is attached to and vice versa. The bodies, additionally keep track of the bodies and processes
they are connected to via an attachable.
The pe physics engine uses shared (e.g. threads, OpenMP) as well as distributed (Message Passing
Interface (MPI)) memory parallelisations. For large scale simulations, the latter is of special interest.
The communication itself is capsuled inside a Process class providing buffers for the messages to that
particular process. The messages are compressed into a binary format reducing message sizes. Due to the
buffer concept, the number of actual communications can be reduced to two unidirectional communications
between each pair of neighbouring processes per communication step.
The whole simulation domain is subdivided into subdomains of polyhedral shape by connecting processes explicitly. To this end, the boundaries between them have to be given by, for instance, the boundary plane’s normal vector pointing to the foreign process domain and its distance from the origin. All
connected processes are stored in a vector called ProcessStorage and form the neighbourhood of the
local process. Consequently, these processes are called neighbours. In contrast, direct neighbours have
to share at least one common boundary point. All neighbours can communicate via MPI in order to
exchange information about bodies intersecting the connected processes’ domains. In each step, every
process sends a message to all its neighbours and also listens to all of them. This means, however, that
there always is communication between the neighbouring processes, no matter whether there actually is
information to be transmitted. In return, the algorithm does not have to make a decision on whether a
communication is necessary or not. Nevertheless, this is reasonable, as bodies can cross boundaries at
an arbitrary instant of time and therefore have to be transmitted to the neighbouring process. In principle, communication channels can also be created to more distant processes with the connect() function,
which might be useful in the proximity for larger compound bodies. In the limit, however, that means
a bidirectional communication between all pairs of processes which is forbidden by the huge amount of
communication time. This also implies that no body is allowed to move faster than the smallest size
spanned by connected process domains per time step as this would mean skipping the neighbours of
the process the body currently resides in. Then, communication between the old and new owner process
is not possible as neither the geometry information nor a suitable communication channel is available.
Furthermore, no moving body can be larger than this smallest size for the same reasons.
Every process controls the bodies, whose centre of mass is located in this process, and is therefore
called the owner of the respective bodies. Additionally, if a body intersects with another process’ domain,
the owner process informs that process about the intersection. This knowledge is necessary for finding
collisions inside the process domain. A typical example is depicted in figure 6. Process 0 owns and controls
the red spheres, process 1 the blue spheres. A red sphere is also known by process 1 as it intersects its
domain. For the same reason, process 0 has information about two blue spheres. The upper one is colliding
on the left process domain. Subsequently, the restitution force will be sent to the neighbouring owner
process. The remaining spheres are unknown to one of the two processes. Each body stores the processes
it is shadowed to.

3.2 Simulation of Fluids—The Lattice Boltzmann Method
For the simulation of fluid flows, the field of computational fluid dynamics offers methods on different
scales. Classically, the continuum mechanical Navier-Stokes equation is directly solved with, for instance,
finite differences, finite elements, finite volumes, or spectral methods.
Techniques on the microscopic scale consider individual fluid particles (commonly molecules or atoms)
which, of course, is compute intensive due to the large number of particles required. For an example,
consider Avogadro’s constant telling that there are 6.02214 · 1023 molecules in one mole. Now, one mole of
water has a mass of approximately 18 g and therefore a volume of 18 cm3 . Thus, even a cubic millimetre
contains about 3.35 · 1019 water molecules. When regarding the interactions between each pair of par-
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Figure 6: Comparison of the global and process specific views. The red spheres, marked by 0, are managed
by process 0, the blue ones, marked by 1, by process 1. On process 0, only the red spheres and
the intersecting blue ones are known. The right process owns and controls the blue spheres and
holds shadow copies of an intersecting red sphere. The other spheres are only known to one of
the processes, their owner process.
ticles, this number has to be squared. For most interesting problems, these large numbers prohibit any
calculation.
But not every interaction of each pair of particles has to be taken into account individually. Mesoscopic
methods are obtained by considering clusters of fluid particles at discrete positions moving with discrete
velocities only. That can be described by particle distribution functions f (x, v, t) depending on position x,
discrete particle velocity v, and time t.
One scheme working at this intermediate scale is the lattice Boltzmann method that is described in
Aidun and Clausen (2010), for example. Next to the discretisation of time and the discretisation of the
simulation domain into a lattice, whole ensembles of fluid particles concentrated on distinct sites inside
the lattice are considered for this method. Furthermore, the fluid particles are only allowed to move
in certain directions obtained by discretising the velocity space. Nice introductions are given by WolfGladrow (2000), Satoh (2010), or He and Luo (1997). The short overview in this thesis follows this book
and these articles for theory and Iglberger (2011) for notation.
The Boltzmann part of the name is due to its derivation from the Boltzmann equation
∂f
+ ξ∇x f + K∇ξ f = Q (f, f ) .
∂t

(27)

It describes, how the probability to encounter particles with velocity ξ at position x at time t changes
with time by collisions, diffusion, and external force fields. The main problem is the difficult collision term
Q (f, f ) on the right-hand side. For its full complexity, see, for instance, Wolf-Gladrow (2000). Usually,
the BGK model by Bhatnagar, Gross, and Krook (1954) is used to describe that term by relaxation to an
equilibrium distribution f eq . Dropping external forces, the BGK equation reads
∂f
1
+ ξ∇x f = − (f − f eq ) ,
∂t
τ

(28)

where τ is the relaxation time depending on the fluid viscosity and describing the mean collision time.
The formula can also be written in a velocity-discrete form
∂fα
1
+ cα ∇x fα = − (fα − fαeq )
∂t
τ
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(29)

for discrete velocities cα in direction α. The parameters in the discrete case are normalised to the lattice
but share the same letters as their real-world equivalents. The number and directions of the discrete
velocities depend on the chosen model. An n-dimensional model with m discrete velocities is called
DnQm scheme. Two common examples, the D2Q9 and the D3Q19 models, are depicted in figure 7. m − 1
velocities are shown as arrows. The last one, representing particles staying at the same lattice cell, is
visualised just by a letter C and has a velocity of zero. In the D3Q19 scheme, there are 19 different
velocities with three different magnitudes:
cC = c · (0, 0, 0)

>

cT = c · (0, 0, 1)

>

cN = c · (0, 1, 0)

>

cB = c · (0, 0, −1)

>

cE = c · (1, 0, 0)

>

cNW = c · (−1, 1, 0)

>

cS = c · (0, −1, 0)

>

cNE = c · (1, 1, 0)

cW = c · (−1, 0, 0)

>

cSW = c · (−1, −1, 0)

cSE = c · (1, −1, 0)

>

cTN = c · (0, 1, 1)

>

cTW = c · (−1, 0, 1)

>

cTS = c · (0, −1, 1)

>

>

>

cTE = c · (1, 0, 1)

>

cBN = c · (0, 1, −1)

cBW = c · (−1, 0, −1)
>

>

>

cBS = c · (0, −1, −1)

>

cBE = c · (1, 0, −1)

The velocities in the D2Q9 scheme behave accordingly.

Figure 7: Discretisation models for the lattice Boltzmann method. The D2Q9 model in two dimensions with 9 discrete velocities and the D3Q19 model in three dimensions with 19 velocities
(from Iglberger, 2011).
In equilibrium, the time derivative of the single particle distribution function equals zero. That can
mean Q (f, f ) = 0 as well. Satoh (2010) shows one solution for the vanishing collision term that is similar
to the Maxwellian distribution1 multiplied by the macroscopic density ρ
f eq (c) = ρ

 m  D2
 m

2
exp −
(c − u) ,
2πkT
2kT

(30)

describing the velocities of gas particles in thermodynamic equilibrium for a certain microscopic
velocity
R
c and temperature T in D dimensions. The macroscopic mean velocity
is
defined
as
u
=
cf
dc.
k is
q

kT
the Boltzmann constant and introducing the speed of sound2 cs =
m results in an isothermal form.
Incompressible flows exhibit low Mach numbers expressing the ratio of the characteristic fluid flow velocity
1 The
2 The

Maxwellian distribution is also called Maxwell-Boltzmann or Boltzmann distribution.
speed of sound can also be seen as speed at which information travels.
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to the speed of sound. Thus, a truncated Taylor expansion as in Brookes (2009) seems reasonable



 D2


u2
1
c2
c·u
−
=
f eq = ρ
exp − 2 · exp
2πcs
2cs
c2s
2c2s
|
{z
}

(31)

=:ψ(c)

"



= ρψ (c) · 1 +

c·u
c2s



1
+
2



c·u
c2s

"

2 #

c2
(c · u)
c·u
= ρψ (c) · 1 + 2 − 2 +
cs
2cs
2c4s

(32)
2

#
.

(33)

The resulting equilibrium distribution function is a polynomial in c multiplied by the Maxwellian distribution ψ (c), interpretable as a weighting function.
According to Brookes (2009), the first two hydrodynamic moments are density
Z
f eq dc = ρ
(34)
and momentum density
Z

cf eq dc = ρu.

(35)

For discrete calculations, the integrals for the moments become quadrature sums. The amount of weighting
coefficients wα equals the model’s number of discrete velocities cα . The nth moment is approximated by
the sum
Z
X
ψ (c) cn dc ≈
wα cnα .
(36)
α

Therefore, the discrete equilibrium distribution function for velocity α reads
!
2
2
c
(c
·
u)
c
·
u
α
α
− α2 +
,
fαeq (x, t) := f eq (x, cα , t) = wα ρ +
c2s
2cs
2c4s

α = 0, . . . , m

(37)

and the first two moments are density
X

fα =

α

X

fαeq = ρ

(38)

α

and momentum density
X
α

cα f α =

X

cα fαeq = ρu.

(39)

α

Depending on the model, the weights and the speed of sound vary. For both, the D2Q9 and the D3Q19
c2
2
model, the speed of sound cs is related to the lattice Boltzmann speed c = ∆x
∆t by cs = 3 . This result is
obtained by retaining as many of the velocity moments, that define the fluid characteristics, as possible.
These calculations, performed in Brookes (2009) and Satoh (2010), also specify the weights wα when
additionally considering symmetry properties of the lattice.
The equilibrium function therefore reads


3
9
3u2
2
eq
eq
(40)
fα = fα (ρ, u) = wα ρ + 2 cα · u + 2 (cα · u) − 2 ,
c
2c
2c
where the weighting factors wα for the D2Q9 model are

4

for α ∈ {C}
9
wα = 91
for α ∈ {E, S, W, N}

1
for α ∈ {NE, NW, SE, SW}
36
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(41)

(a) The no-slip boundary condition

(b) The free-slip boundary condition

Figure 8: The no-slip (8a) and the free-slip (8b) boundary conditions for the lattice Boltzmann method
before and after streaming (from Iglberger, 2011).
and those in the D3Q19 model are

1

for α ∈ {C}
3
1
.
wα = 18
for α ∈ {E, S, W, N, T, B}

1
for α ∈ {NE, NW, SE, SW, TN, TS, TW, TE, BN, BS, BW, BE}
36

(42)

As space and velocities are discretised, time-integration has to be performed. Therefore, the Boltzmannt
BGK equation (29) is multiplied by an integrating factor of e τ ∆t , then integrated from t to t + ∆t, and
eq
linearised assuming f being smooth enough on (0, ∆t). As can be seen in Brookes (2009), a truncated
Taylor expansion finally yields
1
fα (xi + cα ∆t, t + ∆t) − fα (xi , t) = − [fα (xi , t) − fαeq (xi , t)] ,
τ

(43)

where xi describes a discrete position.
Often this formula is divided into a collision step
1
f˜α (xi , t + ∆t) = fα (xi ) − [fα (xi , t) − fαeq (xi , t)]
τ
and a streaming step

(44)

fα (xi + cα ∆t, t + ∆t) = f˜α (xi , t + ∆t) .
(45)
˜
In the collision step, the particle distribution functions fα (xi , t + ∆t) after the collision are calculated
from those in the previous time step and the equilibrium function. The second step is the streaming step.
There, those post-collision distribution functions are streamed to their new positions according to the
direction α of the discrete velocities. This also implies that there is solely communication amongst the
nearest neighbours. Efficient parallelisation of the lattice Boltzmann method is therefore possible. The
waLBerla framework, described by Feichtinger et al. (2011), has a patch-based parallelisation concept. It
has been run on large compute clusters and has proven to scale well. This makes it an ideal framework
for simulating huge swarms of bacteria in a large domain. Details on implementation and data structures
are given in Feichtinger et al. (2011).
In contrast to the direct discretisation of the Navier-Stokes equation, it is not obvious that the lattice
Boltzmann method actually gives correct results for fluid flows. Here, a multiscale expansion known as
Chapman-Enskog expansion comes into play. In the incompressible limit, the Navier-Stokes equation can
be recovered. Detailed calculations are performed in Satoh (2010) and Brookes (2009).
For the simulations, correct initial and boundary conditions have to be chosen as well. The former can be
set to no flow at all. Further possibilities for moving particles are given in subsection 3.3. Iglberger (2011)
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Figure 9: Coupling between the rigid body dynamics engine pe and the fluid solver waLBerla (from Pickl
et al., 2012).
names some types for the latter as the no-slip and the free-slip boundary conditions. Both are depicted
in figure 8. The no-slip boundary conditions are implemented for real walls where friction occurs and
the relative velocity between the fluid and the wall is set to zero. The distribution functions are simply
reflected at the respective wall:
fα (xi , t) = f˜α (xi , t) ,
(46)
where xi is a fluid cell at the boundary and α denotes the opposite direction of α. The free-slip boundary
conditions can be used for symmetry planes, when only part of the domain is simulated and the other
parts are assumed to be symmetric. According to Sauli et al. (2010), this corresponds to only prescribing a
velocity of zero normal to the wall or a shear stress at the wall of zero. The treatment of curved boundaries
is discussed in subsection 3.3 as well.

3.3 Fluid-Structure Interaction–Coupling waLBerla and pe
For the simulation of bacterial swarms, both, the motion of rigid bodies as well as the fluid flow around
them, has to be considered. Therefore, neither the pe physics engine nor the waLBerla framework for
fluid simulations alone are capable of this more complex task. As Pickl et al. (2012) and Iglberger et al.
(2008) describe, these two pieces of software can be coupled.
The rigid bodies act as moving curved boundaries for the flow simulation. The fluid, in turn, applies
hydrodynamic forces on the bodies. In the flow simulation, the rigid bodies are inserted as moving
boundaries. In the rigid body simulation, the hydrodynamic forces are added to the total force on the
individual bodies. This general process is illustrated in figure 9.
In each step, the rigid bodies have to be mapped into the lattice Boltzmann domain as illustrated in
figure 10. Therefore, each cell is labelled as fluid, body (solid), or boundary cell. The boundary condition
applied at the moving bodies is a modified version of the no-slip condition (46)
fα (xi , t) = f˜α (xi , t) + 6wα ρw (xi , t) cα · uw (xi + cα , t) ,

(47)

where ρw (xi , t) denotes the density in the vicinity of the moving body, wα is the weight according to the
quadrature of the Maxwellian in equation (36), and the velocity uw (xi + cα , t) of the body cells is the
surface velocity vi of body i at the respective position.
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(a) Initial setup: The body cells xb move with velocity uw of the object. This example only treats
translational velocity with a single component.
Fluid cells are denoted by xf .

(b) Updated setup: The two fluid cells left of the sphere have
to be converted into solid cells. Additionally, their particle
distribution functions have to be reconstructed.

Figure 10: Two dimensional mapping of a rigid body into the lattice Boltzmann domain (Götz et al.,
2010a).
The solid cells obviously do not contain fluid particles, and therefore a particle distribution function is
not available. When the particles move, however, the cells can change their flags. Fluid cells in the moving
direction of a body will be converted to solid cells whereas body cells behind it will be converted to fluid
cells. As, in the latter case, there is no particle distribution function available, it has to be reconstructed.
A straight-forward way is setting it to the equilibrium distribution function fαeq (ρ, u) where the density ρ
is the average density of the neighbouring fluid cells and the macroscopic velocity u is set to the velocity
uw of the moving boundary object (Iglberger et al., 2008).
With this mapping, the bodies’ shapes can only be approximated in a staircase-like fashion as depicted
in figure 11. The moving boundary is placed exactly in the middle of two lattice cell centres. The distance
to each of the lattice sites thus is half the distance between the two according nodes
∆=

distance between fluid node and particle surface
= 0.5.
distance between fluid node and particle node

(48)

For the real curved boundary, however, the distances vary as depicted on the right subfigure. This,
obviously, leads to numerical errors as the fluid particles or the particle distribution functions are reflected
at a wrong position. For a more detailed treatment of curved boundaries, see Bouzidi et al. (2001) or Yu
et al. (2003).
The overall procedure can now be formalised, as done in algorithm (2). After initialising the particles
in the rigid body dynamics engine and the fluid flow solver accordingly, the main loop can be started.
There, the collision and stream step of the lattice Boltzmann method are performed. During the reflection
of fluid particles at moving rigid bodies, momentum will be exchanged. This results in a hydrodynamic
force on the bodies Bi
i ∆x
XX h
i
FB
cα 2f˜α (xf , t) + 6wα ρw (xf , t) cα · uw (xf + cα , t)
,
(49)
hydro =
∆t
x
α
Bi

where xBi are all the body cells of body i having at least one fluid cell as neighbour. Afterwards, the
bodies are moved according to all the forces acting on them.
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(a) Approximated geometry

(b) Curved geometry

Figure 11: Approximation of a rigid body in lattice cells (from Iglberger, 2011)

Algorithm 2 Fluid-structure interaction with pe and waLBerla coupled
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22

I n i t i a l i s e ()
// Main l o o p
f o r a l l time s t e p s {
f o r each r i g i d body B {
map B onto t h e l a t t i c e g r i d ( i n c l u d i n g t h e r e s t o r a t i o n o f p a r t i c l e
d i s t r i b u t i o n f u n c t i o n s where n e c e s s a r y )
}
f o r each l a t t i c e
stream ( )
collide ()
}

cell {

f o r each l a t t i c e c e l l a d j a c e n t t o or c o n t a i n i n g r i g i d b o d i e s
i
a p p l y f o r c e FB
hydro onto t h e body
}
f o r each r i g i d body B {
move B a c c o r d i n g t o t h e a p p l i e d hydrodynamic and e x t e r n a l f o r c e s
}
}
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4 The Swimmer Model and its Problems
After some insight in the simulation software has been given, the “simplest swimmer model” suggested
by Najafi and Golestanian (2004) is analysed in more detail. Here, the properties of the variation found
in Pickl et al. (2012) are described. A few problems related to the pe framework and the parallelisation
of the swimmer model and some solutions are given in the following sections.

4.1 Najafi and Golestanian’s Simplest Swimmer Model
Purcell’s (1977) scallop theorem (confer section 2) requires a swimmer at low Reynolds numbers to have
at least two degrees of freedom. Najafi and Golestanian (2004) thus presented their simplest swimmer
model with exactly two degrees of freedom. It consists of three beads whose motions are restricted by two
stiff rods with variable lengths. One might also think of the model as three spheres connected by springs
sliding on a long, possibly infinite rod. If the rod is cylindrical, there is no difference. If, however, the rod
is prismatic, the spheres’ relative rotation around the rod axis has to be zero. When one can ensure that
the swimmers only move in a single direction along the rod, the rod can even be omitted.
This resulting simplest case has been shown by Pickl et al. (2012) and is depicted in figure 12. The
three spheres have the same radii rsph and masses msph . The connecting damped harmonic springs S1
and S2 also show the same behaviour resulting in identical stiffness constant k, damping parameter γ, and
rest length l0 . According to Hooke’s law with damping, the springs exert the forces
Fharmonic,2 = −k∆x1 − γ (u2 − u1 ) ,

(50)

Fharmonic,1 = k (∆x1 + ∆x2 ) + γ (u2 − u1 + u3 − u1 ) ,

(51)

Fharmonic,3 = −k∆x2 − γ (u3 − u1 )

(52)

on the three beads, where ∆xi is the (directed) displacement of spring i from its rest length l0 and ui
is the current velocity of bead i. With the two frameworks, however, it is possible to further vary the
model by changing the geometry. Instead of spheres, Pickl et al. (2012) also investigated the effect of hard
spherocylinders in different orientations and spheres with different radii. As another variation, circular
swimmers with a predefined angle between the two springs have been proposed in Ledesma-Aguilar et al.
(2012).

Figure 12: A variation of the simplest swimmer according to Pickl et al. (2012). Three beads of identical
radii rsph and masses msph connected by two springs with spring constant k, damping parameter
γ, and rest length l0 .

4.2 The Cycling Strategy and Validation Thereof
To obtain a self-propelled swimmer, the spheres are driven by a force protocol. Due to the motion, a flow
in the surrounding fluid will be introduced. In vacuum without the influence of external forces such as
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gravity, however, the swimmer should not move at all. Therefore, the sum of the forces exerted on the
spheres has to add up to zero at each time step. In a low Reynolds number regime, the cycling strategy
also has to be non time-reversible, as stated in Purcell’s (1977) scallop theorem. Therefore, the two outer
spheres are driven by the following shifted sinusoidal forces with amplitude A and frequency ω, only in
the direction hi of the force generator at sphere i. For a linear swimmer, the hi are usually identical and
point in the swimmer’s direction of movement.


2πt
h2
(53)
Fdriving,2 = −A · sin (ωt) h2 = −A · sin
T




 2πt 2πτ 
2π (t + τ )

(54)
Fdriving,3 = A · sin
h3 = A · sin 
 T + T  h3
T
|{z}
φ

Fdriving,1 = − (Fdriving,2 + Fdriving,3 )

(55)

The period is given by T = 2π
ω and the phase shift by φ =
assuming the swimmer moves along one axis only.

Magnitude of driving force [10−6 N]

0.008

2πτ
T .

These forces are visualised in figure 13,
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Figure 13: The forces exerted on the beads for a non time-reversible motion (see Pickl et al., 2012).
In order to validate this strategy in the physics engine pe, the swimmer is modelled and driven by the
force protocol. Without the surrounding fluid, no net motion should be observed. The simulation results
have been compared to an analytical calculation based on the Lagrangian of a non-dissipative assembly.
For further details, refer to Pickl et al. (2012).
As opposed to the previous validation, the swimmer are now simulated in the coupled environment, as
the motion of the spheres induces a flow into the fluid. This, in turn, will exert a force onto the swimmer
which therefore should move.
Then, the positions of the spheres and the state of the springs behave like those depicted in figure 14.
Initially, the swimmer is at rest. Thus, the force on body 3 has to be withheld for a quarter period. Subfigure 14a qualitatively shows some distinctive states of the swimmer obtained by theoretical considerations
whereas subfigure 14b depicts the positions obtained by simulations in lattice cells. The swimmer at step
(i) is in its resting position. The springs S1 and S2 are not yet displaced both resting at length l0 . For
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(b) Positions from the simulation. The z-position is measured in lattice cells (Pickl et al., 2012).

(a) Qualitative positions of the spheres
according to the cycling strategy.

Figure 14: Non time-reversible motion about the distance ∆ due to the force protocol applied to a swimmer
in surrounding fluid. The length of the springs varies periodically from the minimum length
lmin to the maximum length lmax , whereas the rest length is l0 .
a quarter period length, only the driving forces Fdriving,2 and Fdriving,1 are exerted on spheres 2 and 1,
respectively, stretching spring 1 and compressing spring 2. When Fdriving,3 comes into effect, spheres 1 and
2 are still moving apart. The decaying relative driving force and the spring force, however, will balance at
a certain time (ii), resulting in the maximum elongation lmax of spring 1. As the driving force Fdriving,1 is
about to change the direction of sphere 1 and thus increasing the length of spring 2 and decreasing that
of spring 1, both springs reach the same length l0 < l1 = l2 < lmax in some intermediate time step (iii).
As a consequence of Fdriving,3 reaching its peak value, spring 2 takes on its maximum length lmax at time
(iv). From (iv) to (v), with Fdriving,3 decreasing and Fdriving,2 increasing to its maximum at step (vi),
S1 compresses to its minimum length lmin . Once again, in step (vii), both springs have identical lengths
but the driving forces are opposed to that in step (iii). In the next step (viii), the maximum driving
force is exerted on sphere 3 leading to minimum length lmin for spring 2. With Fdriving,2 decreasing to its
minimum and Fdriving,3 decreasing to zero, the swimmer arrives at the configuration (x) which equals that
in (ii). Thus, a complete swimming cycle has been described in which the swimmer has moved forward by
a distance of ∆. The force protocol can now be applied for subsequent cycles, starting at step (ii) because
there is no more transient oscillation.

4.3 Problems of the Current Implementation
Although a single swimmer model and the cycling strategy could be implemented successfully in both,
the physics engine alone and in a coupled environment with the lattice Boltzmann framework, problems
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occur when proceeding to swarms of swimmers. Probably, one might want to parallelise the simulation
due to the huge amount of swimmers. In principle, both, pe and waLBerla feature massive parallelism.
Nevertheless, force generators, such as springs, cannot cross pe’s process boundaries. This limitation
and a solution is described in more detail in the following section. Once parallelised, swimmers can also
collide, just as bacteria do in their swarms. If there is a collision, the springs will allow for bending,
which, however, is not observed in most bacterial species. A description of this second problem is given
in section 6, including an answer to the question how to counteract it.
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5 Parallelising Springs
In the previous section, two problems of the current implementations have been mentioned when multiple swimmers should be simulated. Especially for large numbers, parallel execution is inevitable. This,
however, requires a whole swimmer to move from one process to another. Furthermore, one of these
microscopic devices might span over several processes that are not directly neighbouring. For the computation of the spring forces, their lengths have to be known. This information is only stored implicitly by
the positions of the attached bodies, that not necessarily reside on the same process. For this purpose,
shadow copies of the remote bodies connected to local bodies via springs have to be maintained by the
local process. As springs are derived from the Attachable class and the implementation should be able
to handle all of them, one should rather speak of parallelising attachables instead of springs. Therefore,
these terms can be used interchangeably in this section. In principle, pe’s communication model allows
for communication among processes farther away from each other. This, however, requires all processes
to be explicitly connected and therefore added to the neighbourhood and the ProcessStorage. Thus, in
each time step, messages will be exchanged causing unnecessary overhead. The usual case where a process
in a three dimensional Cartesian grid is connected to its 26 direct neighbours, has to be augmented by
communication channels to processes farther away. These channels should be available, if and only if
there is information to be exchanged between the two processes involved, and therefore must be managed
actively. Introducing a new DistantProcess class and adapting the communication routines to the new
class serves this purpose. The DistantProcesses are stored in a DistantProcessStorage container, if
the communication channel is required.
Additionally, if a body migrates from one process domain to another, that is its centre of mass crosses
the boundary and therefore changes its owner, the attached springs have to be sent there as well. This
is done by the new communication routines for springs. A call to sendSpring() internally encodes the
relevant spring parameters like its rest length, spring stiffness, and damping coefficient along with the
attached body identifiers into a byte representation and stores it in a buffer for combined sending to
the receiving process. On the other process, the byte string is received, stored in a buffer and decoded
message by message. Eventually, the decodeSpring() method is called that interprets the contents as
spring parameters and instantiates the spring. The sending routine has to assure that all attached bodies
are known to the receiving process before the spring is sent as these are needed to instantiate the spring
on the neighbouring process. For this purpose, the shadow copies attached to the spring are sent to the
migrating body’s new owner as well. A spring does not migrate in the same way as a body does. As there
is no owner, it is rather instantiated on the neighbouring process but might also remain on the process,
if it is still attached to a local body. That means, there can be more instances of the same spring only
responsible for forces on local bodies. Yet, there is an indirect coupling of the instances by the attached
bodies. If a shadow copy on the local process gets destroyed, the spring is detached and therefore destroyed
as well.

5.1 The DistantProcess Class
At first, the pe physics engine is extended by communication routines between non-adjacent processes.
Therefore, the DistantProcess class, whose structure can be seen in algorithm 3, is introduced. In
contrast to the existing Process class, the location or geometry of the distant process domain is not
available. The main pieces are the send and receive buffers for combining the messages about individual
bodies into a single one. In principle, the corresponding classes contain a byte string and convenient access
functions.
So far, there are only minor differences between the Process and DistantProcess classes, sharing
a common base class. For the latter, however, it is not feasible to maintain communication channels
between each and every possible pair of processes. This not only might be a waste of memory but
more important a waste of time due to needless communication, especially in large scale simulations.
Consequently, the vector of distant processes to communicate with has to be managed actively. One way
to do so is keeping track of the number of shadow copies from a distant process. A DistantProcess is
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Algorithm 3 DistantProcess Class
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

class DistantProcess {
public :
// MPI communication f u n c t i o n s
void send ( i n t tag , MPI_REQUEST∗ r e q u e s t ) ;
void r e c e i v e ( i n t t a g ) ;
// R e f e r e n c e c o u n t i n g
i n t getNumBodies ( ) ;
void increaseNumBodies ( ) ;
void decreaseNumBodies ( ) ;
private :
int
numBodies_ ;
S e n d B u f f e r send_ ;
R e c v B u f f e r recv_ ;
}

instantiated whenever a body is received that is owned by a process neither present in the ProcessStorage
nor in the DistantProcessStorage. Therefore, communication with a distant process not yet kept in the
DistantProcessStorage is required. Obviously, the number of shadow copies from the newly instantiated
DistantProcess can be increased by one at once. Additionally, a new DistantProcess can be created
in case a shadowed body changes its owner process. Again, the number of bodies from the new owner
process is increased and that of the old owner process is decreased. A decrease also takes place when
a remote body is no longer used and deleted from the process domain. In order to quickly obtain the
owner processes of a remote body, the BodyTrait class as a base class for all rigid bodies simulated in the
pe is augmented by two members. These are the rank of the owning DistantProcess as an integer and
a handle (or pointer) to that DistantProcess. Additionally, for local bodies, this class is extended by
a container for attached processes. This allows for conveniently accessing the processes holding shadow
copies of this local body, which is especially useful when sending updates.
Due to the two separate storage containers for connected and distant processes, the amount of communication can be controlled depending on whether messages to the neighbours suffice or messages to
DistantProcesses are required. As there is always communication with the processes stored in the
DistantProcessStorage, the processes should be deleted as soon as they do no longer require the exchange of information in order to save communication overhead.
There can be more than one shadow copy of different bodies from the same distant process. Thus, it
is not possible to simply delete a DistantProcess when a local body, that is attached to a remote body
on that process, leaves the local domain. Still, there might be other remote bodies from that process.
Therefore, only the number of bodies from this process is decreased. With this method, additional
difficulties have to be considered. It is clear that a body being received does not increase the reference
counter, if it is already known on the local process. On the other hand, the counter must not be decreased
when a local body connected to the distant process leaves the local domain because it could be attached
to other local bodies as well. Therefore, all the attached bodies of the shadow copy have to be checked.
Only if there is no other local body attached to the remote body, it can be deleted, and the reference
counter can be decreased. The process, however, is not destroyed immediately after the reference counter
reaches zero as it might be needed for newly received bodies in the same time step. Only at the end of the
time step and if the reference counter is zero, an instance of the DistantProcess class is deleted. When
a shadowed body changes its owner process, obviously, the number of bodies from its former owner has
to be decreased and the reference counter of its new owner has to be increased as well.
The basic DEM algorithm (4) is illustrated with an example demonstrating some pitfalls of the implementation in the following subsection. Here, the individual steps are described in more detail. First of all,
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Algorithm 4 A time step of the basic discrete element method with parallel springs
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

f i n d a l l c o n t a c t s C i n s i d e t h e domain
for a l l c o n t a c t s c in C
resolveContact (k)
}
// F i r s t MPI communication : Sending f o r c e s and t o r q u e s
f o r a l l remote b o d i e s brem
send f o r c e and t o r q u e on brem t o i t s owner p r o c e s s
R e c e i v e and apply f o r c e s and t o r q u e s on r e s p e c t i v e l o c a l b o d i e s
f o r a l l l o c a l b o d i e s bloc
move ( bloc )
// Second MPI communication : Updating remote b o d i e s and i n f o r m
// n e i g h b o u r i n g p r o c e s s about b o d i e s e n t e r i n g t h e i r domain
f o r a l l l o c a l b o d i e s bloc {
update bloc ’ s shadow c o p i e s on remote p r o c e s s e s
send bloc t o a l l n e i g h b o u r s whose domain i t newly i n t e r s e c t s
i f bloc ’ s c e n t r e o f mass has l e f t p r o c e s s domain
m i g r a t e bloc and mark a t t a c h a b l e s t o be s e n t
}
R e c e i v e u p d a t e s and new b o d i e s // L o c a l s e n d e r p r o c e s s i s up−to−d a t e now .
// Third MPI communication : Sending a t t a c h a b l e s and shadow c o p i e s
f o r a l l a t t a c h a b l e s asend t o be s e n t {
f o r a l l b o d i e s batt a t t a c h e d t o asend {
send shadow copy o f batt t o noted p r o c e s s
}
send a t t a c h a b l e asend t o noted p r o c e s s
}
r e c e i v e shadow c o p i e s and a t t a c h a b l e s and i n s t a n t i a t e
DistantProcess e s i f n e c e s s a r y
delete unneeded remote b o d i e s , a t t a c h a b l e s , DistantProcess e s

the collisions are detected and resolved by calculating the contact forces. For each remote body, the forces
have to be sent to their respective owner processes. To this end, the forces are encoded in a byte stream
and stored in the send buffer of the receiving process. After this is done for all bodies, MPI communications between the processes in the ProcessStorage only take place in order to send the contents of the
buffers and receive the messages addressed to the local process. The receive buffer is filled with the byte
representation and decoded afterwards. Within this process, the obtained forces are added to the local
bodies. In the next step, the local bodies are moved according to the received and locally appearing forces
and torques by a time integration step. Currently, the semi-implicit Euler scheme is applied. The new
positions, velocities and orientations are then encoded into a byte representation and stored in the send
buffers of all the Processes and DistantProcesses holding a shadow copy of the local body. That is why
each rigid body stores handles to all these processes. In case of a migration, the body’s ownerRank_ and
ownerHandle_ members are updated and the list of processes holding shadow copies is sent to the new
owner. Additionally, all holders of shadow copies are informed about the change of ownership. Attachables
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connected to a migrated body are marked for being sent as well. This operation itself is postponed to a
newly introduced third communication step as information about the attached bodies with respect to its
owner might be outdated. If a body is intersecting another process’ domain for the first time, its handle is
added to the body’s list of processes holding shadow copies. Furthermore all relevant information about
the body such as position, velocities, and orientation, are sent to that process.
If a local body leaves the simulation domain, all registered processes are to receive a deletion notification. Any attachables requiring this body will be destroyed. When all the new pieces of information
are filled into the respective buffers, an MPI communication channel is opened to every neighbouring
(or, more generally, connected) Process in the ProcessStorage and to every DistantProcess in the
DistantProcessStorage. Receiving and decoding works just as above. The local process now possesses
current information, especially about the owners of remote bodies. These might be important for the
processes a local body has just migrated to, as they will have to communicate with each other in the next
time step. As the new communication partners do not know about each other beforehand, the previous
owner process has to act as a relay station. The up-to-date information about attachables can now be sent
to the new owner processes along with the updated shadow copies required to instantiate these attachables. This is the only occasion in which bodies are not sent by their owners. The processes of encoding,
sending, receiving, and decoding are essentially the same as above. Now, all the information required for
the next simulation step has been distributed to the respective processes. The last step is cleaning up
the remainders of previous simulation steps such as remote bodies no longer connected to local bodies
or attachables only attached to remote bodies. Furthermore, distant processes from which there are no
remote bodies can be deleted in order to avoid unnecessary communication in the upcoming simulation
steps.

5.2 Example: Expansion and Rotation of Swimmers
Imagine two spheres with identical properties connected by a compressed spring as depicted in figure 15a.
They have to be set up in a single process domain due to pe’s restriction of a process only knowing its
own bodies. Remote bodies cannot be created explicitly. If the spring’s centre is identical to the process
domain’s centre, the bodies obviously will leave the process domain at the very same time instant when the
spring is extending. The spheres are copied to the processes on the left- and right-hand sides. A shadow
copy of sphere II is created on process 3, one of sphere I on process 5. The spheres will move further apart
until their centres of mass cross the process boundaries. During updating the shadow copies on processes 3
and 5 in the second communication step, the ownership of sphere I is then transferred to process 3, that
of sphere II to process 5. The formerly local spheres on process 4 are converted into shadow copies with
the ranks and handles of the new owners. Before a spring or another attachable can be instantiated on
the new owner processes, all attached bodies have to be known there. In general, however, the previous
owner, cannot copy its outdated shadow bodies and their owner processes do not yet know about the new
communication partner. Nevertheless, these processes will have to communicate with each other in the
upcoming time steps in order to calculate the spring’s length and the respective restoring forces. This
is not a problem, if the two bodies attached to each other do not migrate in the same time step. Then,
the communication partner obviously is the process the body has migrated from. That is why this is the
most challenging case occurring. In this fortunate case, however, both bodies are known to the central
process. Thus, they can be transmitted in the third communication step. For this purpose, a shadow copy
of sphere II is sent to process 3 and a shadow copy of sphere I is sent to process 5 before the spring is sent
there as well. Receiving the shadow copies, a DistantProcess for process 5 is instantiated on process 3
and vice versa. The corresponding reference counter for bodies from the DistantProcess is set to one.
Process 3 now holds a shadow copy of sphere II, residing on DistantProcess 5. The inverse configuration
is found on process 5. Therefore, the spring received after the shadow copies can be instantiated. As none
of the spheres is owned by process 4 any longer, its local instance of the spring can be destroyed.
After completely leaving process 4, as depicted in figure 15b, the shadow copies of spheres I and II still
residing there can be destroyed as well. Figure 15c, after the spring has fully expanded and is staying
at its rest length, shows the impulses exerted on the two spheres afterwards in order to rotate the whole
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Figure 15: Two springs connected by a compressed spring. After the spring has expanded, the whole
construct is rotated.
construct, as shown in figure 15d. Once again, the spheres will cross process boundaries at the same time
instant. Process 6 creates a shadow copy of sphere I and process 2 one of sphere II. When the ownership
changes and the attachables should be transmitted as well, the above problem fully applies. The new owner
of sphere II, process 2, is not known on process 3 and the new owner of sphere I, process 6, is not yet
known on process 5. In other words, the previous owner processes 3 and 5 do not know that the attached
spheres also have left their process domain. Their shadow copies are outdated and therefore cannot be
sent to processes 2 and 6. After a distant communication in the second communication step between
processes 3 and 5 and receiving the message that the remote bodies I and II have migrated to processes 6
and 2, the shadow copies on processes 3 and 5 are up-to-date. Now, in a third communication step, they
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can send up-to-date shadow copies and thereby inform the new owners about their new communication
partners. The old owner processes effectively act as relay stations. The attachables can be sent to and
instantiated on processes 2 and 6 and destroyed on processes 3 and 5. There, the DistantProcesses can be
deleted as well and the spheres only remain as shadow copies. The third communication step is performed
between processes in the local ProcessStorage only, as it is only relevant for bodies just having migrated
to a connected process. The time consumed for an additional communication step can be saved when
postponing the exchange of the relevant information to the first communication cycle in the next time step,
as shown in algorithm (5). As a drawback, the implementation is not fully compatible with pe’s framework
as the spring force generators can only apply the restoring forces after the first communication step. pe,
however, calls this function before the collision step. Furthermore, the information on some processes might
be inconsistent between time steps. For example, the user cannot retrieve correct information about the
processes a body is mirrored to. Additionally, the sinusoidal forces for the swimmer’s self-propulsion have
been applied manually between time steps. In order to use it with the two-step communication and for
convenient access, a SineMotor class has been provided within this thesis, generating forces according to
the current time, the given amplitude, frequency, and phase shift. These forces are applied automatically
in every time step. If it is assured, that the next time step is following immediately after the previous
one without any user interference, only the last simulation step needs a third communication to assure
consistency right before the user might interfere.
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Algorithm 5 A time step of the discrete element method with only two communication steps
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34

f i n d a l l c o n t a c t s C i n s i d e t h e domain
for a l l c o n t a c t s c in C
resolveContact (k)
}
// F i r s t MPI communication : Sending f o r c e s , t o r q u e s , b o d i e s , and a t t a c h a b l e s
f o r a l l remote b o d i e s brem
send f o r c e and t o r q u e on brem t o i t s owner p r o c e s s
f o r a l l a t t a c h a b l e s asend t o be s e n t {
f o r a l l b o d i e s batt a t t a c h e d t o asend {
send shadow copy o f batt t o noted p r o c e s s
}
send a t t a c h a b l e asend t o noted p r o c e s s
}
r e c e i v e shadow c o p i e s and a t t a c h a b l e s and i n s t a n t i a t e
DistantProcess e s i f n e c e s s a r y
delete unneeded remote b o d i e s , a t t a c h a b l e s , DistantProcess e s
R e c e i v e and apply f o r c e s and t o r q u e s on r e s p e c t i v e l o c a l b o d i e s
f o r a l l l o c a l b o d i e s bloc
move ( bloc )
// Second MPI communication : Updating remote b o d i e s and i n f o r m
// n e i g h b o u r i n g p r o c e s s about b o d i e s e n t e r i n g t h e i r domain
f o r a l l l o c a l b o d i e s bloc {
update bloc ’ s shadow c o p i e s on remote p r o c e s s e s
send bloc t o a l l n e i g h b o u r s whose domain i t newly i n t e r s e c t s
i f bloc ’ s c e n t r e o f mass has l e f t p r o c e s s domain
m i g r a t e bloc and mark a t t a c h a b l e s t o be s e n t
}
R e c e i v e u p d a t e s and new b o d i e s
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6 Designing Angular Springs
When simulating multiple swimmers, new problems occur, if two or more swimmers collide. On resolving
a collision between their bodies, the restoring forces might deform the swimmers. This bending is not
observed in most bacteria and might also interfere with the cycling strategy. The swimmers, therefore,
should always retain their principle shape. That means the bodies’ relative rotation and angular velocity
is to be preserved. The angular velocity of the whole construct can be calculated by the spheres’ relative
linear velocity and should match their individual rotational velocities. For instance, three spheres should
always lie on one axis for Najafi and Golestanian’s (2004) simplest swimmer model or describe a certain
angle as Ledesma-Aguilar et al.’s (2012) circle swimmer does.
The original model by Najafi and Golestanian (2004) connects the beads by a stiff rod with variable
length to guarantee such behaviour. The same can be achieved by cylindrical or prismatic joints. The
latter is also known as slider joint and, additionally, prohibits relative rotation of the connected bodies.
Pickl (2009) showed how to integrate joints as stiff motion constraints for linear complementarity problems
into the pe physics engine, based on Erleben et al. (2005). This method, however, is not easily transferable
to the discrete element method. Rather than forbidding certain moves beforehand, the spheres’ motions
are not restricted in the first place but corrected afterwards. This concept fits well for the DEM solver as
it employs the same kind of penalty method in its collision response when two rigid bodies overlap and are
repelled thereafter. A technical implementation can be imagined as an angular spring between each pair
of the spheres, additionally inserted next to the extension/compression spring. The angular spring allows
for motion along the angular spring’s legs but restricts motion orthogonal to them. The angular velocity
of the individual attached bodies should meet the overall angular velocity ωspring of the construct. For
details on the physics, refer, for instance, to Goldstein et al. (2002).

Figure 16: Swimmer model extended by angular springs for keeping the spheres aligned on one axis. For
a better visualisation, the extension/compression springs are not depicted.
A schematic view of the extended swimmer model is depicted in figure 16. For the simulation, the pe
physics engine is extended by an AngularSpring class as a specialisation of the ForceGenerator class.
As such, it also is an attachable and thus can be used in parallel environments just as the extension/compression spring in the preceding section.
In the following, a simpler model consisting of only two spheres and an angular spring, see figure 17a,
is considered for the basic properties of the angular spring. If one of the spheres is displaced from their
supposed location or orientation, restitution forces are applied. At first, the behaviour of the angular
spring for a purely translational displacement, for example after collisions, is investigated. Assume the
left sphere has moved a little bit upwards as depicted in figure 17b. The normalised reference vectors d1
and d2 of the spheres, that, ideally should lie on the spring’s axis
d=

x1 − x2
|x1 − x2 |

(56)

do no longer point to each other. x1 and x2 denote the positions of sphere 1 and 2, respectively.
αi
The vectors α1 and α2 are rotation vectors representing rotations around the axis |α
about the angle
i|
αi := αi between the reference vectors and the spring’s axis. They are normal vectors of the planes
spanned by one of the two reference vectors di and the axis vector d shifted to a common origin. A
rotation of the first reference vector around the axis α1 by the magnitude |α1 | aligns the reference vector
to the spring’s axis. The torques τ1,offAxis and τ2,offAxis generated by these offsets can be calculated by
τ1,offAxis = −ka · α1

and τ2,offAxis = −ka · α2 ,

(57)

(a) In equilibrium, the reference vectors point to each
other.

(b) After a collision, sphere 1 on the left has an upward
velocity v1 6= 0 and is slightly displaced. The dashed
line represents the new axis of the spring and serves
as orientation for the reference vectors.

Figure 17: Two spheres connected by an angular spring. The local reference vectors d1 and d2 should
always point to each other.
where ka denotes the angular spring’s torsion coefficient or rate. These torques are non-zero, if and only
if, the reference vectors do not lie on the connecting line of the spheres’ centres, as reflected by the αi
being zero. These torques affect the whole construct and are therefore interpreted as a couple of forces as
shown in Watari and Larson (2010). Applying these forces on the spheres is effectively applying a torque
on the whole construct. The calculation, again, follows the right-hand rule
F=

τ ×r
2

|r|

,

(58)

where F is the force according to a torque τ in a distance r. The torque obtained by the couple of
forces, however, acts in the opposite direction in order to obtain a total torque of zero. For the torque
counteracting the angular offset from the axis, the forces
F1,offAxis =

τ1,offAxis × (x2 − x1 )
2

|x1 − x2 |

and F2,offAxis =

τ2,offAxis × (x1 − x2 )
2

|x1 − x2 |

(59)

are obtained.
Additionally, the spheres should rotate with the same angular velocity as the whole construct in order to
keep the reference vectors and the angular spring’s axis aligned when the whole construct rotates. Thus,
the reason for the previous deviation can be alleviated. The angular velocity of the whole construct ωspring
is calculated from the individual formulas for the cross-radial velocities
v1⊥ = ωspring × `1

and v2⊥ = ωspring × `2 ,

(60)

where the cross-product is denoted by ×, x1 and x2 are the sphere’s positions, v1⊥ and v2⊥ their linear
velocities orthogonal to the angular spring’s axis, ωspring describes the overall angular velocity which is to
be determined, and `1 and `2 are the distance vectors from the point of rotation xrot that is assumed to
lie on the angular spring’s axis
`1 = x1 − xrot

and `2 = x2 − xrot .

The relative translational velocity orthogonal to the spring’s axis then reads

v1⊥ − v2⊥ = ωspring × (`1 − `2 ) = ωspring × (x1 − x2 ) .
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(61)

(62)

Just as with the usual relationship between angular and cross-radial velocity
v⊥ = ωspring × ` ⇔ ωspring =

` × v⊥
2

|`|

,

(63)

holding, if the three vectors are mutually perpendicular, formula (62) can be rearranged to solve for the
overall angular velocity

(x1 − x2 ) × v1⊥ − v2⊥
.
(64)
ωspring =
2
|x1 − x2 |
The orthogonal velocities can be easily calculated as the difference of the spheres’ linear velocities v1 and
v2 and their inner products with the normalised axis vector d:


v1⊥ = v1 − v1> · d · d and v2⊥ = v2 − v2> · d · d.
(65)
The cross product × of their relative orthogonal velocity and their distance vector thus yields the
overall angular velocity up to the factor of the squared distance. The spheres might also rotate around
a point outside the line segment between the spring’s two bodies, especially when considering the case
of having another angular spring attached to one of them, as for a swimmer with more than two beads.
Introducing a damping coefficient γa for the angular spring as well, a restoring torque synchronising the
angular velocities is calculated by
τ1,spring = −γa (ω1 − ωspring )

and τ2,spring = −γa (ω2 − ωspring ) .

(66)

These torques are applied on the individual spheres. Although these torques suffice for the two-bead
“swimmer” (that does not swim due to its single degree of freedom) rotating orthogonal to the spring’s
axis, they allow for a deformation in the three-bead case: The spheres do no longer lie on one axis when
rotating but the swimmer’s arms enclose a varying angle smaller than 180◦ . New criteria had to be chosen
that do not influence the two-bead “swimmer” but stabilise the three-bead swimmer.
An additional penalty criterion is the angle β = ^ (d1 ; −d2 ) between the two reference vectors themselves. With a rotation vector β with length β orthogonal to the plane spanned by d1 and d2 the resulting
restoring torques read
τ1,offset = −ka · β

and τ2,offset = −τ1,offset = ka · β.

(67)

Again, rotation of the reference vector in sphere 1 around β as described above yields an angle of 180◦
between the reference vectors. One of the vectors has to be negated because the original vectors should
be opposed to each other. That actually means the difference angle is corrected by an angle of π or 180◦ .
Again, this torque is only applied, if and only if the two reference vectors do not enclose an angle of 180◦ .
Furthermore, the relative angular velocity of the spheres is taken into account by extending the spring
by a damping coefficient γa . The resulting torques are obtained by
τ1,rot = −γa (ω1 − ω2 )

and τ2,rot = −τ1,rot = −γa (ω2 − ω1 ) ,

(68)

where ωi expresses the angular velocity of sphere i. These torques are zero, if the spheres rotate with the
same angular velocity.
A last restoring torque τi,perpendicular is applied on the spheres to synchronise their rotation around the
⊥
spring’s axis. This is achieved by introducing two more reference vectors d⊥
1 and d2 orthogonal to it. A
restoring torque is calculated as in formula (67)
τ1,perpendicular = −ka · β ⊥

and τ2,perpendicular = −τ1,perpendicular = ka · β ⊥ ,
(69)

⊥
⊥
mapping d⊥
where β ⊥ is the rotational vector with length β ⊥ = ^ d⊥
1 on d2 .
1 ; d2
As these torques and the spring’s axis are collinear, no additional forces have to be exerted on the
spheres. The relative angular velocity parallel to the spring’s axis is already treated by formula (68).
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The total torques and forces are therefore
τ1 = τ1,offAxis − τ2,offAxis + τ1,offset + τ1,rot + τ1,perpendicular + τ1,spring ,

(70)

F1 = F1,offAxis − F2,offAxis ,

(71)

τ2 = τ2,offAxis − τ1,offAxis + τ2,offset + τ2,rot + τ2,perpendicular + τ2,spring ,

(72)

F2 = F2,offAxis − F1,offAxis .

(73)
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7 Test Cases
This section is dedicated to testing the newly implemented features described in the previous sections.
The simulations are carried out using the physics engine only without coupling it to a fluid solver. For
the performed simulations, the radius of the spheres is set to 0.5. A process domain measures 5.0 in
each of the three dimensions. Where applicable, the stiffness of extension/compression springs is set to
1000, their damping coefficient to 20 in order to approach the stiff limit. The respective quantities for
angular springs are equivalent. A single sufficiently small time step for the appearing forces and torques
generated by the springs covers 0.001 time units, and the number of conducted steps is stated separately
for each individual test case. For the first two examples, there are no angular springs involved. Only
extension/compression springs are used to connect the spheres. As a first example, it is described, how
springs expand over multiple process domains in order to demonstrate the correctness of the send and
receive routines and the flexible management of DistantProcesses. The second test case starts, after
the springs have come to rest. Then, the two-bead swimmer is rotated by applying forces on the spheres’
centres of mass in order to demonstrate that the information about future communication partners is
properly passed to the neighbouring process. In the third example, the extension/compression spring is
left away. Instead, an angular spring is put between the spheres. As in the first test case, forces in opposite
direction are exerted onto the spheres in order to initiate a rotation. For infinitely large spring stiffnesses
and damping coefficients, the angular spring behaves like a stiff rod on which the spheres slide. For the
fourth case, both types of springs are employed. Next to the rod-like behaviour of the angular spring,
the extension/compression spring restricts motion in the direction of the spring’s axis. Therefore, in the
stiff limit, the spheres appear to be fixed on a massless stiff rod. The last two test cases show angular
as well as extension/compression springs. The first one is designed for checking whether angular springs
can span over several process domains. Additionally, the behaviour of the springs when a body leaves the
process domain is investigated. In the final test case, two swimmers approaching each other are simulated
in order to show the collision handling.

7.1 Parallelised Springs
How springs and other attachables are enabled to move across process boundaries has been shown in
section 5. In figure 18, a practical simulation example using these implementations is shown. Each of two
pairs of spheres is connected by an initially compressed spring with rest length l0 = 10, as depicted in
subfigure 18a. With the springs extending, the spheres will reach the process boundaries and therefore will
be sent to the directly neighbouring processes. Subfigure 18b visualises the spheres just before crossing the
boundaries, subfigure 18c just after they have migrated. A migration is indicated by a change in colour.
As the springs are not destroyed, the connected bodies have been successfully copied to the neighbouring
processes. The springs reach their maximum extension in subfigure 18d. The velocities of the spheres
along the springs’ axes have reached zero and invert their direction. The spring length decreases again
and reaches its local minimum at subfigure 18e. After some more damped oscillations, the spring stays at
rest after about 1700 time steps, which is shown in subfigure 18f.

7.2 Rotating Two-Bead “Swimmers”
The previous test case is continued by applying impulses of 0.8 in upward direction on the left sphere and
in downward direction on the right sphere after 2000 time steps. Figure 19 shows different states of the
“swimmer’s” rotation. The first snapshot in subfigure 19a is taken 680 time steps later and depicts a slight
clockwise rotation of the “swimmer”. As there is no angular spring attached, the sphere’s angular velocity
is not influenced and thus their orientation stays the same throughout the simulation, given no collision
occurs. While revolving, the spheres and—along with them—the springs cross multiple domain boundaries. also visiting the upper left and right domains that already communicate with one another. A new
DistantProcess has to be created on the top left domain when the moving sphere migrates to its domain.
As the communication flows smoothly, this indicates that the management of the DistantProcesses and

33

(a) Initial setup

(b) Just before the spheres’ migration

(c) Right after the spheres’ migration

(d) Fully extended springs

(e) At the turning point

(f) The springs at their common rest
length

Figure 18: Two spheres connected by a compressed spring. As the spring expands, the spheres migrate to
the neighbouring processes. There, the oscillation is damped until the rest length is reached.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 19: Two spheres connected by a spring. The sphere on the left-hand side is pushed upwards, that
on the right-hand side downwards. Thus, the compound object rotates.
the DistantProcessStorage work correctly. Subfigure 19b reminds of the fact that the springs are massand volumeless and therefore cannot collide. The remaining subfigures 19c to 19f depict almost one full
rotation that is finished after approximately 27000 time steps.

7.3 Angular Springs
Up to now, only extension/compression springs have been regarded. The next test case in performed in
order to check the implementation of angular springs. Therefore, two spheres are connected by an angular
spring. The left sphere is pushed upwards, the right one downwards by an impulse of 0.8. The whole
construct is expected to rotate clockwise. As the angular spring approximates a rod for infinite spring
stiffnesses and damping coefficients and there is no extension/compression spring between the spheres,
they are expected to slide apart along the rotating angular spring’s axis. This, in turn, slows down the
rotation due to the changes in the moment of inertia tensor. According to the moment of inertia tensor
formula given in Goldstein et al. (2002), for a single sphere with mass m and radius r the moment of
inertia tensor for rotations around its origin is
2

2
0
0
5 ·m·r
2
2
.
0
0
Isphere = 
(74)
5 ·m·r
2
2
0
0
·
m
·
r
5
Using the parallel axes theorem, the moment of inertia tensor of two spheres shifted by ` in x-direction
reads
4

2
0
0
5 ·m·r
4
1
2
2
.
0
0
Itwobead = 
(75)
5 ·m·r + 2 ·m·`
4
1
2
2
0
0
·
m
·
r
+
·
m
·
`
5
2
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(a) Initial setup

(b) After 10000 time steps

(c) After 400000 time steps

Figure 20: Two spheres connected by an angular spring at an initial distance of 4. The sphere on the
left-hand side is pushed upwards, that on the right-hand side downwards. Thus, the compound
object starts rotating. As the moment of inertia tensor changes, the angular velocity approaches
zero. The spheres still move apart along the spring’s axis. After 4000000 time steps, the spheres’
distance has increased to 76.
Under the assumption of momentum conservation and with the relationship
L = I · ω ⇒ ω = I−1 · L

(76)

between angular momentum L, angular velocity ω, and a regular moment of inertia tensor, it is obvious
that ω decays for larger distances ` in the case of a diagonal moment of inertia tensor. Then, inverting
the matrix is an inversion of the diagonal elements. With increasing `, the lower two diagonal elements
decrease. The matrix-matrix multiplication I−1 · L therefore yields smaller second and third components
in the angular velocity vector ω.
Figure 20 shows the initial setup of the two-bead “swimmer” and its states after 10000 and after 400000
time steps, rotated by 90◦ in order to allow some more space for figure 20c. The drop in angular velocity
is clearly visible as the construct has rotated in 10000 time steps about 20◦ and only about 70◦ in the
subsequent 390000 steps. In order to quantify this drop in angular velocity, figure 21 provides a plot thereof.
It can be seen that the angular velocities of the spheres almost perfectly match the angular velocity of
the whole construct. The lower figure, however, depicts the transient phase in which the spheres have to
accelerated from rest and decelerated again to the overall angular velocity. This is because the initially
applied torques accelerated the spheres too much. This phase took only about 7000 time steps or seven
units of time. Afterwards, the angular velocities comply well.

7.4 Both Types of Springs in a Swimmer Compared to Capsules
In order to check the accuracy of the angular spring’s implementation, a rotating swimmer is studied
by comparing it to a rotating spherocylinder with identical moment of inertia tensors. The swimmer’s
spheres are now connected by both, an angular spring and an extension/compression spring. In the stiff
limit for the spring stiffness approaching infinity, this object should approximate a rigid spherocylinder
or capsule. As the latter one is already supported by the pe physics engine, it is taken as comparison
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Figure 21: Decaying angular velocity for two spheres connected by an angular spring. The graph on top
shows the transient phase from resting to rotating spheres.
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(a) After 65000 time steps

(b) After 218000 time steps

(c) After 1000000 time steps

Figure 22: Comparison of the two-bead “swimmer” with a capsule having the same moment of inertia
tensor. A small misalignment can be seen after three rotations in the right picture.

(a) After 65000 time steps

(b) After 218000 time steps

(c) After 1000000 time steps

Figure 23: Comparison of the three-bead swimmer with a capsule having the same moment of inertia
tensor. The misalignment after a million time steps is smaller than in the two-bead case.
for the behaviour of a rotating swimmer. Its moment of inertia tensor is modified to match that of the
swimmers. Ideally, both objects will move upwards with the same translational and rotate with the same
angular velocity.
The test is performed twice, once with two spheres and once with three spheres. In both cases, a
force of 50 units in z-direction is applied on the centre of the left sphere and the spherocylinder at the
corresponding position. A comparison of the simulated positions and velocities is drawn. Some position
plots of the two-bead “swimmer” and the compared capsule can be seen in figure 22 and in figure 23 for
the three-bead swimmer.
For both types of swimmers, the linear velocity perfectly matches that of the reference capsule. The
same holds true for the centres of mass of the swimmers and the capsule. What is differing, however, is
the angular velocity. Figures 24 and 25 show that, after a short transient phase, the angular velocity of
the construct stays the same, approximately. It can be seen in figure 25 that the rightmost sphere of the
three-bead swimmer is rotating out of phase. That is due to the fact that the right angular spring has no
deviation in the first time step and thus only starts exerting torques and forces in the second one. In the
two-swimmer case, the reference capsule rotates with an angular velocity of 0.0232910. The bead-model
is only slightly faster with a velocity of 0.0235785, meaning a deviation of approximately 1.23%. The
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Figure 24: Angular velocities of reference capsules compared to those of two-bead swimmers. The upper
graph depicts the transient phase, whereas the lower one shows the stable values for the whole
simulation run.
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Figure 25: Angular velocities of reference capsules compared to those of three-bead swimmers. The upper
graph depicts the transient phase, where the angular velocities of the spheres whereas the lower
one shows the stable values for the whole simulation run.
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model of the three-bead swimmer performs even better, showing a deviation of only 0.0463% for angular
velocities of 0.0118258 for the reference spherocylinder and 0.0118805 for the swimmer. These deviations
might be introduced by the extension/compression springs as they allow for variation of the moment of
inertia tensor.

7.5 Both Types of Springs in Parallel
Both upcoming test cases are performed in parallel environments. They aim at demonstrating that angular
and extension/compression springs can be used together and that angular springs can move across process
boundaries as well. Furthermore, the behaviour of the springs when a body leaves the simulation domain
can be seen in the first test case. The second test case shows colliding swimmers.
7.5.1 Rigid Body Lost in Rotation
For the setup of the simulation, two springs are created in the central process and attached by a compressed
spring and an angular spring. As the spring extends, the spheres will migrate to the neighbouring processes
and—after some damped oscillation—arrive at the resting state depicted in subfigure 26a after 2000 time
steps. Then, an impulse of 0.1 is exerted on the left sphere in upward direction. The sphere moves
upwards and the whole construct starts rotating together with the individual spheres in order to keep
the reference vectors aligned. Eventually, after 43300 time steps, one sphere reaches the upper boundary
of the simulation domain, as shown in subfigure 26c. When it finally leaves it, the right process gets a
deletion notification, the springs’ detach methods are called and therefore are destroyed as well. The
remaining right sphere is shown in subfigure 26d and continues moving with its previous linear velocity
and rotating with its last angular velocity. The last image is taken after the 100000th time step.
7.5.2 Colliding Swimmers
The final test case presents collisions between two swimmers. This is especially important for the simulation of swarms since there will be lots of collisions. For their resolution in the discrete element method,
the following material properties have been chosen:
Density 1.0
Coefficient of Restitution 1.0
Coefficient of Static Friction 0.05
Coefficient of Dynamic Friction 0.05
Contact Stiffness 1 · 104
Normal Damping Coefficient 1 · 103
Tangential Damping Coefficient 2 · 103 .
Two swimmers are instantiated in an environment with nine processes as depicted in figure 27a. The
>
first one in the central process consists of spheres I, II, and III at positions pI = (5.5, 2.5, 7.5) , pII =
>
>
(7.5, 2.5, 7.5) , and pIII = (9.5, 2.5, 7.5) . The springs in between the spheres have a rest length of
2.5. In contrast to the previous simulations, this one is carried out with a moderate spring stiffnesses of
k = 20 and damping coefficients γ = 2 in order to visually demonstrate the effect of bending on the one
hand side. This also shows the efficiency of the implemented angular spring on the other hand side, as
these bending effects are small despite the smaller stiffness. The second swimmer is instantiated in the
>
upper left process domain and consists of spheres IV, V, and VI at the positions pIV = (0.5, 2.5, 10.5) ,
>
>
pV = (2.5, 2.5, 10.5) , and pVI = (4.5, 2.5, 10.5) . The second swimmer starts with an initial velocity of
>
v2 = (0.9, 0, −1.1) aiming at the first swimmer.

41

(a) At rest

(b) After 2410 time steps

(c) The sphere shortly before leaving
the simulation domain, after 2840
time steps.

(d) The springs have been detached after step 4340.

(e) The body continues moving and rotating, after 7130 steps.

(f) The sphere still moves at the end of
the simulation time.

Figure 26: Two spheres connected by a extension/compression and an angular spring. The sphere on the
left-hand side is pushed upwards and the “swimmer” starts rotating. After crossing the process
boundary, the upper sphere leaves the process domain. In that case, a deletion message is sent
to all the processes holding shadow copies of the local body.
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(a) After 0 time steps

(b) After 1790 time steps

(c) After 2750 time steps

(d) After 2820 time steps

(e) After 4200 time steps

(f) After 4590 time steps

(g) After 10150 time steps

(h) After 10650 time steps

(i) After 21480 time steps

Figure 27: Two swimmers on collision course starting with compressed springs. The upper swimmer aims
with initial velocity at the lower one. The spheres collide several times and are reflected at the
(invisible) walls.
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With extending springs, the second swimmer hits the wall on the left-hand side and gets reflected. It
approaches the first swimmer in the central process and after 1788 time steps, spheres II and VI collide as
illustrated in figure 27b. The spheres move a little bit apart from each other but the swimmer’s colliding
course is continued. The next picture 27c shows the collision of spheres I and IV in time step 2747. After
another 67 time steps, the two inner spheres II and V collide as in figure 27d. The two left spheres of the
lower swimmer are repelled. The swimmer gets accelerated downwards when its rightmost sphere III hits
sphere VI in time step 4197 and figure 27e. In time step 4581, those spheres collide again. This can be
seen in figure 27f. Sphere I touches the lower wall from time step 9495 on and spheres III and VI touch
the right one from time steps 9646 and 9806 on, respectively. The lower swimmer bends a little bit as
depicted in figure 27g. After the spheres have left the walls again, spheres III and VI meet one last time
at time step 10649 and picture 27h. Moving in the opposite direction and the lower swimmer rotating
clock-wise and the other one counter-clock-wise, the last collision of the swimmers occurs in time step
21481 between the leftmost spheres I and IV. After the collision in graphic 27i, the rotation of the lower
swimmer is reversed.

7.6 Conclusion of the Test Cases
In this section, some carefully chosen test cases have been presented in order to demonstrate the behaviour
of the implemented algorithms. Springs can now be transferred to processes not connected beforehand.
Furthermore, they can span over several process domains without requiring the processes in between to
communicate with each other. Other test cases showed the behaviour of angular springs. In the stiff
limit, they should act like a rod on which spheres are sliding. The simulations fulfil this expectation in a
satisfactory manner. If combining extension/compression springs with angular springs attached to some
bodies, the whole construct should behave like a capsule in the stiff limit. The comparisons showed a good
agreement in both, the two-bead and the three-bead case. A similar simulation has also been successfully
performed for both types of springs in parallel. This result indicates that the management of attachables
in parallel works as intended. The final test case showed collisions between two swimmers as they occur in
swarms of bacteria. As the swimmers are only slightly bent even at moderate spring stiffness and damping
coefficient, simulations of a huge amount of swimmers should be feasible.
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8 Future Work and Conclusion
8.1 Future Work
The physics engine pe has been extended by new communication methods in order to allow the simplest
swimmer model to move across process boundaries and to extend over several process domains. Angular
springs keep the swimmer’s spheres aligned on its axis. These newly provided features allow for simulations
of whole swarms of bacteria in an environment coupled with a fluid flow solver like waLBerla. Besides the
problems solved in this thesis, another one occurs when simulating multiple swimmers. They cannot only
collide at certain positions, namely the spheres, but collide just as bacteria do in their swarms all over
their length. With Najafi and Golestanian’s (2004) simplest swimmer model and the mass- and volumeless
springs, collisions can only occur at the bodies. Therefore, an additional collision model for the spaces
in between has to be added. This can be done, in principle, by enhancing the model by a collision hull
such that the swimmer behaves like two spherocylinders connected by a revolute joint. For long springs,
these bodies could easily exceed the smallest length of a process domain. Consequently, communication
would increase drastically as all processes the spherocylinder intersects with would have to send force
information to at least one managing process. Furthermore, the collision hull would change the geometry.
In the end, there were two models, one for the rigid body dynamics, and one for the fluid flow. Thus, this
problem is subject to further research.
Another limitation of the pe physics engine is the fact that springs can only be instantiated, if all
attached bodies are known on one process. Constructs larger than one process domain must be set up in
a compressed way. Afterwards, the system has to expand. Large setups, however, such as of swimmers
in a swarm, thus cannot be created due to volume restrictions. Therefore, a convenient mechanism for
instantiating springs and other attachables spanning over more than one process has to be provided.
The extensions provided in this thesis are neither limited to a single swimmer model nor to swimmers
in general. Circular swimmers, for instance, might be worth being simulated as well. The angular springs
can be used whenever a prismatic joint has to be approximated.

8.2 Summary of the Results
This work mainly consists of identifying the problems occurring in parallel simulations of microscopic
swimmers in the physics engine pe and their solutions. These swimmers model bacteria in order to get
a better understanding of their swarm behaviour. Therefore, the principle theory for swimmers at low
Reynolds numbers has been given. Especially Purcell’s scallop theorem, stating that a swimmer at low
Reynolds numbers has to have at least two degrees of freedom, is of great importance. The numerical
techniques used for the simulations have been explained subsequently. These are the lattice Boltzmann
method for fluids and the discrete element method for rigid body dynamics. As the physics engine pe
had to be modified, a brief introduction thereof has been provided. Although the rigid body framework is
designed for massively parallel simulations, until now, it was not possible for a swimmer to migrate from
one process domain to another or even span across multiple processes. This was because the springs in
between the spheres of the swimmer model could not be sent to another process.
At first, the send and receive functions for springs have been implemented successfully. Whenever a
body migrates from one process domain to a neighbouring one, any attached spring has to be sent there
as well. In order to instantiate the spring on this process, all attached bodies have to be known. The first
task of the send routine therefore is sending copies of these bodies to the process. Afterwards, the spring
can be sent to and instantiated on the receiving process in a newly introduced third communication step.
The swimmers could now move more freely but were still restricted to explicitly connected processes.
For larger distances, a more flexible communication model has been introduced, as pairs of processes
should only exchange messages when necessary, that is, when they are connected by a spring or another
attachable, for instance. The DistantProcess class features send and receive buffers but contains no
geometry information about the process. As soon as messages have to be exchanged with a process not
yet available in the ProcessStorage or the DistantProcessStorage, an instance of the DistantProcess
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class is created. If there are no more bodies from that DistantProcess, it can be deleted again for saving
communication overhead.
Special care had to be taken when two attached bodies left their respective process domains at the
same instant of time. The new communication partners are not known to the previous owner processes
and consequently cannot be sent to the new owners. Only after the old owners have communicated
with each other, this information is available and can be relayed to the new owners. Therefore, a third
communication step became necessary per simulation step. Nevertheless, this third step could be combined
with the first one of the next time step, formerly only used for transmitting collision forces. This is possible
as those remote bodies cannot collide on the local domain. As a drawback, this implementation is not
fully compatible with pe’s simulation step as this requires the spring force generators to apply their forces
before the collision solver is called. Furthermore, the information about owners is not known between
time steps. Therefore, this scheme can only be applied, if the user cannot interfere.
When simulating multiple swimmers, they can also collide. The contact forces, however, are likely to
deform the swimmer such that the spheres do no longer lie on one axis. For alignment, angular springs
have been successfully employed. Being attachables as well, they can make use of the aforementioned parallelisation of extension/compression springs. Any displacement of the principle shape and any difference
in angular velocity leads to a restoring torque or a couple of forces on the spheres. Finally, the concepts
have been demonstrated effectively in several test cases.
In conclusion, the goal of parallelised swimmer models has been achieved. The implementations given
in this thesis provide the user with the necessary tools to simulate swarms of bacteria in a parallel
environment. The individual swimmers can move freely and their shapes are retained. Furthermore,
the newly implemented features can be used more generally in different cases due to the more generally
applicable pe framework.
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