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Abstract
In this thesis the cell conversion in the free-surface lattice Boltzmann method are investigated,
whereby the laws of mass, momentum and energy conservation are especially considered.
Dierent modeling approaches from literature are presented and discussed as well as new
models introduced. It is then attempted to compare the dierent approaches with each other
and validate their overall accuracy and stability in dierent test cases. In the course of
the thesis the focus shifted to the general problem of the limited possibilities to model cell
conversions and the problematic situation as to how to validate cell conversion models.
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Chapter 1

Introduction
In the eld of uid dynamics, multiphase ows are an established eld of research, due to
their common appearance in nature and industrial applications. Multiphase ows identify
ows in which dierent uids interact with each other. Whereas it is not necessary that the
ows consist of multiple substances, it is also sucient if the ow consists of one substance
which occurs in multiple phases. A specialization of multiphase ows are two-phase ows
which consist of two immiscible uids. In this thesis only two-phase ows are considered in
which the density of one uid is much smaller than that of the other uid, i.e. ows of gas
and liquid. The gas and the liquid phase are separated from each other by a freely deformable
phase boundary, the so-called free surface or interface. In every day life such ows can be
observed when it rains, gas bubbles rise in drinks or water drops run down a window. They
also appear in a multitude of engineering and industrial applications like foaming, processes
in chemical and bio reactors or in the food industry, e.g. making mousses.
In recent decades, computational uid dynamics were developed to better understand uid
ow problems. Today simulations are employed besides or even replace empirical physical
experiments. The classical approach in uid dynamics is to nd solutions for the NavierStokes equations. For two-phase ows the basic Navier-Stokes solver have to be extended
with a volume of uid or level-set method, so that the movement of the free surface can be
captured. An up and coming alternative to the classical approach is the lattice Boltzmann
method, which describes ows on a mesoscopic scale. That means instead of considering
each particle of a uid, groups of particles are considered in simulations. As the basic lattice
Boltzmann method is also not capable of simulating two-phase problems, the free-surface
extension developed by Körner et al. [9] is used. The method was rst introduced only for two
dimensions, later it was extended to three dimension by Pohl [16]. The basic assumption of the
method is that the uid dynamics are mainly governed by the liquid phase and thus only the
liquid phase is calculated by the lattice Boltzmann method. The gas phase is only accounted
for by its pressure, which is needed for the calculations on the free surface boundary. The
two-phase problem is basically reduced to a one-phase problem with a free surface.
Just like the name of the lattice Boltzmann method suggests, it is working on a lattice
mesh, which is basically a discretization of the continuous space and consists of square or
cubic cells. In the free surface method each cell has to belong either to the gas or liquid phase
dependent on whether the cell is covered with liquid or gas. Due to the discrete lattice mesh
some cells are partly covered with gas and liquid. Those cells are the so called interface cells,
which capture the position of the free surface in the domain. Altogether there are three types
1

of cells: liquid, gas and interface cells. In general the uids are in motion during simulation
runs and therefore the position of the free surface is changing as well. That implies that the
area covered with liquid in interface cells is changing as well. Up to the point where the cells
are completely lled or void of liquid. That is when the interface cells have to be converted
into either liquid or gas cells. The problem here is that the cells are not treated equally by
the free surface lattice Boltzmann method. Thus, every type of cell has a dierent set of
values, which needs to be set correctly during the conversion process. Additionally some of
the values can not be directly calculated, but instead have to be approximated accordingly,
which generally contains a certain error. As cell conversions occur on regular basis during
simulation runs, it is of utmost importance that the error is negligible small. Otherwise the
errors may add up and endanger the stability of the simulation. Furthermore, as the lattice
Boltzmann method is governed by the conservation equations of mass, momentum and energy,
it is essential that the conversion processes also obey those equations. Thus, the aim of this
thesis is to investigate the dierent cell conversion models in regard to the conservation laws,
whereby not only existent modeling approaches are considered, but rather it is attempted to
create new models as well.
The thesis is divided into six chapters. In the following chapter a detailed explanation and
introduction to the lattice Boltzmann method is given. The chapter is mainly aimed at people
not familiar with the lattice Boltzmann method and as a reference for the important basics. In
chapter 3, the important details of the free surface extension are presented, which are needed
to understand the various cell conversion models. In chapter 4 the dierent cell conversion
models are investigated in detail. First the problematic cell conversion types are determined
and then investigated in the following sections, wheres also the thought process behind new
modeling approaches is explained in detail. In the subsequent chapter it is attempted to
validate and compare the cell conversion models. In the last chapter conclusions and nal
remarks in regard to the problems of this thesis are given as well as a prospect for future
works on this topic.
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Chapter 2

Lattice Boltzmann Method
Historically, the predecessor of the lattice Boltzmann method are the lattice-gas cellular automata (LGCA). Before the lattice Boltzmann method was considered as an independent
method, it was rst used by Frisch et al. in 1987 to calculate the viscosity of the LGCA. In
1988 McNamara and Zanetti introduced lattice Boltzmann models as a stand alone numerical
method. Their main goal was to get rid of the statistical noise of the LGCA. First the lattice
Boltzmann method was closely related to the LGCA and even used the collision operator of a
certain LGCA. Finally, in 1991 the collision operator was replaced by BGK-collision operator,
which is still in use in lattice Boltzmann methods to date. [21]
This chapter shows the derivation of the lattice Boltzmann method from the Boltzmann
equation, which basically describes the evolution of particle distributions over time within a
gas. The chapter is foremost meant for readers not familiar with the statistical model behind
the lattice Boltzmann method. Additionally, equations and properties of the lattice Boltzmann
method are introduced for later reference.

2.1

Particle Distribution Functions

In statistical mechanics, probability theory is applied to microscopic models to describe macroscopic processes such as ow dynamics. The most important statistical function to represent
the state of a particle population in motion is the particle distribution function (PDF). To
dene such a particle distribution function, we observe a gas consisting of a huge number N
of discrete particles, i.e. molecules or atoms, with 1  N and particle mass m. Each of those
particles is given by its position r ∈ R and its velocity ξ ∈ Ξ, spanning a 6-dimensional space

R × Ξ, also known as phase space or µ-space. The particle distribution f is then dened in
such a way that f (r, ξ, t)dxdξ equals the number of particles which are located in the volume
element drdξ around point r ∈ R and velocity ξ ∈ Ξ at time t. Assuming that the distribution
function is given, macroscopic values can be recovered as moments of the PDFs, e.g.

Z

particle density n(r, t)

=

mass density %(r, t) = m · n(r, t) = m

Z

momentum %u(r, t)

Z
=m

energy density E(r, t)

=
3

m
2

Z

f (r, ξ, t)dξ,

(2.1)

f (r, ξ, t)dξ,

(2.2)

ξf (r, ξ, t)dξ,

(2.3)

ξ 2 f (r, ξ, t)dξ.

(2.4)

2.2

Boltzmann Equation

The Boltzmann equation devised by Ludwig Boltzmann in 1872 is the theoretical basis of the
Lattice Boltzmann equation. To derive the Boltzmann equation it is necessary to inspect the
movement of a volume element drdξ around (r, ξ) in a time interval [t, t + dt]. Under inuence
of an external force F , the particles in the volume element are accelerated by a =

F
m.

After

the time dt the number of particles in the volume element drdξ around (r + ξdt, ξ + adt) is
compared with its original. The dierence between those numbers results from the particles
driven in and out of the volume. [7, 17] The Boltzmann equation then reads

∂f
∂f
+ ξ · ∇f + a
= Ω(f, f ).
∂t
∂ξ

(2.5)

The left hand side describes the transport of the molecules because of the acceleration a and

Ω(f, f ) is the collision operator for particle interactions
The collision integral Ω(f, f ) proposed by Boltzmann is based on his Stoÿzahlansatz that
models elastic two particle collisions.

Z
Ω(f, f ) =

W (ξ, ξ0 , ξ1 , ξ2 )[f (ξ3 )f (ξ4 ) − f (ξ)f (ξ2 )]dξ2 dξ3 dξ4

(2.6)

W (ξ, ξ0 , ξ1 , ξ2 ) is the probability that after a collision between two particles with ξ and ξ2
result two particles with ξ3 and ξ4 . Further information on the properties of the collision
integral can be found in [17]. The complete Boltzmann equation then becomes a complicated
integro-dierential equation. Therefore the collision operator Ω(f, f ) is later substituted by
the BGK-Operator which is much more easy to handle (see subsection 2.2.3).

2.2.1

Local Equilibrium Distribution

Due to the complicated collision operator, analytical solutions to the Boltzmann equation are
extremely complicated [7]. For the special case of ows in continuous limit, the Maxwellian
distribution can be shown as a solution to the Boltzmann equation. This is also known as
thermodynamic equilibrium and implies that the velocity, the density, the pressure and the
temperature of a uid are constant. Those properties are characterized by Knudson numbers

Kn =

lf
→ 0,
L

where lf is the mean free path of a molecule and L the characteristic length scale. That means
the characteristic free path is so small in contrast to the macroscopic scale and there are so
many collisions that the system will always reach equilibrium.
In local equilibrium the collision term of the Boltzmann equation vanishes. It can be
shown that the distribution function f then solely depends on the collision invariants for
mass, impulse and energy of the collision operator. The Maxwell-Boltzmann distribution for
4

three dimensions can be formulated as

f eq =



(ξ − u(r, t))2
n(r, t)
·
exp
,
2RT
(2πRT )3/2

with the specic gas constant R =

k
m

(2.7)

and temperature T . k is the Boltzmann constant, the

product RT is the energy and ξ − u(r, t) is the relative speed between two particles. For a
thorough explanation of the derivation see [7, 17].

2.2.2

Conservation Equations

As the focus of this thesis is the modeling of cell conversions in regard to the conservation equations, it is important to show that the Boltzmann equation as basis for the lattice Boltzmann
equation is governed by the conservation of mass, momentum and energy. In the following
equations the force term is neglected because it requires in detail discussion going far beyond the scope of this thesis. For the conservation equations with the force term see [17]. The
momentum equations can be obtained by calculating the moments of the Boltzmann equation:



Z
Φ

∂
∂
+ ξi
∂t
∂ri

with the moments Φ = m, Φ = mξi and Φ =


f (r, ξ, t) = 0,

m 2
2 ξi .

(2.8)

Here the tensor notation with i = 1, 2, 3

relating to the space axes x, y, z is used accordingly. The conservation equations follow then
after applying the denition of the macroscopic variables.

Mass conservation:

∂
∂
%+
(%ui ) = 0.
∂t
∂xi

(2.9)

∂
∂
(%ui ) +
(%ui uj + Pij ) = 0.
∂t
∂xi

(2.10)

∂
∂
(%E) +
(%ui E + uj Pij + qi ) = 0.
∂t
∂xi

(2.11)

Momentum conservation:

Energy conservation:

Pij is the pressure tensor that describes the microscopic momentum ux in relation to the
coordinate system moving with a mean velocity u. q is the heat ux density. i.e. the mean
energy ow in the system moving with the uid. In their current form the conservation
equations do not provide a closed equation system as long as Pij and q are unknowns. In the
local equilibrium it is possible to determine both variables as conserved quantities using the
Euler equations. It also can be shown that the conservation equations lead to the Navier-Stokes
Equations in the hydrodynamic limit, see [7, 17]
5

2.2.3

BGK-Model

The Bhatnagar, Gross and Krook (BGK) equation [2] is based on the idea that in a closed system with a homogeneous uid, every non-equilibrium distribution tends towards equilibrium
for a time t → ∞. This is called Boltzmann's H-Theorem:
Z
H(t) = f ln f dξ.

(2.12)

ξ

For a closed system H is proportional to the negative entropy and according to the second
law of thermodynamics H ≤ 0 and

∂H
∂t

≤ 0 must be satised. Equilibrium is reached when

the entropy is at its peak and H is minimal. This is achieved by f (ξ3 )f (ξ4 ) − f (ξ) f (ξ2 ) = 0.
That is exactly the starting equation for determining the Maxwellian distribution functions. [7]
Motivated by the H-Theorem the BGK equation in contrast to the Boltzmann equation has a
simplied collision term and reads

∂f
∂f
1
+ ξ · ∇f + a
= − (f − f eq ).
∂t
∂ξ
λ

(2.13)

λ is the single-time relaxation parameter and − λ1 the collision frequency. The BGK collison operator thus relaxes the particle distribution linearly towards the local Maxwellian distribution

f eq . Note f eq is only dependent on the local density, velocity and temperature. Furthermore it is important that the BGK equation retains the properties of the Boltzmann equation
mentioned in the sections above.

2.3
2.3.1

Lattice Boltzmann Equation
Discretization of the Boltzmann Equation

In this section the discrete lattice Boltzmann equation will be derived as a special form of the
continuous Boltzmann equation with BGK collision operator, based on [8]. This is achieved by
discretization of the continuous model with respect to velocity, space and time. Additionally,
the equilibrium distribution functions have to be expanded in a low mach number expansion
to be discrete in phase space.

Phase Space Discretization
The starting point for the discretization is equation (2.10) neglecting the body force term for
simplicity. It will be reintroduced at a later stage into the Lattice Boltzmann equation. The
reduced equation reads

∂f
1
+ ξ · ∇f = − (f − f eq ).
∂t
λ

(2.14)

To discretize the velocity space, a nite set of N velocities ci , with 0 ≤ i ≤ N − 1 is introduced. The distribution function is hereby split into N directed distribution functions

fi (r, t) = ω̂f (r, ci , t). The weighting factors ω̂ are dened in such a way that the directed
distribution functions preserve the hydrodynamic moments of the system. The weights then
6

can be determined by Gaussian quadrature fullling the constraints imposed by the following
equations.

Z
%(r, t) =

f (r, ξ, t)dξ =
Z

%u(r, t) =

ξf (r, ξ, t)dξ =

N
−1
X
i=0
N
−1
X

f (r, ci , t)

=

ci f (r, ci , t) =

i=0

N
−1
X
i=0
N
−1
X

fi (r, t),

(2.15)

ci fi (r, t).

(2.16)

i=0

The moment for the energy density has been neglected for reasons of clear arrangement, but
can be found in the original paper. Note that for convenience in the lattice Boltzmann model
the distribution functions are usually dened as distribution of mass instead of the number of
particles, resulting in the moments

Z
%(r, t) =
and

f (r, ξ, t)dξ

(2.17)

Z

(2.18)

%(r, t)u(r, t) =

ξf (r, ξ, t)dξ.

This denition of the distribution functions is used in 2.15 and will be used from now on in
this thesis. With the introduction of the discrete velocities the Boltzmann equation can now
be formulated as

1
∂fi
+ ξ · ∇fi = − (fi − fieq ).
∂t
λ

(2.19)

Furthermore, the phase space discretization involves both space and velocity. Therefore space
discretization yields the generation of the so-called lattice mesh. The lattice mesh consists of
cubic volumes or squares with spacing ∆x. The location r is now evaluated at the discrete
center point x of the lattice cells, also called node.

Low Mach Number Expansion
According to the phase space discretization a suitable approximation for the equilibrium distribution has to be chosen. The local equilibrium distribution function for dimension D reads

f

eq



%
(ξ − u)2
=
· exp
.
2RT
(2πRT )D/2

(2.20)

The discrete form is then achieved by Taylor expanding Equation (2.18) in u.

fieq




%
ξ2
ξi · ui (ξi · ui )2
u2i
=
· exp −
1+
+
−
2RT
RT
2(RT )2
2RT
(2πRT )D/2

(2.21)

This approximation requires u to be small and is often called low Mach number approximation.
Therefore a small Mach number is an important stability criterion for the Lattice Boltzmann
Method.

Ma =
where cs =

√

|u|
 1,
cs

RT is called the speed of sound.
7

(2.22)

DmQn Models
There are many models for the phase space discretization. They are usually called DnQm

models, with Dm standing for Dimension m and Qn for the number n of discrete velocities.
The most popular model in two dimensions is the D2Q9 model. In three Dimensions there
exist the D3Q15, D3Q19 and D3Q27 models. All models are rotational symmetrical to center
point of the lattice cell. The here mentioned models also have in common the so-called resting
particle at the center of the cell. In literature also other models can be found without such
a central particle distribution function, e.g. D1Q2, D2Q4, D3Q14 and D3Q18. In this thesis
for cases in two dimensions the D2Q9 mode and for three dimensions the D3Q19 model will
be used (see Figure 2.1). For both models the discrete equilibrium distribution reads

fieq

ci u (ci u)2
u2
= ωi % 1 + 2 +
−
cs
2c4s
2c2s




(2.23)

with RT = c2s = 13 c2 for isothermal models where T is constant that are treated in this thesis.

c is the propagation speed that is the fastest possible velocity in the system and is set to one
for computations. The speed of sound then is cs =
the D2Q9 model are

ci =




(0, 0)




(±c, 0)

for i = C,
for i = W, E



(0, ±c)
for i = N, S




(±c, ±c) for i = N W, N E, SW, SE

ωi =

√1 .
3

The lattice velocities and weights for


4



9

for i = C,
for i = W, E, N, S

1

9



1

(2.24)

for i = N W, N E, SW, SE

36

and for the D3Q19 model

ci =




(0, 0, 0)






(±c, 0, 0)






(0, ±c, 0)



(0, 0, ±c)





(±c, ±c, 0)





(0, ±c, ±c)




(±c, 0, ±c)

for i = C,
for i = W, E
for i = N, S
for i = T, B

ωi =

for i = N W, N E, SW, SE


1



3

1

18



1
36

for i = C,
for i = W, E, N, S, B, T
for i = N W, N E, ..., BW, BE

for i = T N, T S, BN, BE
for i = T W, T E, BW, BE
(2.25)

For interested readers the derivation for the weights of the models can be found in [7, 15] .

External Force Term
The previously neglected force term will now be reintroduced into the lattice Boltzmann
equation. There are basically two possible ways to incorporate a body force (e.g gravity). On
the one hand the macroscopic velocity u can be modied for the equilibrium distribution, so
8
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Figure 2.1: The D2Q9 model with the 9 velocity vectors on the left and the D3Q19 model on
the right.
that the particle distributions relax towards a modied equilibrium. On the other hand an
additional term corresponding to the body force can be added to the collide step of the lattice
Boltzmann equation. Buick [4] gives a survey on dierent incorporation models.
In this thesis the additional force term proposed by Luo [14] will be used to integrate a
body force. According to Luo the force term a ∂f
∂ξ in Equation (2.5) must be discretized in
such a manner that the following three moment constraints hold.

Z

∂f
dξ = 0,
∂ξ
Z
∂f
ξa ·
dξ = −%a,
∂ξ
Z
∂f
ξi ξj a ·
dξ = −%(ai uj + aj ui ).
∂ξ
a·

(2.26)
(2.27)
(2.28)

This is satised by the forcing term


 

∂f
%
ξ2
ξ−u
ξu
a
=−
· exp −
·
+
· ξ a.
∂ξ
(2πRT )3 /2
2RT
RT
(RT )2

(2.29)

The discrete form for the D2Q9 and D3Q19 model which will be added to the nal lattice
Boltmann method reads


Fi = −ωi %

ci − u ci u
+ 4 · ci
c2s
cs


· a.

(2.30)

Time Discretization
To obtain the nal form of the lattice Boltzmann equation a Euler discretization in time in
conjunction with an upwind spatial scheme is used. [18] The grid spacing ∆x and time step

∆t then have to be set such that ∆x/∆t = ci . That means in every time step the particle
9

distributions corresponding to the lattice velocities ci cover exactly the spacing between two
neighboring lattice cells. Therefore for computations ∆t is usually set to one. Finally, the
lattice Boltzmann equation can be formulated.

1
fi (x + ci , t + 1) − fi (x, t) = − (fi (x, t) − fieq (%(x, t), u(x, t)) − Fi ,
τ

(2.31)

where τ is the discrete counterpart to λ. Note that the equilibrium distribution for isothermal
ows depends only on the local density and velocity. This equation is often divided into two
separate steps. The stream step hereby describes the propagation of the particle distribution
functions to neighboring cells.

fi0 (x, t) = fi (x − ci , t − 1)

(2.32)

During the collide step the collision of the particles is carried out. That means that the
particle distributions are relaxed towards the local equilibrium distribution dependent on the
macroscopic parameters of the streamed particle distributions.

1
fi (x, t) = fi0 (x, t) − (fi0 (x, t) − fieq (%(x, t), u(x, t)) − Fi .
τ

(2.33)

The implemented method solving those equations is called Lattice Boltzmann method. Note
that the steps are interchangeable, but in this thesis the stream-collide order is chosen.

2.3.2

Chapman-Enskog Expansion

The Chapman-Enskog expansion, also know as multi-scale analysis, is an important tool to
analyze the properties of certain lattice Boltzmann models. In this thesis no such expansion
will be executed, but some important characteristics, especially concerning the incorporation
of the force term, will be presented. For a detailed overview of the Chapman-Enskog Analysis
refer to [7, 13] and for an analysis including the force term to [20]. The multi-scale analysis
relies on the Knudsen number of a uid to be smaller than one, so that the uid can be treated
as a continuous system. From the above presented lattice Boltzmann method the compressible
Navier-Stokes equations can be derived, which reduce to the incompressible equations for the
here applied low mach numbers.
The continuity equation in presence of an external acceleration a reads as follows

∂
∆t
% + %∇u + % ∇a = 0,
∂t
2

(2.34)

The macroscopic momentum is then dened as

%v = %u +

∆t
a.
%

(2.35)

This means the uid momentum %v is the average of the momentum before the collision %u
and the momentum after the collision %u+g [4,20], which also yields the physical uid velocity
10

v . Note that the post-collision velocity and momentum are the wanted physical parameters if
no external forces are applied on a scenario.
The kinematic viscosity ν of the uid is related to the relaxation time τ by

ν=

c2s ∆t
2




2τ
−1 ,
∆t

(2.36)

Because the viscosity is a physical property of the uid, the equations can be used to estimate
a proper relaxation parameter.
2.3.3

Non-dimensional Parametrization

The lattice Boltzmann method only uses dimensionless variables. Therefore the physical parameters have to be scaled to their corresponding lattice values. Those dimensionless lattice
values will be denoted by adding an asterisk (*) to the variable. In Equation 2.31 the normalized time step size is already part of the here introduced lattice parametrization. The basic
parameters are chosen as

∆t
= 1,
∆t
∆x
∆x∗ =
= 1,
∆x
%
%∗ = = 1.
%
∆t∗ =

(2.37)
(2.38)
(2.39)

As a consequence all other physical parameters have to be made dimensionless as well. Here
only the lattice values for the important parameters in regard to this thesis are determined:

∆t
∆x2
∆t2
external force: a∗ = a
∆x
∆t2
surface tension: σ ∗ = σ
ρ∆x3
viscosity: ν ∗ = ν

(2.40)
(2.41)
(2.42)

In general the parametrization is done by eliminating the SI units of the dierent physical
parameters. [5]
2.3.4

Boundary Conditions

The lattice Boltzmann method is working on a nite lattice grid. Because there are no cells
with dened particle distribution functions outside the domain, certain boundary conditions
have to be imposed. This is done by introducing an additional layer of so-called boundary
cells, which stream values according to the dierent boundary conditions back into the liquid
domain. In literature there is a great number of known boundary conditions which are especially tailored to the lattice Boltzmann method. In this thesis only three boundary conditions
will be presented, that are used for the simulations in chapter 5. No-slip boundary conditions
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simulate a solid wall at the boundary, where normal and tangential velocity vanish. This
is accomplished by the so called bounce-back scheme, where the wall is set exactly midway
between liquid and boundary cell. The particle distribution functions going out of the domain
are then reected back into the liquid. For an liquid cell at position x with particle distribution
functions fi pointing to a boundary cell in direction ci the stream step reads

fī0 (x, t + ∆t) = fi (x, t),

(2.43)

where ī denotes the lattice directions opposite to i with cī = −ci . A moving wall can be
accomplished by modifying the no-slip boundary condition. According to Ladd [11] the velocity
bounce-back scheme is given by

fī0 (x, t + ∆t) = fi (x, t) +

2
%ωi uuw ,
c2s

(2.44)

where uw is the imposed wall velocity, u and % denote the macroscopic velocity and density
of the uid, respectively. This method conserves mass for tangential velocities, but not for
velocities normal to the domain boundary. Therefore it will be used to produce a mass
in-, outow or both with corresponding velocity in chapter 5, where more details can be
found on the actual inuence of the scheme in simulation. Periodic boundary conditions
impose symmetric behavior in one direction of the domain, leading to an innite repetition
of the domain's content in that dimension. Thus all particles that leave the grid through one
periodic boundary have to enter at the corresponding symmetric periodic boundary. That is
realized by simply copying the particle distributions that leave the domain on one side to the
corresponding cells on the other side and vice versa.
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Chapter 3

Free Surface Lattice Boltzmann Method
The free surface lattice Boltzmann method (FSLBM) is an extension to the lattice Boltzmann
method for simulating the movement of the free surface, also called interface, between to
immiscible uids. The free surface is the boundary layer that separates those two uids, e.g.
air and water, from each other. The extension used in this thesis is modeled according to
the work of Pohl [16] and Donath [5]. The method originated from Körner et al. [9, 10] and
Ginzburg and Steiner [6]. Hereby, the extension was modeled especially for the two-phase
ow with a liquid and a gas phase. This is due to the fact that for many applications the
inuence of the gas phase can be neglected, reducing the two-phase to a single-phase problem.
That means that only the liquid phase has to be simulated according to the lattice Boltzmann
equations. The gas phase then only inuences the boundary conditions imposed on the free
surface. Therefore both phases can be modeled independently.

Figure 3.1: Example of a cell domain for a two dimensional grid: The uid cells (dark blue)
are separated from the gas cells (white) by a continuous layer of interface cells (light blue),
which are situated at the free surface boundary.
On the discrete lattice grid the phases have to be distinguished from each other (Figure 3.1). This is done by introducing dierent cell types which are marked by so-called ags.
The dierent cells are now agged as either gas, liquid or interface. The Interface cells are
introduced to model the phase transition between the two phases. This is necessary due to
the fact that particle distribution functions can not be streamed from gas into the liquid,
because no particle distributions are calculated for the gas phase. As a result the streaming
step for interface cells has to be modied in such a way that the imposed boundary conditions
by the gas phase are satised (see section 3.2). Each interface cell is partly lled with liquid
and gas. The uid fraction, which describes the area of a cell covered with liquid, is given by
13

an identically named state variable ϕ. Because the uid fraction determines the ll level of
a certain cell with liquid, in this thesis it will be also referred to as such. The position and
shape of the free-surface between the two phases is now tracked implicitly by the interface cell
location and corresponding uid fraction, similar to the volume of uid (VoF) method. For
gas and liquid cells the uid fraction is dened to be 0 and 1, respectively. The movement of
the interface is realized by the change of uid fraction of the interface cell layer. The change
of uid fraction is hereby equivalent to the transferred liquid between the dierent cells(see
section 3.1). In addition, the movement of liquid may lead to cell type changes, also known
as cell conversions which are described in detail in section 4.1. Here it is only important to
note that liquid and gas cells can not be changed into each other directly, but rather have to
become an interface cell rst. Therefore liquid cells cannot exist adjacent to a gas cell and
vice versa. That is why it is of utmost importance that the interface layer is always closed,
separating the liquid from the gas phase. Interconnected regions of interface and gas cells
are dened as bubbles and represent the gas phase model on the grid. Each bubble has its
own initial volume Vinit and current volume V . The movement of uid may alter the current
bubble volume by change of the uid fraction of the interface cells connected to the bubble
and by resulting cell conversions. This leads to a change of the volume pressure pv which is
constant for all cells belonging to a bubble and given by

pv =

V
.
Vinit

(3.1)

This concludes the basic ideas behind the free surface lattice Boltzmann method. Further
explanation of certain details can be found in the remaining chapter.

3.1

Mass exchange

Additional to the uid fraction ϕ(x, t) the current mass m(x, t) of liquid in an interface cell is
tracked. Both variables are directly related with each other by the liquid density %(x, t).

m(x, t) = ϕ(x, t) · %(x, t)

(3.2)

Therefore the mass in an interface cell varies from 0, for an empty cell, to %, for a lled cell. The
movement of the free surface leads to an exchange of mass between neighboring liquid phase
cells. This transfer is implicitly given by the streaming step (Equation 2.32) between liquid
cells. However, for interface cells the mass exchange has to be explicitly modeled dependent
on the cell type of the neighbor. Between an interface cell at location x and its neighboring
cell x + ci the mass exchange is dened as the dierence between the neighboring particle
distribution functions.

∆mi (x, t) = (fī (x + ci , t) − fi (x, t)) · Ai ,
14

(3.3)

where fī denotes the particle distribution functions in the opposite direction to ci and Ai is
the area covered with liquid between the neighboring cells, also referred to as coupling factor.




0
for(x + ci ) ∈ C G


Ai = 1
for(x + ci ) ∈ C L



 1 (ϕ(x, t) + ϕ(x + c , t) for(x + c ) ∈ C I .
i
i
2
Here the gas, liquid and interface cell types are denoted by C G , C L and C I , respectively.
Mass transfer is not possible between gas and interface cells. For interface and liquid cells the
intersection area is assumed to be completely covered with liquid, which results in a coupling
factor of 1. Mass exchange among interface cells however is much more dicult to model.
The wet area is estimated by the arithmetical mean of the ll levels of the neighboring cells
between which mass is exchanged. For two dimensions this method is basically a geometrical
approximation of the wet area. Although the geometrical interpretation is more complicated
for three dimensions, the same method is used [16]. Note that this scheme is used for all
neighbors according to the applied DnQm model, even if the two cells only share an edge
or vertex and the theoretical wet area is 0. Furthermore it is important to notice that mass
conservation is explicitly enforced by this method due to its symmetric behavior.
(3.4)

∆mi (x, t) = −∆mī (x + ci , t).

That means that every fraction of mass which is lost in one cell is automatically received by
its neighbor.

3.2

Free Surface Boundary Conditions

The interface cells separate the liquid from the gas phase. From the gas phase no valid particle
distribution functions can be streamed into interface cells because gas cells are neglected in
the lattice Boltzmann calculations. Therefore a boundary condition has to be implied, so that
the missing particle distribution functions can be reconstructed. The general idea is based on
the fact that the gas pressure pg is known and thus the force exerted by the pressure on the
interface can be calculated. The boundary condition then demands that the force from the
pressure of the gas phase is equal to that of the moving interface of the liquid phase. The
total force hereby is created by the particle current through the interface in one time step from
liquid to gas phase and vice versa. The force F per surface element A(x) with the surface
normal n exerted by the gas pressure is given by

F
=n·
A(x)

!
X

fi (x, t)(ci − ui )(ci − ui )T +

X
i,n·ci ≥0

i,n·ci <0

= npg
15

fi (x − ci , t)(ci − ui )(ci − ui )T

(3.5)

The advection term is eliminated by subtracting the macroscopic velocity of the interface
from the particle velocities. The rst sum (n · ci < 0) contains all known particle distributions
streamed from the liquid cells into the interface, the second sum (n · ci ≥ 0) all unknown
distribution functions coming from the gas cells.
The following method proposed by Körner et al. [9] accomplishes the force balance by
demanding that the particle distribution functions from the liquid side equal that of the gas
side

fī0 + fi0 = fīgas + figas ,

(3.6)

Using the fact that the gas density %g as well as the velocity u of the interface are known,
the particle distribution functions of the gas phase can be determined by the equilibrium
distribution functions. Hence, the missing distribution functions are reconstructed by the
following method.

fī0 (x, t) = fieq (%g , u) + fīeq (%g , u) − fi0 (x, t),
The gas density hereby is %g =

1
p
c2s g

(3.7)

= 3pg and the velocity is set to the interface cell velocity

after collision of the previous time step u = u(x, t − 1). Hereby it is important that half
the incoming distribution functions (n · ci ≥ 0) are reconstructed regardless whether the
distribution function is known or unknown. The explanation for this constraint is that most
of the time there are more known than unknown particle distribution functions. As interface
cells can either tend to the gas or liquid phase depending on their ll level, the cells that
provide particle distribution functions with (n · ci ≥ 0) are assumed to be gas cells. The
method thus restores the symmetry between the particle distribution functions of the gas and
liquid phase after the reconstruction step. Additionally, there are two problematic scenarios
which have to be solved. First, it is possible that for opposite directions only gas cells exist
and therefore no particle distribution functions are provided. Second, for the case (n · ci = 0)
two particle distribution functions in opposite direction have to be reconstructed in order to
fulll the free surface boundary condition, regardless of the type of cell in that direction. The
solution for both situations is to use the maxwellian distribution functions, dependent on the
interface velocity and gas density, to determine the missing particle distribution functions.
This guarantees that Equation 3.7 is fullled for the opposite directions. For the central
particle distribution function, which also often is referred to as resting particle, Equation 3.7
yields

fc (x, t)0 = fceq (%g , u(x, t − 1)).

(3.8)

Altogether the method is dened in such a way, that the density of interface cells always equals
the gas density after the stream step. Inserting Equation 3.5 into Equation 3.7 proves that the
force F is equal to the force exerted by the gas pressure and therefore the boundary condition
is fullled by the reconstruction method.
It is also important to note that the gas pressure pg of an interface cell does not only
consist of the volume pressure pV of the associated bubble, but also of the Laplace pressure

∆pσ .
pg = pV + ∆pσ .
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(3.9)

The pressure drop ∆pσ is caused by the surface tension of the curved interface. It is dependent
on the local curvature κ(x, t) at the evaluated interface cell and the value of the surface tension

σ of a liquid against a gas.
∆pσ = 2σκ(x, t).

(3.10)

This is known as the Young-Laplace equation for three dimensions. For two dimensional
scenarios the factor two has to be omitted. The gas density for the interface cells can now be
calculated by

%g =

1
pg = 3pv + 6σκ(x, t).
c2s

(3.11)

The computation of the local surface curvature, which is needed to determine the Laplace
pressure, is a complicated task and will therefore be outlined in more detail in the following
section.
3.3

Curvature Calculation

In the free surface lattice Boltzmann method the interface is as mentioned before implicitly
tracked by the uid fraction of the corresponding interface cells. To calculate the local curvature Thies [20] and Körner et al. [9] applied a template sphere method in two dimensions,
which needs information from the nearest and next-nearest neighbor of the investigated cell.
An extension of this method to three dimensions therefore leads to an 5 x 5 x 5 cell neighborhood that needs to be inspected. Since this results in high computational eort, Pohl [16]
developed an algorithm that calculates the curvature, only needing information from the next
nearest neighbors, in a three part scheme. In this thesis only the general outline of the algorithm is given to better understand what information is needed from the dierent cells, for a
detailed description please refer to the original publication.
The three steps of the method work as follows. First, an approximate surface normal ns is
calculated as the gradient of the uid fraction of the 3 x 3 neighborhood via a Parker-Young
approximation. Second, for each cell a surface point is estimated. This is done by assuming
that the interface is a plane with the normal ns that divides the cell into a liquid and gas
volume with the ratio given by the uid fraction. A point on this plane is dened as

p = x + a · ns ,

(3.12)

where x is the cell center and a an oset in normal direction. The direct computation of

a is dicult therefore the inverse problem is solved by a bisection algorithm. Starting from
the center point the volume beneath the plane is calculated and compared with the ll level.
Depending on the result of the comparison the oset a is tuned until the plane is at an
approximately correct position. With a Equation 3.12 can now be solved, yielding the surface
point p. The third step computes a three dimensional mesh by local triangulation using the
calculated surface points p and surface normals ns . The wanted curvature κ of the mesh is
then obtained via an algorithm developed by Taubin [19].
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Chapter 4

Modeling of Cell Conversions
In this chapter the modeling of the dierent conversions is discussed. The rst section describes
the basic principles behind each conversion as well as the arising problems associated with
the conversion rules. The most problematic conversion from gas to interface cells is then
shown in detail with two dierent approaches. One method uses the macroscopic values
provided by the neighboring liquid and interface cells to set equilibrium distribution functions
for the freshly converted cell. The other method is to investigate in detail investigate the free
surface lattice Boltzmann procedure and directly construct the particle distribution functions
of the new interface cell. Because some errors are not directly related to the dierent cell
conversion models a dierent approach is discussed afterwards which attempts to provide a
smooth transition between two dierent cell types. In the last section of this chapter, various
possibilities to distribute the mass remaining after cell conversions are presented and discussed.
4.1

Cell Conversion Basics

The evolution of the interface layer is achieved by the transfer of mass between liquid and
interface cells, as described in section 3.1. As interface cells hold both gas and liquid fractions,
the cells are getting totally lled or emptied over the course of a simulation. As the movement
of the free-surface can not be restricted to only one layer of interface cells, those interface cells
have to be converted into either gas or liquid cells. The cell conversion process is restricted
to only allow conversions between interface and liquid cells as well as interface and gas cells.
There is no possibility to directly convert gas into liquid cells, and vice versa. This restriction is ensured by the fact that for reasonable simulation scenarios the uid volume, that is
transferred in and out of an interface cell during one time step, should be below 10% of the
maximal cell volume [16]. This is connected to the low mach number stability constraint (see
subsection 2.3.1), which generally limits the magnitude of the macroscopic velocity to 0.1 and
therefore imposes the aforementioned restriction.
There are two triggers to instigate dierent types of cell conversions. The rst is based
on the above mentioned ll level of the interface cells. If the uid fraction exceeds 1.0 plus a
certain threshold  for any given interface cell, the cell will be converted to a liquid cell. If
the uid fraction reaches 0.0 minus the additional threshold  the interface cell is converted
to a gas cell. The additional value  is introduced to prevent oscillations between cell types
in consecutive time steps. Pohl [16] chooses  to be 0.01. For the test cases in chapter 5
much lower values have proven to suce, therefore the threshold can be individually chosen
dependent on the simulation setup. The second trigger for cell conversions is based on the
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Table 4.1: The dierent cell types with their dened (•) and undened (−) state variables:
particle distribution function f , velocity u, density %, mass m, surface normal n, uid fraction
ϕ and gas pressure pg . For gas and liquid cells the uid fraction and mass correlates with
certain xed values.
cell type
gas
liquid
interface

f
•
•

u
•
•

%
•
•

n
•

ϕ
0.0
1.0
•

m
0.0
%
•

pg
•
•

demand that the gas and liquid cells have to be separated from each other by a continuous
interface layer. That means that each time a cell conversion is initiated by changes to uid
fraction, either gas or liquid cells have to be converted to interface cells to close the emerging
gap in the interface. As a result two types of cell conversion are closely linked to each other.
Conversions from interface to gas cells always trigger conversions from liquid to interface cells
and conversions from interface to liquid cells always trigger conversions from gas to interface
cells (Figure 4.1).

Figure 4.1: Connection between the dierent cell conversion types, with the corresponding
cell conversion triggers.
As the uid fraction of interface cells falls below or exceeds the limit of 0.0 or 1.0 due to
the threshold , the remaining negative or positive mass has to be distributed to surrounding
cells. The redistribution of the mass can be accomplished in dierent ways and also greatly
depends on the accuracy of the underlying cell conversion model. A detailed description of
the mass distribution methods is given in section 4.5.
For each type of cell only certain state variables are dened (see Table 4.1). For cell
conversions this implies certain diculties dependent on the type of conversion. The following
paragraphs hence describe the dierent conversion types in detail and discuss arising problems.
The four conversion possibilities are interface to liquid, interface to gas, liquid to interface and
gas to interface. For all cell conversion schemes, the cell type ag has to be set according to
the cell type the the cell is converted to.
The conversion that can be done almost eortless is the transition from interface to liquid
cells. All necessary state variables are present at conversion time. The uid fraction has to
be set to 1.0, thus the mass m of the cell is equal to its density %, and the exceeding mass has
to be distributed to neighboring cells. Additionally the gas pressure and surface normal have
to be reset.
The interface to gas conversion requires a reset of all state variables that are associated
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with the liquid phase model. The uid fraction and mass are set to 0.0 after the negative
remaining mass is distributed to the neighboring cells. As mentioned above, the gas pressure
for interface cells is only associated with the bubble the cell belongs to. Considering that no
change is done to the link between the cell and the respective bubble during the conversion,
the gas pressure remains the same for the cell.
The conversion from liquid to interface cells is more dicult to handle, because the gas
pressure has to be set to that of a neighboring bubble. Therefore the freshly converted cell
has to be associated with an adjacent bubble. If dierent bubbles are present in the neighborhood of the cell, it is assumed that the bubbles coalesced with each other or will coalesce in
the following time step. Thus one of those bubbles is randomly chosen that provides the gas
pressure for the interface cell. The uid fraction is calculated according to the mass distribution rules provided in section 4.5, which generally set the ll level of the cell to a value less
than 1.0. The needed surface normal is approximated, after the uid fraction is determined,
according to the algorithm described in section 3.3. As interface and liquid cells are part of
the liquid phase model, the remaining state variables, which belong to the same model, have
been already computed by the lattice Boltzmann method for the cell. As all state variables
are determined now, the conversion from liquid to interface cell is completed.
The most problematic cell conversion is that from gas to interface. The gas cells are only
part of the gas phase model and thus have no state variables calculated but the gas pressure.
As interface cells are part of both gas and liquid phase model, all possible state variables have
to be determined. The gas pressure remains the same as before for the gas cell. The uid
fraction is dependent on the uid that is transferred into the cell from adjacent cells, which
transition from interface to liquid cells. As the computation of the surface normal only needs
information of the uid fractions of the cell itself and the cells in the neighborhood, it can easily
be calculated using the algorithm from section 3.3. The remaining state variables are dicult
to determine as no further information is given for the cell itself. The particle distribution
functions as well as the macroscopic values, density % and velocity u, which are calculated by
Equation 2.17 and the momentum Equation 2.18, can only be estimated by using data from
adjacent cells. The last missing variable, the liquid mass, can only be calculated if the density
is resolved in advance (see Equation 3.2). Because the modeling of the liquid phase data can
be accomplished relying on either macroscopic or mesoscopic values, the dierent modeling
approaches are presented in section 4.2 and section 4.3 and arising problems and diculties
of the modeling process are discussed.
For most simulations the three cell conversions mentioned rst are not problematic. Almost
all state variables are already given by the previous cell type and the gas pressure that is
missing for the interface to gas conversion can easily be determined. Although the conversion
procedure itself is not problematic, the behavior changes after the transition due to the new
cell type ag can have a major impact on certain simulations. This is because the dierent cell
types are also handled in dierent ways in the proceeding of the free surface lattice Boltzmann
method. For example an interface cell always fullls the constraints introduced by the free
surface boundary condition after the stream step. After the conversion from interface to liquid
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cell, the liquid cell is no longer restricted by aforementioned limitation. Thus the cell is treated
in a totally dierent way from one time step to the other. As this can lead to errors that may
inuence the stability of certain scenarios, a possible solution is presented in section 4.4.

4.2

Conversion based on Macroscopic Values

This approach is based on the basic idea that the unknown particle distribution functions for
conversions from gas to interface cells can be approximated by the corresponding equilibrium
distribution functions. As the equilibrium distribution functions are only dependent on the
local velocity and density, which are also unknown, those macroscopic values have to be
estimated. This is done by calculating the arithmetical mean of the density and velocity of
neighboring interface and liquid cells [16].

D = N (x) ∩ (C I ∪ C L ),
X
1
%̄(x, t) =
%(x + ci , t),
|D|

(4.1)
(4.2)

i,x+ci ∈D

ū(x, t) =

1
|D|

fi (x, t) =

fieq (%̄(x, t), ū(x, t)).

X

u(x + ci , t),

(4.3)

i,x+ci ∈D

(4.4)

Here N (x) denotes all cells in the neighborhood of the converted cell at x and D stands for
all neighboring cells that are a liquid or gas cells.
The accuracy of this conversion model solely depends on the precision of the interpolation
of the macroscopic values. The arithmetical mean attaches equal importance to all neighboring
cells. Therefore the method can be improved by introducing weights that lay more emphasis
on certain neighboring cells. In this thesis three dierent weighting factors are introduced.
The distance between cell centers is dened by the magnitude of the dierent lattice vectors

|ci |. Using the reciprocal distance

1
|ci |

as weighting, importance is given to the next nearest

neighbors and less inuence to those cells that are further away. Even greater impact in
reliance on the distance between the nodes is awarded by weighting with the lattice weights.
This can be shown by comparing the ratios of both methods, dependent on the dierent
directions, for a DmQn model, e.g. the D2Q9 model.


1
for i = N, S, W, E
|ci | = √
 2 for i = N W, N E, SW, SE

1
for i = N, S, W, E
ωi = 9
1
for i = N W, N E, SW, SE
36

(4.5)

(4.6)

The center value is omitted as it is not needed in this context. For the D2Q9 model only
two sets of cells with dierent distances are present. The ratio from closest to farthest away
cell is 4 : 1 for the lattice weights and 1 :

√1
2
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for the reciprocal distance. Obviously, the

emphasis on the next nearest neighbor is about three times higher for the lattice weight based
weighting method. Similar results can be shown to occur for other DmQn models. Thus,
for an approach that focuses on distance the lattice weight method will be further used in
this thesis. The weighting factor for the last method is the uid fraction of the neighboring
cells. The underlying idea is based on two principles. The conversion from gas to interface
is coupled to the conversion of an interface cell to a liquid cell, therefore the trigger for such
a conversion is a completely lled cell with uid fraction greater than 1.0. As the exceeding
mass can be seen as mass that partly belongs to the converted cell, the cell can be perceived
as an extension to the triggering cell. Therefore the weighting with the uid fraction emphasis
the actuator of the cell conversion. Additionally the uid fraction has direct inuence on the
liquid momentum. In the basic lattice Boltzmann method only liquid cells have mass, which
is directly given by the density (see Equation 2.17). The free surface extension also denes
mass for interface cells by Equation 3.2. As the momentum is a function of mass and velocity,
interface cells with higher ll level by tendency possess a higher momentum. Therefore the
uid fraction weighting also places emphasis on the neighboring cells magnitude of momentum.
The mentioned methods generally lead to dierent results for the macroscopic values, thus a
general evaluation of the weighting factors is done in section 5.1.

Figure 4.2: Generic proceeding of the lattice Boltzmann method for the particle distribution
functions in north and south direction, which is used to explain the problems arising from the
macroscopic conversion model.
The major problem of this modeling approach can be found by analyzing a generic cell
conversion process. Figure 4.2 shows such a process for the particle distribution functions in
north and south direction. For the other direction the same behavior can be shown analogously.
A special notation for the evolving particle distribution functions is used, e.g. for the particle
distribution functions in northern direction:
t
fN

after collision,

0

after streaming ,

t
fN

where t is the time step the last collision took place. The particle distribution functions are
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also distinguished by not only using the letter f , but also h, g and k . The reconstructed
0

0

t ), where f t is the particle distribution
particle distribution functions are denoted by rS (fN
N

function which the reconstruction calculation is dependent on (see section 3.2). The dierent
cells are referred to as Cntype , where n is the cell position and type the initial letter of the cell
type ag, e.g. C1L is a liquid cell at position 1. In this case there are three cells C1G , C2I and C3L at
time step t = 1. Interface cell C2I is totally lled with liquid and hence triggers the conversion
of itself from interface to liquid C2L as well as the conversion of the gas cell C1G to interface cell

C1I . The particle distribution functions for the converted cell C1I are constructed following the
scheme presented in this section. Assuming that only cells with the same macroscopic values
eq
as C2L are in the neighborhood of C1I , the equilibrium distribution functions gN
and gSeq are

constructed using exactly those values. In time step t = 2 the southern distribution function

gSeq is then streamed from C1I to C2L . Simultaneously, the northern distribution function h1N
is streamed from C3L to C2L . The particle distribution functions after streaming for liquid cell
0

0

C2L thus are h1N and gSeq . Following the process of the lattice Boltzmann method without cell
0

0

conversion for the southern particle distribution function a reconstructed value rS1 (h1N ), like
0

0

0

0 ) in time step t = 1 for cell C I , would be expected instead of g eq . To understand the
rS0 (fN
2
S

inuence of the discrepancy between streamed and expected value, both values have to be
examined in more detail. As the system is not in a total equilibrium the particle distribution
functions f, g, h and k consist of an equilibrium and non-equilibrium part and can be expressed
as
0

0

0

(4.7)

h1N = (h1N )eq + (h1N )neq .
The reconstructed value therefore is dened as
0

0

eq
rS1 (h1N ) = fN
(%(C2L ), u(C2L )) + fSeq (%(C2L ), u(C2L )) − h1N

0

(4.8)
0

0

eq
= fN
(%(C2L ), u(C2L )) + fSeq (%(C2L ), u(C2L )) − (h1N )eq − (h1N )neq ,

(4.9)

where fieq (%(C2L ), u(C2L )) is the equilibrium distribution function dependent on the macroscopic
0

values of C2L . Because Equation 4.9 contains a non equilibrium part the value gseq , which
0

0

solely is an equilibrium value, can not be equal to rs1 (h1n ), even if all cells have the same
macroscopic density and velocity. This is due to the fact that in the D2Q9 model for each
pair of macroscopic values only one possible equilibrium distribution exists. However various
combinations of particle distribution functions can be constructed involving non-equilibrium
parts. Consequently, there is a dierence between expected and streamed value, which also
changes the expected values of the macroscopic velocity and density of the cell C2L . Additionally
0

the particle distribution function gseq will be further streamed into the liquid. Altogether this
results in a small pressure shock wave that leads to a wrong surface dynamic and therefore
endangers the stability and correctness of the method. Also important to notice is that the
time step the conversion takes place is not critical, but the following time step when the
constructed values are streamed according to the lattice Boltzmann method is. To resolve
this behavior conversion rules in section 4.3 are presented that try to incorporate the nonequilibrium part. Note that for scenarios in equilibrium there are no non-equilibrium parts of
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the particle distribution functions. Therefore the method presented in this section provides a
correct set of particle distribution functions for certain scenarios (see subsection 5.2.1).
4.3

Conversion based on Mesoscopic Values

In contrast to the approach presented in the previous section, where the particle distribution
functions are constructed from macroscopic values, the schemes presented here try to rely on
the particle distribution functions provided by the neighboring cells to calculate the macroscopic values. The idea to create the full set of particle distribution functions for the converted
cell is based on the two step scheme of the lattice Boltzmann method and the constraints imposed on interface cells by the free surface extension. The main goal of this section is to
present ideas to model the new interface cell without approximating the macroscopic values
of the cell from neighbors. As this task proves to be very dicult, two modeling attempts
are shown that try to at least incorporate the information provided by the process ow of
the free surface lattice Boltzmann method. For both methods it is important to dene the
exact procedure of the dierent steps of the free surface lattice Boltzmann method. This is
necessary because the additional steps of the free surface extension can be done before, after
or between the stream and collide step of the basic lattice Boltzmann method. The ordering
is therefore dependent on the particular chosen implementation. In this section the steps are
applied in the following order in every time step:

• stream step
• collide step
• mass exchange
• cell conversion
This implies that the converted cell was a gas cell at the start of the time step and as such did
not participate in the stream and collide step. The interface cell therefore has to be created
such that it is in the state after collision.
The principle behind both modeling attempts is to assume that the cell existed as an
interface cell at the beginning of the time step in which the conversion is triggered and therefore
information can be gathered that would otherwise be lost. Investigating the stream step
provides the rst set of particle distribution functions for both methods. During the streaming
step, particle distribution functions of interface cells are partly streamed to gas cells and thus
lost for the liquid phase model, because no valid particle distribution functions are dened for
gas cells. If a gas cell is converted to an interface cell, instead of dismissing the information
provided by those particle distribution functions, the particle distributions functions are used
as basis for the new interface cell in accordance with the stream step.

fī0 (x, t) = fī (x + ci , t − 1),

for (x + ci ) ∈ C I ∪ C L .

(4.10)

That means that almost half of the missing particle distribution functions are already known.
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Furthermore, both modeling approaches determine the remaining unknown particle distribution functions in dierent ways. The rst method investigates the constraints imposed by
the free surface boundary condition on interface cells. The boundary condition reconstructs
the missing particle distribution functions using the macroscopic velocity u of the interface
and the gas density %g . As both macroscopic values of the new interface cell are not dened,
they can only be estimated by the mean velocity and density of the neighboring cells. Because this is the same approximation of macroscopic values as presented in section 4.2, the
statements in regard to the modication of the arithmetical mean also hold here. Hence the
particle distribution functions can be dened using Equation 3.7:

fi0 (x, t) = fieq (%g , u) + fīeq (%g , u) − fī0 (x, t).

(4.11)

This completes the set of particle distribution functions that can be calculated by the streamed
values and the reconstruction step. But it is wrong to assume that only the resting particle is
not determined yet. Due to the topology of the neighborhood around a gas cell that converts to
an interface cell, there is the possibility that no particle distribution functions can be streamed
for either of two opposite directions. This is the case when the cells in opposite direction of
the converted cell are both gas cells at the beginning of the time step. The reason again is
that no valid particle distribution functions are dened for those cells. To determine those
values the only possible option is to set equilibrium values based on the velocity u and gas
density %g .

fi0 (x, t) = fieq (%g , u),
(4.12)

fī0 (x, t) = fīeq (%g , u),
for (x + ci , t − 1) ∈ C G ∧ (x − ci , t − 1) ∈ C G .

Another problematic scenario is when there are more known than unknown particle distribution functions, which is the case when more interface and liquid cells are in the neighborhood
than gas cells. This problem is similar to the reconstruction of known particle distribution
functions in section 3.2, with the dierence that for the new interface cell no normal is given.
Possible solution ideas are: to calculate the mean vector of the normals of the neighboring
cells, to calculate the normal with the algorithm from section 3.3 or to assume that the particle distribution functions from the cells with the lowest uid fraction are omitted. As this
topological problem did not occur in the test cases of chapter 5, the possible solutions were
not validated. Therefore in this thesis only the thought process behind the dierent ideas will
be shortly presented. The algorithmic calculation method is dependent on the uid fraction of
the cells and thus on the distribution of the exceeding mass of the cell that triggered the cell
conversion. That means that if the mass distribution is not done correctly the normal may
be calculated with an error. The result of the approximation method is majorly dependent
on the weighting factor. To incorporate the geometry, the uid fraction is probably a good
weighting factor, because the free surface is directly captured by the uid fraction . The
simplest solution is to ignore the interface cells with the lowest uid volume. That means that
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cells that are mainly considered to be gas cells are omitted. This is in accordance with the
explanation given in section 3.2, which says that the particle distribution functions from the
interface cells are replaced because they belong more to the gas phase than the liquid phase.
Therefore this method is by tendency the best choice to solve this problem.
Finally only the central resting particle is missing, which is dened by Equation 3.8.
Combining Equation 4.11, Equation 4.12 and Equation 3.8 the new interface cell has got a
full set of particle distribution functions and is in the state right after streaming. To nish
the conversion process it is then necessary to do a collide step for the interface cell with
the macroscopic values provided by the constructed particle distribution functions. Because
Equation 4.11 incorporates the streamed value fī0 (x, t) the particle distribution functions of
the interface cell can now consist of an equilibrium and a non-equilibrium part. That is exactly
the behavior demanded by the problem described in section 4.2 and therefore can theoretically
solve that problem.

Figure 4.3: Sketch of a general conversion procedure using a mesoscopic conversion approach
for the particle distribution functions in north and south direction. The particle distribution
functions that are dicult to determine are marked with a red circle.
The drawback of the approach is that the reconstruction step necessarily needs the macroscopic velocity, which can only be approximated. Thus, the second attempt is based on the
idea to avoid the approximation of macroscopic values at all cost. This is accomplished by
investigating the procedure of the free surface lattice Boltzmann method from the time step
the conversion took place till after the streaming step of the following time step. Here this will
be explained with the aid of Figure 4.3. Note that the notation described in section 4.2 is used.
Also the investigation is restricted to the north and south direction, but can be administered
to the other direction pairs analogously.
In Figure 4.3 the cell conversion is triggered in time step t = 1 converting C1G to C1I and also

C2I to C2L . There are three unknown particle distribution functions for the new interface cell C1I
1 as well as f 1 after the collide step.
at time step t = 1, namely fS 0 after the stream step and fN
S
0

0 is implicitly given by the stream step as described in Equation 4.10. The goal
The value of fN

of the method is to create an interface cell with a complete set of particle distribution functions
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after the collide step in time step t = 1. This can either be achieved by rst determining the
distribution functions after the stream step and then performing a collide step or directly
constructing the post-collision values.
As fS 0 can only be calculated by the reconstruction scheme, which needs the macroscopic
values of the converted cell, the corresponding particle distribution function fS1 after collision
will be determined. This is accomplished by observing the travel path of fS1 during the stream
step in time step t = 2. fS1 would generally be streamed to the adjacent cell C2L . Therefore it
0

1 ) under the assumption that C L , despite being a liquid cell, performs
equals the value of rS 0 (gN
2

the reconstruction scheme, where the macroscopic values are implicitly given by the cell itself.
0

1 ) is calculated in the time step after the conversion
The particle distribution function rS 0 (gN

took place and therefore is not simply available at conversion time. There are basically two
ideas that circumvent this problem. The rst idea is to introduce a transition cell type which
the gas cell converts into at conversion time. As this cell type describes a state of the cell
in-between gas and interface cell, it is called meta cell. Meta cells are in contrast to interface
cells not really part of the liquid phase model and in contrast to gas cells have dened particle
distribution functions. Meta cells also do not participate in the general procedure of the lattice
Boltzmann method. The meta state thus can be regarded as a storage for the needed particle
distribution functions. With the help of the meta cell type the real conversion can now be
postponed to the time step after conversion. However this also means that no macroscopic
information is given before the meta state is resolved. Because this is an unwanted behavior
0

1 ) the macroscopic values
a dierent approach is necessary. For the reconstruction of rS 0 (gN
0

1 are required. All those values are available at post
and the particle distribution function gN

collision time at time step t = 2. The macroscopic values are already calculated for C2L and
0

1 is equal to g 1 . The generic scheme can be written as
gN
N

fi (x, t) =fieq (%g (x + ci , t), u(x + ci , t)) + fīeq (%g (x + ci , t), u(x + ci , t)) − fī0 (x + 2ci , t),
for (x + 2ci , t) ∈ (C ∪ C ) ∧ (x + ci , t) ∈ (C ∪ C ).
L

I

L

I

(4.13)

where x + 2ci denotes the cell two cells away in the direction of ci . The velocity u as well as
the gas density %g are the corresponding macroscopic values of the neighboring cell at position

x + ci . This method is much more simple to handle in contrast to the meta state approach
0

1 .
and thus is the obvious choice to dene gN
1 after collision that need to be determined.
This leaves either fS 0 after streaming or fN

Neither can be found by investigating the streaming steps, thus the collide step of time step
0

0 becomes f 1 and f 0 becomes f 1 . The collide step
t = 1 is analyzed. In the collide step fN
S
N
S

for a certain particle distribution function can be expressed as

fi (x, t) = Ω · fi0 (x, t),

(4.14)

where Ω is the collision operator. The whole procedure can also be easily reversed which gives

fi0 (x, t) = Ω−1 · fi (x, t),
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(4.15)

where Ω−1 is the inverse collision operator. The problem of both equations is that the standard
and inverse collision operator are dependent on the macroscopic values of the cell after the
stream step, see Equation 2.33. Thus the goal to avoid the approximation of macroscopic
values can not be accomplished, because there are no alternatives to this approach. And
even if a way is found to avoid the approximation in this case, there is also the problem
that neighboring cells in opposite directions can be gas cells, which can only be solved by
Equation 4.12. Additionally the resting particle needs to be constructed for a complete set of
particle distribution functions. There are two dierent approaches to determine the central
particle based on the reconstruction scheme. First, the equilibrium values can be set according
to Equation 3.8. Second, assuming all other particle distributions functions are already found,
the central particle can be calculated by the density calculation(Equation 2.17).

fC0 (x, t)

= %g −

n
X

fi0 (x, t).

(4.16)

1

Both methods can only determine the value after the stream step, because the reconstruction
step only restricts the macroscopic values at that point of the free surface lattice Boltzmann
procedure. But in both cases the gas density is needed and the new interface cell also does not
fulll the free surface boundary constraints(section 3.2). The equilibrium method does not
guarantee that the density of the cell equals the gas density, because the remaining particle
distribution functions of the interface cell are not constructed according to Equation 3.7 and
thus do not need to fulll the constraint. The other method always yields the gas density for
the cell, but the resting particle is not necessarily the equilibrium value which is imposed by
the reconstruction step. Therefore the resting particle can not be determined such that the
free surface boundary conditions are fullled.
Altogether the interface cell can not be constructed without the approximation of macroscopic values of neighboring cells. Out of both methods presented in this section, the rst
attempt is much simpler and yields logical results for all particles distribution functions as
well as macroscopic values. The second attempt is by far more complicated, the procedure
does not fulll the free boundary conditions and the overall correctness of the method can not
be evaluated. Therefore the mesoscopic approach is represented by attempt number one in
this thesis.

4.4

Fill Level Smoothing

In the free surface lattice Boltzmann method interface cells are always restricted by the constraints imposed by the free boundary treatment(see section 3.2). That means the density of
every interface cell is equal to the calculated gas density after the stream step. If no changes
to the local curvature or bubble volume occur the gas density always stays the same for those
interface cells. Now if the uid fraction of such a cell reaches the threshold needed to trigger
the cell conversion, the cell either transitions to a gas or liquid cell. In case of a conversion to a
liquid cell the free boundary constraint, imposed on the cell, is from this point onward invalid.
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The density can suddenly change its value, which is not anticipated by the surrounding cells.
A similar situation is the transition from liquid cell to interface cell. The density of the liquid
cell varies depending on the streamed particle distribution functions. But after the conversion to a interface cell the density is suddenly restricted to the gas density. In both cases
the rapid change of the density directly changes the related particle distribution functions.
Those are then streamed to the neighboring cells, which expect particle distribution functions
with a dierent value. The dierence between expected and received value of the particle
distribution functions can be noticed as disturbing shock wave in the pressure eld and even
the velocity eld. This eect is most problematic in scenarios where cells ll up over longer
periods of time. In those cases the velocity and the pressure eld are conditioned to expect a
certain value from a cell and the sudden change thus has a great impact on the scenario. It is
also important to notice that the error eect vanishes over time, because the simulation gets
accustomed to the new behavior of the cell.
This problematic behavior can not be solved by a smart modeling of the conversion from
interface to liquid and from liquid to interface, because the problem is an aftereect of the
change of the cell type ag. This means new modeling approaches may postpone this problem
by providing the expected particle distribution functions for the time step after conversion.
But the problem would still appear in the time step after that, due to the new density of the
cell. Hence, an approach is presented that attempts to guarantee a smooth transition instead
of a rapid change of the density and associated particle distribution functions.
The idea of the approach is the usage of a modied stream step for liquid cells in the
neighborhood of interface cells. Instead of completely using the particles distribution functions
provided by the interface cells, the liquid cell executes a reconstruction step on its own. Only
particle distribution functions coming from neighboring interface cells are modied. The
streamed value of the particle distribution function is a combination of the reconstructed and
streamed value weighted by the uid fraction ϕ of the interface cell.

fi0 (x, t) = ϕ fi (x − ci , t − 1) + (1.0 − ϕ) firecon (%g (x − ci , t), u(x, t)),

(4.17)

I

∀(x − ci ) ∈ C ,
where firecon (%g (x − ci , t), u(x, t)) is calculated according to Equation 3.7 with the gas density

%g (x − ci , t) of the neighboring cell and velocity u(x, t) of the liquid cell. For neighboring
interface cells that ll up over time the inuence of the reconstruction part vanishes and that
of the streamed part increases. Finally for a completely lled neighbor cell Equation 4.17
reduces to

lim fi0 (x, t) = fi (x − ci , t − 1),

ϕ→1

(4.18)

which is equivalent to Equation 2.32 of the stream step. The opposite eect is true for cells
that are emptied over time. The streamed particle distribution function is more and more
neglected and instead reconstructed. For an almost empty interface cell this yields

lim fi0 (x, t) = firecon (%g (x − ci , t), u(x, t)),

ϕ→0
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(4.19)

which is the general reconstruction Equation 3.7. But only under the assumption that the gas
density of the former neighboring interface cell is equal to that of the former liquid cell in the
next time step.
A similar topic is the resting particle for the conversion from interface to liquid and liquid
to interface cells. The free boundary treatment ensures that for interface cells the central
particle distribution function is always set to the equilibrium value according to Equation 3.8.
That means in case of a conversion from liquid to interface cell an equilibrium value is suddenly
set for the central particle distribution. And for a conversion from interface to liquid cell no
equilibrium value is set for the resting particle from this point in time onward. The approach
is similar to that for the streamed values.

fC (x, t)0 =  fC (x, t − 1) + (1 − ) fCeq (%g , u(x, t)),

(4.20)

where

 = min (ϕ(x − ci , t)),

(x − ci ) ∈ C I

(4.21)

Here instead of the uid fraction ϕ of one particular interface cell, the minimal uid fraction 
over all neighboring cells is taken as weighting factor. Investigating the limit of  approaching

0 and 1, it is obvious that the method yields the equilibrium value and the actual value for
the resting particle, respectively.
lim fC (x, t)0 = fCeq (%g , u(x, t)).
→0

lim fC (x, t)0 = fC (x, t − 1).

→1

(4.22)
(4.23)

The values 1 is reached when all neighboring interface cells are completely lled and 0 is
reached when all neighboring interface cells are completely empty. In both cases the neighborhood is the critical factor for the smoothing eect. In many scenarios the cell conversion is
triggered before all neighboring cells are almost empty or almost lled. One example conguration is given in Figure 4.4. The example scenario shows that some of the interface cells in
the neighborhood of the liquid cell, which is soon converting to an interface cell, are not even
close to being void of liquid and therefore the smoothing eect for the particle distribution
functions from those cells is reduced. Thus, the method is tested with a conguration where
those problems can not occur in chapter 5.
Altogether, the approach is modeled in such a way that the error is not suddenly introduced, instead the error is smoothed out over a longer period of time. In this thesis the
maximal possible uid volume change is restricted to 0.1 volume units per time step. That
means the error is introduced over a time interval of at least ten consecutive time steps. In
most simulation the transferred uid volume is smaller than 0.1 and thus the smoothing eect
is even greater. The eect of the density change of the cell is reduced and stability of scenarios is increased, but the trade o is the accuracy reduction of the free surface dynamic, the
velocity eld and pressure eld. The question if the trade o between accuracy and stability
is protable can not be answered in general. Instead it is necessary to compare the simulation
results with and without the ll level smoothing method.
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Figure 4.4: Example scenario, where the orange liquid cell will soon convert to interface due
to the almost empty red cell. At this state the liquid cell should almost completely impose the
free surface boundary condition on itself, but due to the almost lled left interface neighbor
the particle distribution functions from that cell are almost completely used in the stream
step. Thus, reducing the smoothing eect of the method.

4.5

Mass Distribution

The triggering factor for the conversion of interface cells to either gas or liquid cells is the
uid fraction. The respective conversion route is chosen dependent on the limit that is reached
by the value of their uid fraction. For the conversion to liquid a uid fraction of 1.0 and
for the conversion to gas a uid fraction of 0.0 is needed. The transfer of mass according to
Equation 3.3 almost never results in exactly the required value to trigger the cell conversion
process. Furthermore the additional threshold  that was introduced in section 4.1 modies
the limits such that a uid fraction of 1.0 +  and 0.0 −  is needed. If an interface cell
is now converted to either a gas cell or a liquid cell, the uid fraction is set to 0.0 or 1.0,
respectively. This procedure leads to a dierence between set and previous uid fraction,
which consequently results in a missing or leftover mass. This mass corresponds to leftover
negative or positive mass and is given for a converted cell xc by


m(x , t) − 1.0 for C I→L
c
mexcess (xc , t) =
m(x , t)
for C I→G .
c

(4.24)

Here C I→L and C I→G denote interface cells that are converted to liquid cells and gas cells,
respectively. Because the excess mass mexcess is not considered during the mass exchange, it
has to be dealt with separately. Otherwise the excess mass would be lost or the missing mass,
which is of negative value, would lead to mass creation out of nothing. In both cases the global
and local mass conservation would not be satised anymore. Thus the mass mexcess somehow
has to be distributed to neighboring cells.
In literature two dierent distribution methods have been proposed. In the paper from
Körner et al. [9] the excess and leftover mass is equally distributed to the freshly created
interface cells in the neighborhood. That means the mass is always distributed to the cells,
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which were converted due to the preceding conversion of the cell itself.

m(x, t) = m(x, t−1)+

mexcess (xc , t)
, ∀x ∈ (N (xc ) ∩ (C L→I ∪C G→I )), (4.25)
|N (xc ) ∩ (C L→I ∪ C G→I )|

where and |N (xc ) ∩ (C L→I ∪ C G→I )| is the number of neighboring interface cells that were
either converted from liquid cells or gas cells into interface cells.
In contrast to above presented method Pohl [16] distributes the excess mass to all neighboring interface cells without exception.

m(x, t) = m(x, t − 1) +

mexcess (xc , t)
, ∀x ∈ (N (xc ) ∩ C I ).
|N (xc ) ∩ C I |

(4.26)

The advantage of this method is that no distinction between the dierent origins of the interface cells has to be made.
In the following a new approach will be presented. The idea is to distribute the mass in
accordance with the mass exchange method (Equation 3.3). The method is split up into two
parts: the rst part handles the distribution for cells that converted from interface cells to gas
cells and the second part the distribution for cells that converted from interface cells to liquid
cells.
The reason for the negative remaining mass after the conversion from interface to gas cells
is that during the mass exchange scheme too much mass was transferred to neighboring cells.
This can be resolved by partly reversing the mass transfer (Equation 3.3) for all neighboring
cells around the converted cell. Thereby, it is essential to use the coupling factor Aold
j that was
calculated according to the old ll levels and cell type ags. Here j is the direction from one
of the neighboring cells to the converted cell at xc , such that x + cj = xc holds. Altogether
the method reads

m(x, t) = m(x, t) − ∆mreverse
(x, t). ∀x ∈ N (xc ) ∩ (C L ∪ C I )
j

(4.27)

The value of the too much transferred mass is calculated by
reverse
∆mreverse
(x, t) = (fj̄ (xc , t) − fj (x, t)) · Aold
, ∀x ∈ N (xc ) ∩ (C L ∪ C I )
j
j ·B

where

B reverse =

mexcess (xc , t)
,
m(xc , t − 1) − mexcess (xc , t)

(4.28)

(4.29)

The negative ratio B reverse describes how much of the previous mass exchange from cell xc to
neighboring cells has to be reversed. Note that the ratio is given for all neighboring cells and
not for one specic cell.
Unfortunately a method based on the same principals as mentioned above can not be
applied to the positive mass, which remains after the conversion from interface cells to liquid
cells. The reason is that the mass exchange procedure already transferred the complete mass
according to Equation 3.3, therefore no recalculation can be done. The only option is to redo
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the mass exchange step for the cells that freshly converted to interface cells. But even if it is
assumed that the correct particle distribution functions, density and velocity are constructed
for the new interface cells, there is no guarantee that the exact positive mass is transported
out o the cell. Thus the method has to be modeled such that the positive mass is exactly
distributed. This can be accomplished by a three step scheme. First all mass that was
transferred to neighboring cells is taken back by the cell. This is accomplished by reversing
the mass exchange step for all directions in which mass is transferred out of the cell.

m(x, t) = m(x, t) − ∆mreverse
(x, t);
j
m(xc , t) = m(xc , t) − ∆mtextreverse
(xc , t),
j

(4.30)
(4.31)

where

∆mreverse
(x, t) = (fj̄ (xc , t) − fj (x, t)) · Aold
j ;
j
L

(4.32)

I

∀x ∈ [N (xc ) ∩ (C ∪ C )] ∧ (fj̄ (xc , t) − fj (x, t) > 0).
∆mreverse
(xc , t) = (fj (x, t) − fj̄ (xc , t)) · Aold
j ;
j̄

(4.33)

∀x ∈ [(N (xc ) ∩ (C L ∪ C I )] ∧ (fj (x, t) − fj̄ (xc , t) < 0).
Now the total mass that needs to be transferred to neighboring cells is calculated by Equation 4.24. The excess mass is then transported to all neighboring interface cells.

m(x, t) = m(x, t − 1) +

fj̄ (xc , t) − fj (x, t)
· mtotal excess ,
∆msum

(4.34)

where

∆msum =

X
(fī (x + ci , t) − fi (xc , t)),

(4.35)

i

∀(x + ci ) ∈ (N (xc ) ∩ C I ) ∧ (fī (x + ci , t) − fi (xc , t) < 0)
All mass is now distributed to the surrounding cells according to the distribution functions.
The coupling factor is completely ignored which generally yields an error.
In all three schemes the global and local mass conservation is explicitly modeled. That
means no mass is lost or gained through the conversion process, but the distribution of the
correct amount of mass to the correct cells can not be guaranteed. A general verication
method for the mass distribution methods could not be found in literature. Only a general
advection test can be found in [9], where the overall problem with the mass exchange scheme
is discussed. It is also stated that the incorporation of the surface tension yields better
results. But due to the fact that the mass distribution is only a small part of the general mass
transport process, the inuence of the dierent methods is hard to verify in that case. As no
other scenario was found the validation is omitted in this thesis. It turns out that the idea
behind Equation 4.27 to partly reveres the mass exchange is a good starting point for further
research. In chapter 5 the new methods were incorporated, which also yield reasonable results.
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Chapter 5

Test Cases
In this chapter the dierent methods presented in chapter 4 are investigated and compared
with each other. The chapter is divided into two parts. First, in section 5.1 the inuence of the
dierent weighting factors for the arithmetical mean is evaluated via a quasi analytical problem
scenario. Second, the dierent modeling approach as well as the ll level smoothing method
are tested against each other. Because no analytical solutions could be found in literature that
describe the complex dynamics of the free surface, only simple test cases are used. The test
cases were chosen such that solid statements can be given with regard to the cell conversion
procedure. That means the macroscopic and mesoscopic values of a cell after conversion
have to be logically determinable in the scenario, which is the case for the simulations in
subsection 5.2.1. Another evaluation approach for the dierent modeling methods is presented
in subsection 5.2.2. A scenario is introduced where the evolution of the density and velocity of
a cell exactly behaves like that of a sin function. Furthermore, the scenario can be simulated
with and without cell conversion, whereas only the magnitude of the sin is changed, but not
the frequency. The results of the dierent simulation runs are compared with each other and
conclusions in regard to the right behavior are drawn.

5.1

Arithmetical Means

In this section the dierent weighting factors for the arithmetical means, introduced in section 4.2, are evaluated via a quasi analytical approach. This approach was chosen because
simulation setups with a curved free surface and a varying velocity eld were not simulated
with the free surface lattice Boltzmann method. Thus no possibility was found to congure
such a scenario and the following approach must suce.
The underlying idea is based on a real world scenario. Through an opening in a oor water
is owing in. Under ideal conditions the inow results in a circular water puddle that extends
uniformly in all direction with the opening as the center of the water circle. For simplicity
we observe the scenario from above so that the puddle looks like Figure 5.1 and the problem
reduces to two dimensions. A two dimensional coordinate system is used with the origin at
the center point of the circle. Now the circle area covered with water can be determined by
following equation.

Acircle = r2 · π,

(5.1)

where r is the radius of the circle. The points with the coordinates (x, y) within the covered
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Figure 5.1: Sketch of a circular water puddle, where the water spreads equally in all directions
from the inow point in middle. The current area covered by the puddle is given by the area
of the circle with radius r.

are can be determined by

r≤d=

p
x2 + y 2 ,

(5.2)

where |d| is the distance from point (x, y) to the origin. The amount of uid that ows through
the opening in one time step is given by the area ∆A.
The circle is then discretized via an euclidean grid. All cells are squares with a side length
of a, which is set to one. The grid is placed such that the origin is situated at the midpoint
of one such square. A starting radius r is randomly chosen that denes the extend of the
puddle. If a cell has at least one point (x, y) with d ≤ r, it is marked as liquid cell. All cells
not marked up are obviously gas cells. The interface cells are all liquid cells that are adjacent
to a gas cell.
Now we dene the macroscopic velocity v for each cell, which is not a correct analytical
value, but suces for this approach. Similar to the lattice Boltzmann method, only one
velocity vector is calculated for each cell. In our case we evaluate the macroscopic value only
at the midpoint (mx , my ) of each cell, which yields a discretization error that will be ignored.
The direction of the velocity is dened by the angle ψ between the y-axis and the vector from
the circle center to the midpoint of the cell.


ψ = arccos

[0, 1] · [mx , my ]
||[mx , my ]||


.

(5.3)

The magnitude is determined by rst setting the uid boundary to the cell midpoint (mx , my )
and then calculating the puddle radius for the previous and the following time step.

r

∆A
m2x + m2y −
;
π
r
∆A
= m2x + m2y −
.
π

rprev =
raf ter
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(5.4)
(5.5)

The velocity magnitude is the the mean value of the absolute dierences between those two
values

v=

1
(||[mx , my ]|| − rprev + raf ter − ||[mx , my ]||) ,
2

(5.6)

which yields an magnitude that decreases with the increase of the distance between cell midpoint and circle center point. With the above equations an appropriate magnitude v and angle

ψ can be set for each cell. This nishes the setup for the necessary values.

Figure 5.2: Angular deviation for the approximation of the macroscopic velocity using the
dierent weighting factors for the arithmetical mean

Figure 5.3: Velocity error for the approximation of the macroscopic velocity using the dierent
weighting factors for the arithmetical mean
For each gas cell which is adjacent to an interface cell a new radius is dened such that the
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interface cell, which is farthest away from the gas cell is completely covered with liquid. That
interface cell is in the free surface lattice Boltzmann scheme the cell conversion trigger for the
gas cell and thus needs to be completely lled. The dierent weighting factors are now used
to approximate the macroscopic velocity for that gas cell using the values of the neighboring
interface cells as well as the value of the triggering cell. The uid fraction of each cell can be
easily determined by dividing the cell into smaller cells, which resembles the supersampling
technique known from computer graphics. Each of those subcells is then tested with the new
radius. If the cell is covered with water it is counted as lled water area. Summing up the
area of all lled subcells yields the uid fraction of the cell. The accuracy of this scheme is
based on how ne the cells are subdivided. In this thesis the cells were divided into 10000
subcells, which oers enough accuracy for this test.
For the comparison setup radius r = 100 and inow per time step ∆A = 400 were chosen.
Because circles are point and axis symmetric, it suces to only test the cells in the range of

0◦ and 45◦ . In the Figure 5.2 and Figure 5.3 the angle goes up to 90◦ to show the symmetric
behavior in regard to the symmetry axis at 45◦ . In Figure 5.2 the ll weighted method clearly
shows better results. This is easily explainable: the chosen velocity direction approximation
yields a vector that is similar to the normal of the circle surface. As the uid fraction in
general is used to capture the surface it is reasonable that the approximation works better in
this case. Additionally besides the point at 45◦ all methods have an additional point where
the angular deviation is zero. For the magnitude approximation, the lattice weighted method
works best, but the non weighted method yields almost the same values near 45◦ . The reason
why the lattice weight method yields good results is that it lays great emphasis on the next
nearest neighbors. The velocity in this scenario decreases with the distance from the center
point and thus it is logical that the next nearest neighbors of the converted cell have a similar
velocity. The uid fraction weighted method lays emphasis on the triggering cell which is
farthest away from the gas cell as mentioned above. Therefore the method provides the worst
results in this example.
Altogether this quasi analytical approach only has the euclidean grid in common with the
lattice Boltzmann method. Hence the approach only gives hints on what the capabilities of the
dierent approaches are. In this case the results suggest a two phase approach which approximates the direction using the uid fractions and the magnitude using the lattice weights. But,
the quasi analytical approach is not really comparable to the free surface lattice Boltzmann
method, thus it is recommended to empirical test out the dierent schemes for each simulation
setup, compare the results and choose the method that is best suited for the problem.

5.2

Cell Conversion Models

The aim of this section is to investigate the dierences and limits of the presented cell conversion models. Validation methods and scenarios for the free surface lattice Boltzmann method
that were used in literature by [5, 9, 16] only incorporate gravity and basic boundary conditions, so that more complicated free surface dynamics are not possible. The scenarios also
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work near or even in equilibrium, which works great for the existent macroscopic modeling approach. Thus comparison between new and old approaches in those situations is unrewarding.
Also problematic is that for the free surface dynamics no analytical solutions can be found in
literature. Altogether, this means that no complicated scenarios can be chosen to compare
the dierent methods with each other. Instead the simulation have to be restricted by certain
constraints, so that valid statements can be made about the conversion behavior. The focus
is mainly on the conversion from gas to interface cells, because this conversion as shown in
chapter 4 has the greatest margin of error among the conversion rules.
In the following the general restrictions for the scenarios in the subsequent sections are
introduced and the reasoning behind the restrictions is explained. A simple topology for the
liquid phase is chosen. The domain is initialized with periodic boundary conditions in x- and
y-direction such that the problem is reduced to one dimension with changes only possible in
z-direction. The liquid phase is divided from gas phase by plane free surface with the uniform
surface normal in z-direction. Together with the periodic boundary condition this yields a
surface plane stretching to innity in x- and y-direction. Therefore the Laplace pressure can
be completely ignored, because the curvature always is zero for a at surface. All those
measures are taken to ensure that errors during the conversion are not caused by the normal
or surface calculation as well as the reconstruction step due to an incorrect gas density. The
simple arrangement of the cells also implies that the cells with the same z-value have uniform
cell type ags, macroscopic as well as mesoscopic values and if they are interface cells, the
same uid fraction. Thus here the uid advection only triggers cell conversions, but has
no inuence on the calculation of other values. Also important to note is that the dierent
weighting factors for the arithmetical mean yield exactly the same values. That is because
all neighboring cells are in the same z-plane and thus have uniform macroscopic values. The
last constraint is that the gas phase in the chosen scenarios is represented by an atmosphere,
which is innite in volume and thus the volume does not change during a simulation run.
That means the volume pressure stays constant and because the Laplace pressure is omitted,
the gas pressure is equal to the volume pressure. For the following simulations we choose the
volume pressure such that the gas density is equal to one. Also important to note is that the
test cases are not based on real experiments and thus the physical units of the parameters are
not relevant. The parameters in the following sections are therefore given in lattice units, but
the * is omitted for convenience. The only necessary parameter that all tests have in common
is the relaxation parameter, which was heuristically chosen to λ = 1.9.
5.2.1

Moving Liquid Wall

A simple test case to verify the general behavior of the dierent modeling approaches is
presented in this section. The simulation setup is a wall of liquid that is initialized with an
uniform velocity uz in z-direction. In our example the wall thickness is 3 cells in z-directions,
which can be seen in Figure 5.4, whereas the upper and lower cell layer are interface cells
and those in the middle liquid cells. The corresponding particle distribution functions to the
velocity uz = 0.01 and density % = 1.0 are set to the equilibrium distribution functions, that
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is fi = fieq (uz , %). No external forces act on the liquid, thus the velocity of the liquid and the
particle distribution functions stay constant during the whole simulation run. It is expected
that after conversions all values stay constant. During mass exchange each time step 0.01
volume units should be transferred to the interface cells with the highest z-value and the
same amount has to be lost by the cells with the lowest z-value. Thus every 100 time steps a
cell conversion should take place and the liquid wall should have traveled exactly one cell in
z-direction.

(a) t = 0

(b) t = 100

(c) t = 200

Figure 5.4: Movement of a liquid wall with velocity uz = 0.01 over 200 time steps.
The tested methods are the macroscopic (section 4.2), the mesoscopic (section 4.3) and also
the combination of both approaches with the ll level smoothing method (section 4.4). For
all four setups the simulations provide the expected results, which can be seen in Figure 5.4).
Every 100 time steps the wall traveled exactly one cell and the values of the cells stayed
constant. This can be explained by looking at the dierent approaches. The macroscopic
approach according to Equation 4.4 always sets equilibrium values based on the neighboring
macroscopic mean values and thus obviously yields the correct values for the given scenario.
The mesoscopic approach calculates the after stream particle distribution functions according to Equation 4.11 and Equation 4.12. Here the reconstruction is done with a streamed
particle distribution functions which is already in equilibrium. Thus, Equation 4.12 gives the
corresponding equilibrium value for the opposite direction. Together with Equation 3.8 for
the resting particle, the approach only sets equilibrium values dependent on the macroscopic
velocity of the neighbors and the gas density, whose value is one just like that of the density
of the neighbors. Therefore the correct particles distribution functions as well as macroscopic
values are calculated. The ll level smoothing approach interpolates between a reconstructed
and streamed value. Because all macroscopic and mesoscopic values are constant for all cells
in this scenario, the interpolation always yields the same value, regardless of the uid fraction
the neighboring cells possess.
In the above-described scenario an external force is now incorporated. The force is dened
such that it acts in opposite direction to the uid velocity uz = 0.01, just like a gravitational
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force. In this scenario we choose the acceleration gz = −0.0005. In the lattice Boltzmann
method external forces are applied in every time step in the collide step (see Equation 2.33).
Therefore it is expected that the initial velocity vanishes after 200 time steps and that after
another 200 time steps the same magnitude of the velocity in negative direction is reached.
The scenario is now simulated with the four above-mentioned methods. The evolution of the
macroscopic values during the simulation run are identical for all four methods. In Figure 5.5,
the progression of the z-component of the velocity vector for the liquid and interface cells
of the liquid wall over 400 time steps can be seen. The graph shows exactly the demanded
behavior for the velocity. Also, the density and overall mass stayed constant throughout all
simulation runs. Thus all methods yield the expected results.

Figure 5.5: Velocity change of a liquid wall with starting velocity uz = 0.01 under the inuence
of a gravitational force gz = −0.0005
The fact that the macroscopic conversion method yields the correct particle distribution
functions implies that after the collide step equilibrium distribution functions are set for
all liquid and interface cells. Because the particle distribution functions before collision are
already in equilibrium, the BGK-collision operator does not change their values. Only the force
term modies the values such that the particle distribution functions yield the new velocity.
Thus, because the particle distribution functions before and after collision are in equilibrium,
the force term (Equation 2.30) itself has to generate values in equilibrium dependent on the
gravity such that fieq (%, u)−Fi (%, g) = fieq (%, u+g) holds. The result for the mesoscopic method

is not suprising, because it is constructed like the normal stream-collide scheme for interface
cells and therefore incorporates the external force in its collide step. The ll smoothing method
only interpolates the streamed values and hence does not interfere with the collide step, in
which the force is applied.
The tests conducted in this section show that all four conversion models are capable of
simulating basic scenarios in equilibrium with uniform constant velocity and density. The
incorporation of an external force is also handled correctly. And overall no dierence among
the conversion models is observable up to this point. All macroscopic quantities are correctly
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conserved and thus the mass, momentum and energy conservation laws are obeyed in this
scenario.
5.2.2

Sinus Flow

A more complex test is executed in this section. The simulation setup is a liquid pillar that
extends up to a height of 45 cells in z-direction (Figure 5.6). At the bottom the velocity
bounce-back boundary condition is applied, where the boundary velocity is varied over time.
The boundary condition was chosen because it does not conserve mass unlike most other
boundary conditions of the lattice Boltzmann method. Thus it is possible to simulate a mass
gain or loss for the liquid phase. The boundary condition is basically a movement of the wall
along the direction given by the velocity vector of the boundary. The movement of the wall
increases or decreases the density and changes the velocity of the cell accordingly. The amount
of gained or lost mass is dependent on the imposed boundary velocity uw . Each time step an
amount %uw is added to the mass of the corresponding cell [3]. That means for a constant
positive velocity ux over the course of exactly

1
ux

time steps an amount of % is added to the

mass of the cell. In this scenario only the z-component of the velocity is relevant. The other
two components are zero. The gain and loss of mass changes the height of the liquid and leads
to an corresponding movement of the free surface. If enough mass is transferred in or out of
the domain, the interface cells are inevitably converted into other cells. Thus the scenario can
be used to validate the dierent conversion methods.

Figure 5.6: Initial simulation setup for a water pillar with a height of 45 cells. The velocity
bounce back boundary with varying velocity is imposed at the bottom.
The boundary velocity in this simulation setup is varied by a sine function over time,
whereas the current number of time steps t is the angle for the sine calculation. That means
that every 360 time steps the sine nishes exactly one period. The maximal magnitude of the
velocity is given by a constant velocity v , which needs to be dened for each simulation. Note
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that the direction of the velocity changes according to the sine. The velocity of the boundary
is given by

uw (t) = v · sin(t).

(5.7)

This implies that the density and the velocity of the adjacent cells of the domain boundary,
where the boundary condition is applied, change their magnitude according to uw (t). The
general prole of the macroscopic velocity and density over time, looks like the course of
a sine. As the stream step propagates the macroscopic values of those cells through the
whole liquid pillar, it is expected that values of the density and the velocity for all liquid and
interface cells in general behave just like a sine function over time. Certainly the change of the
macroscopic values for the dierent cells starts in dierent time steps because the stream step
only propagates particle distribution functions to the adjacent cells in one time step. Thus
the sine-like evolution of the macroscopic values appear after the particle distribution traveled
to the cell. The time step the change starts is corresponding to the height of the cell in the
domain. The only exception are the interface cells. Here only the velocity is changed, but
not the density. That is because the reconstruction scheme always restricts the density of the
cells to the gas density, which in this case is one.
This is the rst time the velocity bounce-back scheme is used in such a scenario. Usually it
is applied to simulate moving obstacles in the lattice Boltzmann method [3, 12] and therefore
no comparison data or information on the expected behavior for this scenario can be found in
literature. Our testing approach is to choose the magnitude of the velocity such that simulation
runs with and without conversions are achieved. The simulation without conversion is used as
reference solution. The simulation results of the dierent conversion models are compared with
the reference. Thus the inuence of cell conversions and the conversion rules on the scenario
can be clearly seen. Note that only qualitative comparison is possible, due to the dierent
magnitudes of the velocity for the simulations. The velocity magnitudes for the reference
simulation and the simulations with conversion was chosen empirically to vref = 0.0005 and

vconv = 0.0015.
The macroscopic values are plotted over time for one of the cells at the height z = 40
in Figure 5.7 and Figure 5.8. The rst 20000 time steps were omitted because the scenario
is overall more complex than expected. The change of the density caused by the velocity
bounce-back boundary condition induces a longitudinal density wave which is reected at the
free surface back into the domain. Thus the emitted sine wave from the free surface boundary
and domain boundary interfere with each other. According to the superposition principle the
maximal amplitude of two interfering waves is the sum of the maximal amplitude of the two
waves. But, in the density graph the amplitude is up to four times higher than the sum of the
amplitudes. That either means that more waves are emitted or the interaction of the velocity
bounce-back scheme with the reected wave is problematic. Additionally not always the same
maximal amplitude is reached for the reference solution, which is generally achieved when two
waves with dierent frequency interfere with each other. As the reason for this behavior is
dicult to trace back, further explanation is omitted. Important for our test case is that after
20000 time steps the scenario is stable enough so that a reference solution is given with which
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Figure 5.7: Velocity evolution over time with(bottom) and without(top) the ll smoothing
approach for a cell at the height z=40. The vertical lines mark the time steps in which cell
conversions take place. Orange stands for conversions from gas to interface and green for those
from interface to gas.
the simulations with conversions can be compared. The pass over the zero at the start of the
sine progression is almost exactly shifted 40 time steps back, which is in good accordance with
the expected starting time.
The macroscopic and mesoscopic conversion method give the same result for the density
and the velocity in Figure 5.7 and Figure 5.8. That either implies that the upper most cells
are in equilibrium or the inuence of the cell conversion itself is negligible small compared to
the after eects. Thus only the inuence of the ll level smoothing can be further investigated
with the test case. Without the ll level smoothing the curve for the density does not resemble
the reference solution(see Figure 5.8). The whole simulation is unstable and the inuence of
the cell conversion itself is not noticeable. The graph with ll level smoothing shows much
more promising results. The curve for the density is similar to that of the reference solution.
The dents in the prole of the density not always relate to cell conversions, which occur as
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Figure 5.8: Density evolution over time with(bottom) and without(top) the ll smoothing
approach for a cell at the height z=40. The vertical lines mark the time steps in which cell
conversions take place. Orange stands for conversions from gas to interface and green for those
from interface to gas.
expected in regular time intervals. But after time step 21000, it seems that the density prole
is getting more unstable and the time between the cell conversions decreases.
Comparison of the velocity curves yields similar results. But the general form of the
velocity curve without ll level smoothing at least somewhat resembles the reference solution.
In this case the simulation with ll level smoothing yields even better results than before. The
small dents in the prole correspond to cell conversions. The period length is slightly shorter
than that of the emitted wave with 360 time steps. But overall it is in good accordance with
the reference solution. Also interesting to note is that the magnitude of the velocity is greater
than 0.01 in both cases, which is at the limit of the stability of the lattice Boltzmann scheme.
Thus the stabilizing eect of the ll-level smoothing is evident in this scenario.
Altogether, the scenario is dicult to handle, because it is at the absolute limit of the
stability for the lattice Boltzmann method. The comparison of the macroscopic and meso45

scopic conversion method is not possible under those circumstances. The interesting result
of this test is that the stability of a scenario can be signicantly increased with the ll level
smoothing method. Thus it is possible to choose a coarser grid resolution, which results in
more performance, but decreases accuracy. The most signicant problem with the chosen
scenario is that no comparison data is known. Therefore the overall validity of the simulations
can not be guaranteed.
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Chapter 6

Conclusion
In this thesis the dierent possibilities for cell conversion models were investigated. Whereas
the conversion models were specically tailored to the free-surface lattice Boltzmann method
that was rst introduced by Koerner et al. [9] for two dimensions and later extended by
Pohl [16] to three dimensions. Closer examination of the four dierent cell type conversions
shows that only the conversion from gas cells to interface cells is problematic. This is due to the
fact that in the free surface method the two-phase ow is only governed by the liquid dynamics
and from the gas phase only the pressure is taken into account. Thus, for this conversion rule
all variables needed by an interface cell, like particle distribution functions, uid fraction,
mass, etc., have to be somehow estimated. Two dierent approaches to this problem were
introduced and discussed in detail. On the one hand there is the already existent model to set
equilibrium values dependent on the macroscopic values of the neighboring liquid and interface
cells, whereby the macroscopic velocity and density are determined by the arithmetical mean
of the corresponding neighboring values. Three dierent weighting factors were introduced
into the method to emphasis either the cells closest to the cell or the cells with the most uid
fraction and therefore most momentum. On the other hand a new model was developed that
attempts to construct the particle distribution functions directly from the neighboring particle
distribution functions. Although all information that is provided by the neighboring cells was
used, some particle distribution functions could not be found or created without corresponding
velocity and density. Therefore the model at least uses as much of the information as possible
before relying on the interpolated macroscopic values. In contrast to the approaches that
directly deal with the conversion process, the ll smoothing method was developed which treats
the aftereects of a cell conversion. Those eects are the consequence of suddenly imposing
the free boundary condition on freshly converted interface cells or the abrupt discontinuation
of the constraint for new liquid cells. The method changes the stream step so that a smooth
transition to the new behavior for the cell and its neighbors is guaranteed. Additionally,
existing methods to distribute the remaining mass in a cell were presented and a new method
developed. All those distribution approaches have in common that they explicitly conserve
the mass. That means no mass is generated or lost, but it is not warranted that it is given to
the correct cell. The new approach is modeled similar to the overall mass exchanging method,
which in general should assure a better distribution of the mass.
The validation of the dierent approaches became apparent to be a dicult task. In
literature only very simple test cases for other parts of the free surface lattice Boltzmann
method or qualitative and quantitative comparison of the whole free surface lattice Boltzmann
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method with experimental data could be found. A few examples for validation simulation are
the breaking dam scenario [16], single rising bubbles [16,20] capillary waves [5,20] and wetting
eects [5]. Additionally analytical solutions for the free surface dynamic that exactly describes
the movement of the interface and the corresponding macroscopic values were also not found.
Because the simulation results with the already established models were in good accordance
with the experiments, simple test scenarios were used to validate the presented methods.
For scenarios in equilibrium with constant velocity and density all presented methods
obeyed the conservation laws. An attempt to validate the scenarios with a more advanced
test case proved to be more problematic than expected. The idea behind the scenario is that
at the bottom of a domain a sine-like inow of mass over time is imposed. That implies that
the total volume covered with the liquid periodical increases and decreases. If enough mass
is transferred in and out the interface layer moves far enough to trigger cell conversions. The
results of simulations with and without conversions then were compared to each other. The
graphs showed that the simulation is near the stability limits of the lattice Boltzmann method.
The results for the macroscopic and mesoscopic methods had almost no resemblance with the
reference. Only the inclusion of the ll smoothing approach led to a stable simulation and
results in good accordance with our reference solution. The problem here seems to be that the
velocity bounce-back boundary condition is not capable of simulating an inow with varying
inow velocity. Thus, replacing the boundary condition with another one could yield more
satisfactory and stable results. But in general, the question if this scenario is a good choice to
validate the behavior of the presented methods can not be answered right now. Furthermore,
all our test cases only investigated plane surfaces and thus simple free surface congurations.
But in general the dynamic and structure of a free surface is more complex. Altogether, general
validation of the presented methods could not be accomplished. Moreover, it was only possible
to prove the conservation of mass, momentum and energy for the cell conversion models in a
very restrictive scenario. Thus, this thesis only marks the beginning of investigating the cell
conversion models in regard to the conservation laws.
Nevertheless, the results of the test cases show that the mesoscopic and macroscopic model
show similar behavior. Considering the good results of the macroscopic method conducted in
literature, it is recommended to use the already established macroscopic models. The inclusion
of an additional weighting factor to the arithmetical mean is optional and should only be done
if it increases either stability or accuracy of the simulation, which can only be determined
heuristically.
Besides the necessary further investigation of the presented methods, further research on
the topic of cell conversions is possible. In recent years, the free surface lattice Boltzmann
method has been extended to handle melting processes and the related thermal transport [1].
To simulate melting processes a fourth type of cell needs to be introduced, namely solid cells.
At certain temperature those cells liquefy and thus need to be converted to either interface
or liquid cells. And if the temperature sinks below a certain temperature the liquid and
interface cells solidify. Thus new conversion types can be investigated. The thermal transport
is realized by a so-called multi-distribution function model, where the temperature is captured
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by a second distribution function with its own lattice Boltzmann equation, which only handles
the propagation of temperature in the domain. Because this second distribution function is
only dened for the solid and liquid phases, similar problems as presented in this thesis arise.
And therefore parts of the presented conversion models and thought processes may also be
applied to the multi-distribution function model.
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