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Abstract

The electrokinetic effects occurring in microchannels can be modeled by Poisson and Poisson-
Boltzmann partial differential equations. The aim of this thesis is solving these equations by
a cell-centered multigrid method. According to the multigrid convergence theory, the sum of
the polynomial orders of the prolongation and restriction operators should be greater than
the order of the differential equation being solved with the corresponding multigrid method.
Consequently, a higher-order inter-grid transfer operator should accompany the other constant
inter-grid operator to obtain convergence rate values independent of the mesh size.
In this thesis, the Galerkin coarsening approximation with higher-order inter-grid transfer op-
erators is applied to the LSE (linear systems of equation) module of the waLBerla software
framework to solve mentioned equations. By implementation of the Galerkin approach in-
stead of direct coarsening, not only the convergence rate values can be improved, but also the
boundary conditions are automatically considered for creating the coarser grid operators. The
higher-order inter-grid transfer operators applied in this thesis include trilinear and Wessel-
ing/Khalil operators with polynomial orders of two for both in a three dimensional problem.
According to different test setups, the combinations of the constant prolongation operator ac-
companying the trilinear restriction operator or vice versa, lead to best convergence properties
and performance results.
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1 Introduction

1.1 Motivation
The field of microfluidics has developed many micro structures to manipulate fluids, particles and
surfaces. These combinations have a wide range of applications from medicine to analysis in chemi-
cal industry [29]. Recently, thanks to the development of Lab-on-a-Chip technology, liquid samples
of small volume can be controlled in microfluidic devices. Applications of these devices include sep-
aration of biological micromolecules, electrochromatography, flow cytometry, protein analysis and
micromixing. Contrary to the conventional room sized equipment, they are perfectly suitable for
bio medical utilization. Consequently, Lab-on-a-Chip technology has had indisputable impact on
the health care industry [21]. Several advantages of the Lab-on-a-Chip bio medical devices over the
conventional ones are being highly portable, less costs of manufacturing and maintenance, faster
and more accurate diagnosis and prognosis, and reduced side effects on the patient [31].

Microfluidic systems consist of different parts such as sample collections, separation, detection
units, fluid pumping, control elements and electrokinetic components [7]. Two types of electroki-
netic effects are electrophoresis and electroosmosis. The first one is the phenomenon of the charged
particles migration in liquid subjected to an electric field gradient, and the electroosmosis is the
movement of fluid through the bed of particles with the pressure of an applied electric field [13].
Prosperously, the electrokinetic force acting on a particle can be scaled down for particle manipu-
lations [14]. These phenomena can be simulated by coupling the fluid and the electric field which
is modeled by the Poisson-Boltzmann partial differential equation.

The waLBerla software framework developed at the System Simulation chair of FAU Erlan-
gen, provides a powerful simulation environment for multiphysics applications and is suitable for
simulation of the electrokinetic phenomena. Therein, fluid is simulated by the Lattice-Boltzmann
method (LBM) and the mentioned partial differential equation is discretized with the finite differ-
ence method to a linear system of equations (LSE), which can be solved by a multigrid method.

The main drawback of the current multigrid method is poor convergence properties for Poisson-
Boltzmann equation. Thus, the behavior of the charged particles should be simulated more precisely.
One of the reasons is the transfer operators used in the framework are of first order; i.e. the constant
prolongation as companion to the constant restriction operator. One of the works been done in
this respect, is the bachelor thesis of [20], uses discretization coarsening approximation with the
higher-order transfer operators for the multigrid method instead of the constant restriction and
the constant prolongation operators. However, the convergence properties still can be improved by
implementing the Galerkin coarsening approximation. Moreover, by using the Galerkin approach,
special geometries and boundary conditions are automatically considered for creating the coarser
grid operators.

However, in the current version of the waLBerla framework, the Poisson-Boltzmann equation
can be solved with a Galerkin coarsening approximation using the constant prolongation and the
constant restriction as the inter-grid transfer operators. This combination of the transfer operators
leads to the mesh size dependent convergence rate for this equation which is a partial differential
equation of second order. The implementation of a higher-order type of either the prolongation or
the restriction operators in the Galerkin approach can be the alternative case to overcome this issue.

The target of this master thesis is to improve the convergence properties of the current multigrid
method of the waLBerla framework by implementing the Galerkin coarsening discretization using
the higher-order inter-grid transfer operators instead of the discretization coarsening approxima-
tion. The various combinations of different kinds of the higher-order prolongation and restriction
operators are also compared. Furthermore, the convergence properties obtained by the desired
multigrid method are shown for Poisson and Poisson-Boltzmann equations for electroosmosis flows.
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1.2 Overview of the chapters
The second chapter covers a brief introduction to the electrokinetic theory and the electrical double
layer concept. Moreover, it includes the governing equations related to the scope of this thesis and
also simplified form of these equations. The multigrid methods are discussed in the third chap-
ter starting with a detailed description of the components and continuing with the Cell-Centered
discretization accompanying the purpose of their usage. Additionally, the important theory of multi-
grid convergence rate is discussed, which explains the improvement of the convergence properties
by implementation of the higher-order inter-grid transfer operators. Finally, at the end of chapter
three, two types of the higher-order transfer operators and their difficulties on the boundaries are
explained. Chapter four covers the description of the programming part of this project, mainly the
algorithms to modify the galerkin function in the waLBerla framework. Results of these implemen-
tations for the solution of the Poisson and Poisson-Boltzmann equations are shown in chapter five.
Furthermore, these results are compared with the exact solutions. The convergence rate, errors and
the residuals of the various types of the multigrid methods, i.e. different inter-grid transfer oper-
ators combinations, different cycling strategies, and different values of the EDL thickness are the
criteria for these comparisons. At the end, sixth chapter concludes this report by a brief description
of the goals of this thesis and the works done in order to achieve them.
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2 Electrokinetic Theory

2.1 Introduction to Electrokinetics
The electrokinetic phenomena such as electrophoresis and electroosmosis are considered as two types
of the interface sciences. The former is the motion of charged particles in fluid and the latter is the
movement of liquid alongside a charged surface. These colloidal sciences have been usually inves-
tigated for closed systems, however, in transport phenomena, systems are open with complicated
boundary conditions. Thanks to the microelectronics development, many engineering applications
such as heat exchangers, gas absorbers, fuel processors, pumps, cumbostors, biochemical analysis
instruments, and on-chip biomedical devices have developed rapidly. The mentioned systems play
significant role in different areas like transportation, military, space exploration, environmental
management, biochemical and other chemical or biomedical applications as a result of their light
weight, compactness and low cost of production.

However, conventional fluid mechanic laws are not capable of describing all the characteristics
of fluid in microchannels [18], and the main reason of that is the existence of an electrical double
layer (EDL) near the wall. This layer is formed due to the space between the wall and electrolyte in
a microchannel with a dilute electrolyte solution. EDL forces the particles or liquid flow to migrate,
if an electric force is applied tangentially to this layer.

2.2 Electrical Double Layer
The electrical characteristics of an electrical double layer (EDL) are important due to having a great
influence on electrochemical properties. EDL can be assumed as a capacitor in a electrochemical
cell which is a representation of an electrical circuit. Nevertheless, this model is not used generally,
because its structure depends on various factors like electrode material, type of supporting elec-
trolyte, extent of specific adsorption of ions, and temperature. Helmholtz (1879) stated the concept
of the double layer at the wall surface of a metal in connection with an electrolyte and considered
a compact layer of ions and metal surface. However, in the next model, Gouy and Chapman, in-
troduced a diffused double layer that according to the Boltzmann distribution, concentrated ions
make a distance from the wall. Stern (1924) suggested the existence of both former models. There
are some other amendments to these models by others such as Graham (1987) that claimed the
absorption of ions at the solid surface or parsons (1954) and Bockris (1963) who noted the role of
solvent.

Figure 1: Model of double-layer region.
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A double layers consists of two planes. The inner Helmholtz plane (IHP), placed behind the
layer of adsorbed liquid is the compact layer in Helmholtz model and passes through the centers of
the hydrated ions contacting with the solid. The other plane is called outer Helmholtz plane (OHP)
and passes through the centers of adsorbed ions. Figure (1), shows the model of double-layer region
accepted generally [27], where IHP and OHP are inner and outer Helmholtz plane, respectively, M
represents metal, Φ, q, and σ stand for electrostatic potential, amount of charge and charge density,
respectively, x1 and x2 are IHP and OHP distances from the metal surface, the i and d are the
indices of inner and diffuse layer, respectively, and finally, Φ1 and Φ2 are the electric potentials
associated with IHP and OHP, respectively. [1].

An electrical double layer is an interfacial area which develops when an electrode is immersed
in an electrolyte solution. Generally, most solid surfaces in contact with a liquid solution tend
to have a net positive or negative charge due to ion absorption or ionization. For instance, glass
(SiOH) ionizes in the presence of H2O. As a result, negatively charged surface of SiO− is formed
which is called local or electrical surface potential. Due to this potential, the opposite charged ions
are attracted to the surface which are called counterions and the same charges, which are called
co-ions, are repelled. This reposition of the ions near the surface, forms an electrical double layer.
As a result of the electrostatic forces, counterions concentration near the surface is more than in
the solution, on the other hand, the co-ions concentration near the surface is less than in the bulk
solution. Consequently, immediately next to the surface, there is a layer of immobile ions which are
attracted strongly to the surface. This layer is called compact layer and has the thickness in the
order of several angstroms.

Ions are mobile further from the surface, because the charge density has reduced gradually to
zero. This region is called the diffuse layer of EDL and has a thickness range from several nanometers
for high ionic concentrations to several microns for pure organic liquids. The compact layer and
diffuse layer of the EDL are separated by a plane, which is called shear plane with the potential
known as zeta potential, ζ [15].

2.3 EDL Thickness
The thickness of an electrical double layer is approximated generally by 1.5κ−1, where κ−1 is the
Debye-Hückel length:

κ−1 = (
εε0KT

2c0z2i e
2
0

)
1
2 (1)

where ε is the relative dielectric permittivity of the solvent, ε0 is the permittivity of the vacuum,
K is the Boltzmann constant, T is the temperature, zi is the ith ion charge, e0 is the elementary
charge and c0 is the ionic number concentration in bulk solution [28].

2.4 Derivation of Boltzmann Equation
In the electrical double layer, the ionic accumulation area is expressed by Boltzmann distribution.
In a metal surface contacting a large electrolyte solution, the ionic concentration region in the
EDL field is determined by the thermodynamic equilibrium, which states in the whole area, the
electrochemical potential of the ions should be constant,

dµi
dy

= 0 (2)

where i indicates the ith species. The electrochemical potential can be obtained by

~µi = µi + zieΨ, (3)

where µi and zi are the chemical potential and valence of the ith species, respectively, Ψ is the
electrical potential, and e is the charge of a proton. Moreover, the chemical potential of the ions
can be shown as

µi = µ0
i +KbT lnni, (4)
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where µ0
i is a constant for the ith species, Kb is the Boltzmann constant, T is the temperature and

ni is the ionic number of ith species. By inserting equation (3) and equation (4) in equation (2),
the Nernst equation can be reached, [22]

1

ni

dni
dy

= − zie

KbT

dΨ

dy
. (5)

Integration of equation (5) to the whole domain of solution, leads to the Boltzmann distribution,

ni = n0i exp(−
zieΨ

KbT
). (6)

Furthermore, with combination of equation (6) with Nernst-Plank conservation equation, EDL
potential, and the net charge density, the Poisson-Boltzmann distribution for a symmetric electrolyte
can be obtained [19], [8],

εε0∇2Ψ− (
2|z|en0
KbT

)Sinh(
|z|eΨ
KbT

) = 0. (7)

Simplification of equation (7) by linearization of the second term, leads to the Debye-Hückel ap-
proximation,

∇2Ψ− κ2Ψ = 0 (8)

with κ according to equation (1). In the scope of this thesis, the focus is on implementation of
the higher-order transfer operators for the multigrid method with Galerkin coarsening discretiza-
tion. Therefore, the approximation of the Poisson-Boltzmann distribution, i.e. the Debye-Hückel
approximation is adequate for this purpose.
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3 Multigrid

3.1 Introduction to the Multigrid Method
Elliptic and hyperbolic partial differential equations are used in the most important mathematical
models of engineering and physics. The multigrid methods, have contributed to better efficiency
of these models, by keeping the convergence rate independent of the mesh size. Consequently,
the number of users has been increased and the multigrid methods have been developed rapidly.
Brandt [4], published the first papers of the multigrid methods with practical results at 1973 and
1977. Hackbusch also discovered the multigrid method separately [11] with reliable mathematical
frame and components. Table (1) shows the fast rise of the multigrid literature numbers, which
also continued with higher rate after 1985.

Table 1: Number of the multigrid literatures in different years [23].
year 64 66 71 72 73 75 76 77 78 79 80 81 82 83 84 85

Number 1 1 1 1 1 1 3 11 10 22 31 70 78 96 94 149

The usage of the multigrid methods are not limited only to solve the partial differential equations,
i.e, some applications such as control theory, pattern recognition, particle physics, optimization, and
computer tomography are also included.

3.2 Basic Principles of a Multigrid Method
In this section, by studying a one-dimensional problem, the basic principles of a multigrid method
for partial differential problems, is described. The following 1D model problem is considered:

−∇2u(x) = f(x) in Ω = (0, 1), u(0) = ú(1) = 0, (9)

and the computational grid is defined by,

G =

{
x ∈ R : x = xj = jh , j = 1, 2, ..., 2n , h =

1

2n

}
. (10)

Discretization of equation (9) with finite difference leads to:

2u1−u2

h2 = f1

−uj−1+2uj−uj+1

h2 = fj , j = 2, 3, ..., 2n− 1

−u2n−1+u2n

h2 = f2n
2

(11)

Furthermore, the system (11) is expressed by

A~u = ~f (12)

Gauss-Seidel Iteration

Generally, matrix A in equation (12) is large and sparse with a repetitive stencil of the nonzero
values. Consequently, an iterative method can be used to solve equation (12). In equation (13), the
Gauss-Seidel iteration method is shown, where m stands for the mth iteration:

2um1 = um−12 + h2f1

−umj−1 + 2umj = um−1j+1 + h2fj , j = 2, 3, ..., 2n− 1

−um2n−1 + um2n = 1
2h

2f2n

(13)
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Purpose of the Multigrid Employment
For the problem (9) with periodic boundary conditions, i.e. u(1) = u(0), the error satisfies

−emj−1 + 2emj = em+1
j+1 , emj = emj+2n (14)

which can be expressed by Fourier series,

emj =

n∑
α=−n+1

Cmα exp(ijθα) , θα =
πα

n
. (15)

Due to orthogonality of
{
eijθα

}
, it can be written for emj ,

emj = Cmα e
ijθα , (16)

where,
Cmα = g(θα)Cm−1α . (17)

The function g(θα) is called the amplification factor, that evaluates the rate of a Fourier mode of
the error on iterations. This function can be expressed as,

|g(θα)| = (5− 4cosθα)−
1
2 , (18)

with,

max
{
|g(θα)| : θα =

πα

n
, α = −n+ 1,−n+ 2, ..., n , α 6= 0

}
= |g(θ1)| =

{
1− 2θ21 +O(θ41)

}− 1
2 = 1− 4π2h2 +O(h4),

(19)

which concludes the convergence rate deteriorates with minor values of h. This fact can be proved to
be true for other basic iterative methods such as Jacobi, red-black Gauss-Seidel, and successive over
relaxation method. The goal of a multigrid method is to overcome this deterioration by obtaining an
h-independent convergence rate values. According to equation (18), |g(θα)| decreases as α increases.
Thus, although short wavelength Fourier modes decay rapidly, long ones, (α near 1) are reduced
slowly, i.e. |g(θα)| = 1−O(h2). This is the essential multigrid principal to reduce long wavelengths,
(smooth parts of the error) on coarser grids (greater values of h), and the short wavelengths, (rough
parts of the error) on finer grids. This leads to the convergence rate value of the multigrid method
to be independent of the value of h [32].

(a) Low-Frequency, Before Relaxation (b) Low-Frequency, After Relaxation

(c) High-Frequency, Before Relaxation (d) High-Frequency, After Relaxation

Figure 2: Error behavior of smoother methods [30]

3.3 Cell-Centered Discretization
A multigrid method uses a sequence of fine and coarse grids. Two approaches for the division of
the problem domain into the cells are the cell-centered multigrid method (CCMG) and the vertex-
centered multigrid method [25]. Differences of the mentioned methods are in the position of the
nods in the grid cells and in the prolongation and restriction operators [16]. In figure (3), there
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are na (here 4) fine cells and n̄a (here 2) coarse cells in each direction. In this example, a two-
dimensional field is created by cells of equal size. In the case of figure (3(a)), unknowns are located
at the cells center, while in the case of figure (3(b)), they are positioned at the vertices of the cells.

(a) Cell-Centered Grid (b) Vertex-Centered Grid

Figure 3: Cell-Centered and Vertex-Centered Grid

In figure (3), the blue points are the fine grid nodes, while the red circles are the coarse grid
nodes. Moreover, the blue squares, are the fine grid cells and the red squares are the coarse grid
cells. The grid points in cell-centered discretization, unlike the vertex-centered case, are located at
the center of the cells. Therefore, the coarse grid points are not a subset of the fine grid points.
The grid Gfv for the vertex-centered case is:

Gfv =

{
(x1, x2) : xα = iαhα , iα = 0, 1, ..., nα , hα =

Lα
nα

, α = 1, 2

}
, (20)

and for the cell-centered case is:

Gfc =

{
(x1, x2) : xα = (iα −

1

2
)hα , iα = 1, 2, ..., nα , hα =

Lα
nα

, α = 1, 2

}
. (21)

Furthermore, the coarse grid Gcv for the vertex-centered case can be shown as:

Gcv =
{

(x1, x2) : xα = iαh̄α , iα = 0, 1, ..., n̄α , h̄α = 2hα , n̄α =
nα
2

, α = 1, 2
}
, (22)

and the cell-centered case, defines the coarse grid Gcc as:

Gcc =

{
(x1, x2) : xα = (iα −

1

2
)h̄α , iα = 0, 1, ..., n̄α , h̄α = 2hα , n̄α =

nα
2

, α = 1, 2

}
(23)

In the scope of this thesis, apart from the convergence properties, the cell-centered multigrid
method with equal cell lengths in each direction is used in order to be consistent with the fluid
simulation of the waLBerla framework which is done by Lattice-Boltzmann method. Additionally,
it fits the data structures for parallelization which leads to simple coarsening in parallel execution.

3.4 The Components of a Multigrid Method
The multigrid theorem is basically the approximations of the smooth errors by means of an ap-
propriate relaxation method. These approximations can be corrected on coarser grids, that leads
to asymptotically optimal iterative methods, for which computational work is proportional to the
number of unknowns. This can be obtained by using a coarse grid to have a better initial guess for
the fine grid. Therefore, this discussion consists of three main parts; relaxation for error smooth-
ing, coarse grid correction, and nested iteration. The idea of combining these three parts forms the
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method, in other words, each of these parts, specially the relaxation work, had been used separately
[30].

For expressing the multigrid idea, we consider a simple discrete linear elliptic boundary value
problem,

Lhuh = fh , (Ωh), (24)

where Ωh consists of Nh grid points, uh contains the unknown values, fh contains the right hand
side values, and Lh is a linear operator (Lh : G(Ωh) → G(Ωh)). By assuming vjh as the output of
the smoothing operator with an initial guess for the solution uh as the input, the error of vjh, e

j
h,

can be obtained by,
ejh = uh − vjh, (25)

where j denotes the iteration number, and,

rjh = fh − Lhvjh, (26)

contains the residual values of vjh. The defect equation, consequently, can be shown as:

Lhe
j
h = rjh. (27)

If in equation (27), Lh is replaced by any simpler operator L̂h such that L̂−1h exists, the solution êjh
of

L̂hê
j
h = rjh, (28)

leads to a new approximation,
vj+1
h = vjh + êjh. (29)

The repetitive implementation of this process leads to an iterative method with operator given by,

Ih − L̂−1h Lh, , G(Ωh)→ G(Ωh), (30)

which means,
ej+1
h = (Ih − L̂−1h Lh)ejh , (j = 0, 1, 2, ...), (31)

for the error values and,

rj+1
h = Lh(Ih − L̂−1h Lh)L−1h rjh = (Ih − LhL̂−1h )rjh , (j = 0, 1, 2, ...), (32)

for the residual values. The convergence properties of this process is described by the spectral
radius (asymptotic convergence factor) of the iteration operator which can be shown by,

ρ(Ih − L̂−1h Lh) = max
{
|λ| : λ eigenvalue of Ih − L̂−1h Lh

}
, (33)

and gives the error reduction factor and the residual reduction factor per each iteration steps.
There are some basic iterative methods such as Jacobi, Gauss-Seidel, and red-black or four-

color Gauss-Seidel. For instance, the classical Jacobi method (total step procedure) is formed by
replacing Lh by diagonal part of its sparse matrix, or the classified Gauss-Seidel method (single
step procedure) is characterized by replacing Lh by upper triangular part of its matrix.

Another choice of L̂h for using in the multigrid method, is a suitable approximation LH of Lh,
corresponding to a coarser grid ΩH . Thus, the equation (28) can be rewritten as,

LH ê
j
H = rjH (34)

where LH : G(ΩH) → G(ΩH) and we assume L−1H exists. The values of rjH and êjH belong to the
coarser grid ΩH . Consequently, two transfer operators should be defined,{

IHh : G(Ωh)→ G(ΩH)

IhH : G(ΩH)→ G(Ωh)
(35)

where f jH can be calculated from the implementation of IHh on rjh, i.e. the restriction of rjh to ΩH ,
and the act of IhH on êjH results in êjh, i.e. the prolongation of the correction êjH to Ωh. All together,
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for one iteration step of vj+1
h calculation from vjh, by using one fine grid (Ωh) and one coarse grid

(ΩH) can be shown by:

1: Residual: rjh = fh − Lhvjh 5: Correction: vj+1
h = vjh + êjh

2: Restriction: f jH = IHh r
j
h 4: Prolongation: êjh = IhH ê

j
H

3: Coarse grid solution: LH ê
j
H = f jH

The cell-centered multigrid method used in the scope of this thesis, benefits red-black Gauss-
Seidel method as the smoother operator of the grids. The derivation of the coarser grid smoother
operator is explained in section (4.2) and the prolongation and restriction operators are discussed
in section (3.7).

Generally, a red-black approach is useful for solving the problems in parallel. For instance, by
red-black implementation for Gauss-Seidel method, the red grid points can be computed simulta-
neously, followed by all the black points. In order to create the red-black operator, odd points can
be colored red and even points, black or vice versa [6]. The figure (4) shows the red-black ordering
for a two-dimensional domain.

Figure 4: Red-Black ordering for 2D

The convergence properties of a relaxation method applied to h-discrete elliptic equations dete-
riorates for h→ 0. For example, for Poisson’s equation, the spectral radii of Jacobi or Gauss-Seidel
methods are 1−O(h2) and for Successive Over Relaxation (SOR) method is 1−O(h). The prop-
erties of the error can be explained by expanding ejh into Fourier series, as explained in section
(3.2). The error composed of two parts; smooth (low frequency) and non-smooth (high frequency).
The reason of poor convergence properties of the relaxation methods is the slow convergence of the
smooth part of the error [30]. Typically, equation (34) is not a suitable approximation for equation
(28). As can be seen in figure (5), the parts of ejh that cannot be represented on the coarse grid
ΩH , can not be reduced on this grid. In this figure, for Sin(nπx) function, low (n = 1, 2, 3) and
high (n = 4, 5, 6, 7) frequency components for h = 1

8 and H = 1
4 are illustrated.

10



(a) Visible components on ΩH

(wavelength > 4h)
(b) Invisible components on ΩH

(wavelength ≤ 4h)

Figure 5: Frequency components for Sin(nπx). [30]

Therefore, the error ejh from equation (28), can be approximated by using the H − grid, if
its high-frequency components are smaller than its low-frequency components. Concluding this
discussion, low-frequency components of the error, can be represented on the coarse grid ΩH , (they
are visible on the H − grid), consequently, are damped quickly on that grid. In other words, we
combine the relaxation and the coarse-grid correction techniques in order to have an iterative two-
grid (h − H) method. One step of this method for derivation of vj+1

h from vjh is explained below
[30]. For convenience, the notation,

w̄h = RELAXν(wh, Lh, fh), (36)

is introduced to compute the values of w̄h, with ν number of relaxation steps starting with wh.
Moreover, fh denotes the right hand side values and Lh corresponds to the relaxation method being
used [30].
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Pre-Smoothing:

– Computation of v̄jh : v̄jh = RELAXν1(vjh, Lh, fh)

Coarse-Grid Correction:

– Residual computation: rjh = fh − Lhv̄jh

– Restriction of the residual: f jH = IHh r
j
h

– Coarse grid solution on ΩH : LH ê
j
H = f jH

– Prolongation of the error: êjh = IhH ê
j
H

– Computation of the corrected error: v̂jh = v̄jh + êjh

Post-Smoothing:

– Computation of vj+1
h by relaxation: vj+1

h = RELAXν2(v̂jh, Lh, fh)

In this method, only one fine and one coarse grid is used. Therefore, we can not call it a real
multigrid method yet. Nevertheless, this two-grid method is the basis of the multigrid process, i.e,
the two-grid method can also be used for other grids.

The number of iteration steps applied to the coarser grids with a two-grid multigrid method is
γ. Basically, the cases γ = 1 and γ = 2 are of great importance. The former is called v− cycle and
the latter is referred to w − cycle. This idea can be applied recursively to reach the coarsest grid.
On the coarsest grid, any solution method, even the direct method, can be utilized. For better
understanding, figure (6) is illustrated, where ◦, �,\ , and / mean the smoothing process, exact
solution, the restriction of the residual values, and the prolongation of the error values, respectively.
With taking the complete multigrid algorithm into consideration and the notations of the figures,
the v and w names of the multigrid methods seem to be logical. Figures (6(b)) and (6(d)) express
v−cycle multigrid methods, while figures (6(c)) and (6(e)) illustrate the w−cycle multigrid method.
It is obvious that for two-level grids, figure (6(a)), there is no difference between these approaches
of the multigrid method.

(a) Two-grid
method

(b) Three-grid method (c) Three-grid method

(d) Four-grid method (e) Four-grid method

Figure 6: The v − cycle and w − cycle multigrid methods [30].
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For description of the multigrid method for several grids, the notation of the mesh size, hl with
l = 0, 1, 2, ..., where l = 0 refers to the coarsest grid is used. For simplicity, hl is replaced by l. For
instance, I l−2l−1 : G(Ωl−1) → G(Ωl−2) denotes the prolongation step from the grid G(Ωl−1) to the
finer grid G(Ωl−2). The recursive definition of a multigrid cycle can be executed by a self-calling
procedure. One step of a multigrid iteration with (l + 1) grids to solve the differential equation,

Llul = fl , (Ωl) (37)

can be shown as:

• Pre-Smoothing:

– Computation of v̄jl by applying ν1 smoothing steps to vjl : v̄
j
l = RELAXν1(vjl , Ll, fl)

• Coarse-Grid Correction:

– Residual computation: rjl = f jl − Llv̄
j
l

– Restriction of the residual: f jl−1 = I l−1l rjl

– Computation of an approximate solution ējl−1 on Ωl−1:

If l = 1: Ll−1ē
j
l−1 = f jl−1.

else: repeat all this procedure, with Ωl−1 and Ωl−2, instead of Ωl and Ωl−1, respectively.

– Prolongation of the error: ējl = I ll−1ē
j
l−1

– Computation of the corrected error: v̂jl = v̄jl + ējl

• Post-Smoothing:

– Computation of vj+1
l by applying ν2 smoothing steps to v̂jl : v

j+1
l = RELAXν2(v̂jl , Ll, fl)

At the end of this section, it is useful to note that the investigation of various multigrid methods
has proved the choice of these components has a strong impact on the efficiency of the resulting
algorithms. Nevertheless, there is no general rule of choosing the type of components to have the
optimal algorithms [30].

3.5 Galerkin Coarsening Approximation
In this thesis, the coarse grid operators are constructed by means of the Galerkin coarsening approx-
imation. In fact, the dominant part of the task is modifying the galerkin function of the waLBerla
framework, which is explained in section (4.2) in detail.

In a multigrid method, as discussed before, discretization on successively coarser grids are de-
sired. To achieve this target, aside from direct discretization on these grids, the Galerkin coarse
grid approximation method is also used frequently. It is associated by the discretization on the
finest grid and creates the equations and operators corresponding to the coarse grids by means
of the inter-grid transfer operators between consecutive grids. The convergence properties of such
a multigrid method depends strongly on the prolongation and restriction operators chosen as the
inter-grid operators which is discussed in section (3.7) in detail. Similar to section (3.4), I l−1l stands
for the restriction operator from level l to level l − 1 and I ll−1 denotes the prolongation operator
from level l − 1 to level l. Additionally, the coarse grid operator Ll−1, and the fine grid operator
Ll, are defined. Ll−1 can be obtained from Ll, I l−1l , and I ll−1 by:

Ll−1 = I l−1l LlI
l
l−1. (38)

This approach is generally referred to as variational coarsening following the same variational for-
mulation of the linear system as minimization problem [5], [17]. In section (3.7), by studying the
inter-grid transfer operators and discussion of the choice of their combinations, it will be more clear
how this relation of the prolongation, the restriction, and the fine grid operators, leads to the coarse
grid operator.
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3.6 Cell-Centered Convergence Theory
The polynomial order of a prolongation operator (mpoly

p ) or a restriction operator (mpoly
r ), are

defined as the highest order of the polynomial transferred exactly by that operator plus one [33].
The well-known rule,

mpoly
p +mpoly

r > M, (39)

states that the sum of the polynomial order of the prolongation and restriction operators is larger
than the highest order M of differentiation of the original differential operator. This relation is a
necessary condition to prove that the convergence rate of the multigrid method is independent of
the mesh size [12]. According to the mentioned condition and the task of this master thesis which is
solving an equation of order 2, it is obvious that the inter-grid transfer operators with order 1 do not
satisfy condition (39). In the table (3.7), two higher-order transfer operators are proposed [24]. CR,
TR, and WR stand for constant, Trilinear, and Wessseling restriction, respectively. It is obvious
that the orders of the corresponding prolongation operators, i.e. CP, TP, and WP, respectively, are
the same as their restriction ones. In the next section, these operators are explained in detail and
the results of their implementations are shown in chapter (5).

Table 2: Polynomial orders of CR, TR, and WR; three-dimensional case.

CR TR WR

mpoly
r : 1 2 2

It should be noted that the Kwak restriction operator (KR), has mpoly
r of 2 in two-dimensional

case, while this value in three-dimensional case is 1. As the work of this thesis is in three-dimension,
this transfer operator can be neglected, because its order values show that it is a higher-order transfer
operator in the two-dimensional problems, not in this three-dimensional case.

3.7 Transfer Operators
In section (3.6), three inter-grid transfer operators were pointed out. In this section, these opera-
tors are explained and their applicable combinations for implementation in a Galerkin coarsening
discretization method are discussed. The piecewise constant, Trilinear, and Wesseling/Khalil pro-
longation and restriction operators are the cases we are interested in, where the first one is of order
1, and the two others are of second order. These three stencils are depicted in stencils (40), (41),
and (42) in 2D case and in stencils (43), (44), and (45) in 3D case. These stencils contain the
weight values with which, the coarse grid node ,(at the center), contributes to its neighboring fine
grid points, through prolongation or is created by these fine grid points through restriction. In
other words, the restriction operator is the adjoint of the prolongation operator.

Stencil (40) is the piecewise constant interpolation (CP) in 2D case and stencil (43) is the same
stencil in 3D case. As discussed before, they are just of first order. In stencil (41), the second order
prolongation of bi-linear interpolation (BP) in 2D and in stencil (44) its corresponding 3D form,
the trilinear interpolation are presented. They are compact, i.e. require 16 fine grid points in 2D
and 64 fine grid points in 3D.

The Wesseling/Khalil (WP) interpolation operator, which is also of second order, is illustrated
in stencil (42) and (45) in two- and three-dimensional case, respectively. They are not compact and
only use 22 neighboring fine gird points in 3D and 10 neighboring fine grid points in 2D case which
has a trivial difference in the cost compared with a 9-point-stencil of the bi-linear interpolation in
the vertex-centered case [24].

TheWesseling/Khalil stencil is established by linear interpolation on triangles in two-dimensional
case and tetrahedra in three-dimensional case, both with coarse grid points as the vertices [24].
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CP (2D) :

]
1 1
1 1

[h
2h

(40)

BP (2D) :
1

16


1 3 3 1
3 9 9 3
3 9 9 3
1 3 3 1


h

2h

(41)

WP (2D) :
1

4


1 1 0 0
1 3 2 0
0 2 3 1
0 0 1 1


h

2h

(42)

CP (3D) :

]∣∣∣∣1 1
1 1

∣∣∣∣ ∣∣∣∣1 1
1 1

∣∣∣∣[h
2h

(43)

TP (3D) :
1

64


∣∣∣∣∣∣∣∣
1 3 3 1
3 9 9 3
3 9 9 3
1 3 3 1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
3 9 9 3
9 27 27 9
9 27 27 9
3 9 9 3

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
3 9 9 3
9 27 27 9
9 27 27 9
3 9 9 3

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
1 3 3 1
3 9 9 3
3 9 9 3
1 3 3 1

∣∣∣∣∣∣∣∣

h

2h

(44)

WP (3D) :
1

4


∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 0
0 0 1 1
0 0 1 1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
0 0 0 0
0 2 2 0
0 2 3 1
0 0 1 1

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
1 1 0 0
1 3 2 0
0 2 2 0
0 0 0 0

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣

h

2h

(45)

As it can be seen in figure (7), in calculation of a coarse grid point positioned at a boundary,
with a higher-order restriction operator, like the black point on the west, some fine grid points are
missed which are shown with green circles in figure (7) and are outside of the domain. In the pro-
longation and restriction processes, this coarse grid point is in contact with 16 fine grid points (for
2D case as the figure (7)), that are shown with grey and green colors. Therefore, the stencils should
be changed according to the type of the boundary condition. For Dirichlet boundary conditions,
these missing values can be linearly extrapolated in such a way that in the coarse grid correction
scheme, the correction to be interpolated can be assumed to equal zero along the boundaries. Thus
the missing fine grid point value gets the negative values of its corresponding neighbor which lies in
the domain. For the Neumann boundary condition, the interpolation is not linear anymore, i.e, its
first derivation is assumed to be zero. Therefore, by discretization of this derivation, and equalize
it to zero, the value of the missing grid point is equivalent to the value of the corresponding grid
point which lies in the domain.

In figure (7), the fine grid points are shown with blue, grey, and green points, while the coarse
grid points are illustrated by pink and black points. Furthermore, the blue squares are the fine grid
cells and the coarse grid cells are not shown for simplicity of the figure.
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Figure 7: Higher-order restriction of a coarse grid point positioned on the west boundary.

The stencil values of the bi-linear interpolation in 2D case with Dirichlet boundary conditions
can be shown by [24],

1

16

∣∣∣∣∣∣∣∣
nw n(2 + w) n(2 + e) ne

(2 + n)w (2 + n)(2 + w) (2 + n)(2 + e) (2 + n)e
(2 + s)w (2 + s)(2 + w) (2 + s)(2 + e) (2 + s)e
sw s(2 + w) s(2 + e) se

∣∣∣∣∣∣∣∣
h

2h

(46)

and the stencil values of the bi-linear interpolation in 2D case with Neumann boundary conditions
can be expressed by,

1

16

∣∣∣∣∣∣∣∣
nw n(4− w) n(4− e) ne

(4− n)w (4− n)(4− w) (4− n)(4− e) (4− n)e
(4− s)w (4− s)(4− w) (4− s)(4− e) (4− s)e
sw s(4− w) s(4− e) se

∣∣∣∣∣∣∣∣
h

2h

(47)

where n, s, w, and e specify whether the specific point is positioned in one or two of the north,
south, west, and east boundaries. The trick here is, these values are 1 if the point is not in that
boundary, and 0 if it is in that boundary. It is obvious by assigning 1 to all these four values, we
should have the same stencil as the stencil (41). Stencils (48) and (49) show these stencils for the
Wesseling/Khalil stencil, for Dirichlet and Neumann boundary conditions in 2D case, respectively.

1

4

∣∣∣∣∣∣∣∣
nw nw 0 0
nw n+ w + 1 2 0
0 2 s+ e+ 1 se
0 0 se se

∣∣∣∣∣∣∣∣
h

2h

(48)

1

4

∣∣∣∣∣∣∣∣
nw n(2− w) 0 0

(2− n)w 5− n− w 2 0
0 2 5− s− e e(2− s)
0 0 s(2− e) se

∣∣∣∣∣∣∣∣
h

2h

(49)

These modifications, can also be executed with the same manner for three-dimensional case; TP in
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3D case with Dirichlet boundary condition can be shown by,

1

64



∣∣∣∣∣∣∣∣
tnw tn(w + 2) tn(e+ 2) tne

t(n+ 2)w t(n+ 2)(w + 2) t(n+ 2)(e+ 2) t(n+ 2)e
t(s+ 2)w t(s+ 2)(w + 2) t(s+ 2)(e+ 2) t(s+ 2)e
tsw ts(w + 2) ts(e+ 2) tse

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(t+ 2)nw (t+ 2)n(w + 2) (t+ 2)n(e+ 2) (t+ 2)ne

(t+ 2)(n+ 2)w (t+ 2)(n+ 2)(w + 2) (t+ 2)(n+ 2)(e+ 2) (t+ 2)(n+ 2)e
(t+ 2)(s+ 2)w (t+ 2)(s+ 2)(w + 2) (t+ 2)(s+ 2)(e+ 2) (t+ 2)(s+ 2)e

(t+ 2)sw (t+ 2)s(w + 2) (t+ 2)s(e+ 2) (t+ 2)se

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(b+ 2)nw (b+ 2)n(w + 2) (b+ 2)n(e+ 2) (b+ 2)ne

(b+ 2)(n+ 2)w (b+ 2)(n+ 2)(w + 2) (b+ 2)(n+ 2)(e+ 2) (b+ 2)(n+ 2)e
(b+ 2)(s+ 2)w (b+ 2)(s+ 2)(w + 2) (b+ 2)(s+ 2)(e+ 2) (b+ 2)(s+ 2)e

(b+ 2)sw (b+ 2)s(w + 2) (b+ 2)s(e+ 2) (b+ 2)se

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
bnw bn(w + 2) bn(e+ 2) bne

b(n+ 2)w b(n+ 2)(w + 2) b(n+ 2)(e+ 2) b(n+ 2)e
b(s+ 2)w b(s+ 2)(w + 2) b(s+ 2)(e+ 2) b(s+ 2)e
bsw bs(w + 2) bs(e+ 2) bse

∣∣∣∣∣∣∣∣



h

2h

(50)

Furthermore, TP in 3D case with Neumann boundary condition can be shown by,

1

64



∣∣∣∣∣∣∣∣
tnw tn(4− w + 2) tn(4− e+ 2) tne

t(4− n)w t(4− n)(4− w) t(4− n)(4− e) t(4− n)e
t(4− s)w t(4− s)(4− w) t(4− s)(4− e) t(4− s)e
tsw ts(4− w) ts(4− e) tse

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4− t)nw (4− t)n(4− w) (4− t)n(4− e) (4− t)ne

(4− t)(4− n)w (4− t)(4− n)(4− w) (4− t)(4− n)(4− e) (4− t)(4− n)e
(4− t)(4− s)w (4− t)(4− s)(4− w) (4− t)(4− s)(4− e) (4− t)(4− s)e

(4− t)sw (4− t)s(4− w) (4− t)s(4− e) (4− t)se

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(4− b)nw (4− b)n(4− w) (4− b)n(4− e) (4− b)ne

(4− b)(4− n)w (4− b)(4− n)(4− w) (4− b)(4− n)(4− e) (4− b)(4− n)e
(4− b)(4− s)w (4− b)(4− s)(4− w) (4− b)(4− s)(4− e) (4− b)(4− s)e

(4− b)sw (4− b)s(4− w) (4− b)s(4− e) (4− b)se

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
bnw bn(4− w) bn(4− e) bne

b(4− n)w b(4− n)(4− w) b(4− n)(4− e) b(4− n)e
b(4− s)w b(4− s)(4− w) b(4− s)(4− e) b(4− s)e
bsw bs(4− w) bs(4− e) bse

∣∣∣∣∣∣∣∣



h

2h

(51)

Moreover, WP in 3D case with Dirichlet boundary condition is illustrated by,

1

4


∣∣∣∣∣∣∣∣
0 0 tne tne
0 0 tne tne
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
0 0 tne tne
0 2 tne+ 2 tne
0 2 2 0
0 0 0 0

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

0 0 0 0
0 2 2 0
bsw bsw + 2 2 0
bsw bsw 0 0

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

0 0 0 0
0 0 0 0
bsw bsw 0 0
bsw bsw 0 0

∣∣∣∣∣∣∣∣

h

2h

(52)
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and WP in 3D case with Neumann boundary condition can be shown by,

1

4



∣∣∣∣∣∣∣∣
0 0 tn(2− e) tne
0 0 t(2− n)(2− e) t(2− n)e
0 0 0 0
0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 (2− t)n(2− e) (2− t)ne
0 2 (2− t)(2− n)(2− e) + 2 (2− t)(2− n)e
0 2 2 0
0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0
0 2 2 0

(2− b)(2− s)w (2− b)(2− s)(2− w) + 2 2 0
(2− b)sw (2− b)s(2− w) 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 0 0 0
0 0 0 0

b(2− s)w b(2− s)(2− w) 0 0
bsw bs(2− w) 0 0

∣∣∣∣∣∣∣∣



h

2h

(53)

It should be noted that for mixing boundary conditions, for instance Neumann boundary condition
for west and east walls and Dirichlet boundary condition for the Other walls, the mentioned stencils
should be also mixed together.

In the Galerkin coarsening method, the coarse grid operator L2h is created from the fine grid
operator Lh with L2h = I2hh LhI

h
2h. The point is whether the stencil of L2h grows or not. Growing

stencils lead to a poor performance, due to the fact that more operations per unknowns are needed
for computations. For instance, considering the D2Q5 stencil of Lh in two-dimensional case, cor-
responding to D3Q7 in three-dimensional case, may change the stencil for coarser grid, according
to the combination of the inter-grid transfer operators. As can be seen in figure (8), only combina-
tions including either the piecewise constant interpolation (CP) or its adjoint (CR) avoid this [24].
According to relation (39), using only one of the inter-grid transfer operators of higher-order type,
satisfies the mesh size independent convergence rate for our problem.

Figure 8: The stencil of the coarse grid operator for a 5-point stencil on the fine grid, taken from
[24]

18



In figure (8), black circle expresses the coarse grid point for which the stencil is desired, small
white circles, and bigger white circles illustrate the fine and coarse grid points, respectively. Red
regions express the restriction effect of the central coarse grid, blue plus red regions denote all the
fine grid points needed for the evaluation of the fine grid operator Lh, and grey, blue plus red regions
show all the coarse grid points needed for the coarse grid operator L2h acting on that central coarse
grid point.

It can be shown that, for WPCR and CPWR combinations, the size of the symmetric 7-point
stencil can be preserved on coarser grids, which was one of the ideas of the design of Wesseling/Khalil
prolongation operator [24]. However, it can be shown that WPCR and CPWR preserve also the
5-point stencil of (2D), corresponding to the D3Q7 stencil of (3D). This procedure can be done also
for CPCR in the same way. Consequently these combinations also preserve the 5-point stencil of
(2D) or the 7-point stencil of (3D).

Here we want to show the Galerkin coarsening approximation using Wesseling/Khalil as the re-
striction operator and constant operator as the prolongation one, preserves the 5-point stencil in a
two-dimensional domain. In figure (9), a two-dimensional domain of six by six fine grid points with
blue and green points and the corresponding coarse grid points of three by three domain with red
circles are depicted. The blue squares are fine grid cells, and for simplicity, the coarse grids cells are
skipped in this figure. The green circles are the restriction support of the central coarse grid point.
For labeling purpose, the fine grid points are referenced by f(i, j) for i and j from 1 to 6 and coarse
grid points with c(k, l) with k and l from 1 to 3, similar to the Cartesian coordinates. The purpose is
to derive a stencil for c(2, 2), the central coarse grid point. According to the D2Q5 stencil, it should
use c(1, 2), c(2, 1), c(2, 2), c(3, 2), and c(2, 3), as the one that the fine grid points use. Here we want
to prove that the coarse grid points also use this stencil, i.e. c(1, 1), c(1, 3), c(3, 1), and c(3, 3), do
not take part in the relaxation procedure of c(2, 2). In the following equations, c(2, 2) is restricted
first according to Wesseling operator to the corresponding fine grid points. Next step is the imple-
mentation of the fine grid stencil on these points, and finally, the fine grid points are substituted by
the coarse grid ones according to the constant prolongation operator. At the end, it can be seen that
the south-east and the north-west stencil values will get the zero coefficient through the calculations.

Coordinates Field
f(i, j) Fine grid points (blue & green)
c(k, l) Coarse grid points (red)

Figure 9: The coarse grid stencil derivation of the CPWR Galerkin approach

19



ć(2, 2) =
1

16
[3f(4, 3) + 3f(3, 4) + 2f(4, 4) + 2f(3, 3) + f(4, 2) + f(5, 2) + f(5, 3) + f(3, 5) + f(2, 4) + f(2, 5)]

=
1

16
{3[4f(4, 3)− f(3, 3)− f(5, 3)− f(4, 2)− f(4, 4)]

+ 3[4f(3, 4)− f(2, 4)− f(4, 4)− f(3, 3)− f(3, 5)]

+ 2[4f(4, 4)− f(3, 4)− f(5, 4)− f(4, 5)− f(4, 3)]

+ 2[4f(3, 3)− f(2, 3)− f(4, 3)− f(3, 2)− f(3, 4)]

+ [4f(4, 2)− f(3, 2)− f(5, 2)− f(4, 1)− f(4, 3)]

+ [4f(5, 2)− f(4, 2)− f(6, 2)− f(5, 1)− f(5, 3)]

+ [4f(5, 3)− f(4, 3)− f(6, 3)− f(5, 2)− f(5, 4)]

+ [4f(3, 5)− f(2, 5)− f(4, 5)− f(3, 6)− f(3, 4)]

+ [4f(2, 4)− f(1, 4)− f(3, 4)− f(2, 3)− f(2, 5)]

+ [4f(2, 5)− f(1, 5)− f(3, 5)− f(2, 6)− f(2, 4)]}

=
1

16
{6f(4, 3) + 6f(3, 4) + 2f(3, 3) + 2f(4, 4) + 0f(2, 4) + 2f(2, 5)

+ 0f(3, 5) + 0f(5, 3) + 0f(4, 2) + 2f(5, 2)− 3f(4, 5)− 3f(5, 4)

− 3f(2, 3)− 3f(3, 2)− f(1, 4)− f(2, 6)− f(3, 6)− f(4, 1)

− f(5, 1)− f(6, 3)− f(6, 2)− f(1, 5)}

=
1

16
{16c(2, 2)− 4c(1, 2)− 4c(3, 2)− 4c(2, 3)− 4c(2, 1) + 0c(1, 3) + 0c(3, 1)}

= c(2, 2)− 0.25c(1, 2)− 0.25c(3, 2)− 0.25c(2, 3)− 0.25c(2, 1),

which states the same five point stencil for the coarse grid operator.

At the end of this section, the reason of the same convergence properties for the similar transfer
operator combinations such as TPCR and CPTR or WPCR and CPWR is discussed. According to
the Galerkin coarsening approach,

L2h = I2hh LhI
h
2h,

where L2h, Lh, I2hh , and Ih2h, denote the coarse grid operator, the fine grid operator, the restriction
operator, and the prolongation operator, respectively. With the knowledge of that L2h and Lh are
symmetric, it can be written;

L2h = (L2h)T = (Ih2h)T (Lh)T (I2hh )T = (Ih2h)TLh(I2hh )T .

Therefore, by using the prolongation operator as the restriction one and vice versa, the same coarse
grid operator is obtained.

20



4 Implementation Details
Nowadays, one important part of engineering is the computer simulation of various physical effects.
For instance, simulation of Lab-on-a-Chip devices includes different parts such as fluid, charged
particles, and the electric field [2]. The scope of this thesis is improving the multigrid solver
for partial differential equations arising in the multiphysics simulation of the charged particles
in electrokinetic flows. This simulation is executed in the waLBerla software framework. This
framework has been developed by the System Simulation Group in Erlangen for simulations on
high performance computers. A cell-centered multigrid method is adopted to solve the partial
differential equations in order to model the electric potential field.

In section (4.1), a brief description about the waLBerla framework is presented and the following
sections explain the tasks of this thesis.

4.1 waLBerla Features
Apart from theory and experiment, simulation has had more important role to accomplish a sci-
entific work. Basic numerical methods can be used for an application as long as the physical
and mathematical models are matched. However, multiphysics simulations require modular and
extendable software frameworks to cover also wider range of phenomena.

WaLBerla (widely applicable Lattice-Boltzmann from Erlangen) is a software framework for sim-
ulation of various physical problems and basically centered around the Lattice-Boltzmann method
(LBM), but is not narrowed to this algorithm. It is designed to achieve these targets [9]:

– Understandability and usability: Modification of the software quality by a modular imple-
mentation using dynamic shared libraries with common C++ design patterns along with easy
integration of new simulations also by beginner programmers.

– Portability: Portable to different operating systems and HPC (High Performance Computing)
clusters and heterogeneous computations involving e.g. GPUs and CPUs by supporting CUDA
or OpenCL kernels.

– Maintainability and expandability: Integration of a new functionality without major change
of code in the framework and extension of it to adaptive grid-refinement.

– Efficiency: Integration potential of optimized kernels in order to have efficient and hardware
adapted simulations and load balancing strategies usage.

– Scalability: Possibility to support various parallel simulations.

Thanks to the waLBerla, multiple complex simulation problems in massively parallel systems
has been solved such as free-surface flow with floating objects [3], flows through porous media, clot-
ting processes in blood vessels, particulate flows for several million volumetric particles [10], and
extension to electroosmotic flows and charged particles in fluid flows subjected to the electric field [2].

Basically, a simulation software should perform a domain for unknowns and other parameters.
If the simulation is in parallel, the domain should consist of different sub-domains. Moreover, for
modular case, it should be also designed according to the application. Figure (10(b)) illustrates the
waLBerla patch which is a domain with mentioned characteristics. It describes, the entire domain
and can be divided into the Cartesian grid of the blocks. The allocation of these blocks is done
by the application, so each application can have its own data structures. Furtheremore, different
applications can be activated in each blocks, because the blocks are independent of each other [9].

The main design target of the waLBerla is providing excellent runtime performance between
other computing platforms in conjugation with easy integration of a new functionality. For instance,
parallelization depends on a special patch data structure, where patches are a special version of the
block-structured grid. Moreover, patches are necessary in configuration of the subregions according
to the applications along side the optimization strategies such as reducing the memory overhead in
complex domains with purely structured uniform grid modeling.
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(a) Sweeps (b) patches

Figure 10: waLBerla Sweeps and Patches [9]

The waLBerla software is used to simulate the unsteady flows, i.e. the time loop is the central
component of each simulation. This loop executes the work step, which is called a sweep of the
application shown in the figure (10(a)). Each sweep consists of three parts. First part is pre-
processing step which is the communication for getting the required simulation data. The second
part is actual work step and the third part is post-processing step for dealing with visualization
and data analysis. For instance, exchange of the boundary values is not done by work step, but by
pre-processing step through the communication.

The sequence of the sweeps execution between different applications can be shared. Further-
more, the executed functionality of a sweep can be exchanged. The sweeps are designed in a way
that they are able to be repeated, which helps to be used in iteration problems and all the parts
such as pre- and post-processing steps are also repeated and a criterion can be implemented to
decide the number of repetition of that sweep.

The waLBerla software framework consists of different parts;

– The core: Responsible for data management and sequence control,

– Applications: Each user works on an own application,

– Modules: Common functionality which is used by multiple applications.

The core may not access functionalities in the applications and the module, modules can access
just other modules, while applications can access both the core and the modules. These access
restrictions cause the applications to be independent of the sequence control and the data manage-
ment. As mentioned before, code duplication can be avoided thanks to the modules. Furthermore,
the functionality management allows the choice of functionality for different granularities such as
the entire simulation, individual processes, and individual blocks.

A partial differential equation used for modeling a physical phenomena can be discretized to a
linear system of equations and such systems can be solved by LSE module of waLBerla [2]. Here,
a brief description of this module for the simulation of electric potentials in electrokinetic flows
of a Lab-on-a-Chip device is presented. The electric potential is modeled by Poisson’s equation
with Dirichlet or Neumann boundary conditions. The LBM module of fluid simulation is coupled
with this module. A multigrid method, as mentioned before, is used for the numerical solution of
the electric potential. For modeling the particle geometry, the pe physics engine is coupled with
waLBerla. After the initialization phase, the movement of the charged particles in the fluid and their
attraction by the charged plane is simulated. For the MG solver sweeps, the stencils are adapted
to the boundary conditions on the finest grid. The computation of the stencils on coarser grids
is done by Galerkin coarsening, which with the higher-order inter-grid transfer operator version of
that is the task of this thesis and is discussed in the following sections.
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4.2 Galerkin Coarsening Approximation
The main work of this master thesis is to modify the galerkin function of the waLBerla software
in order to create the coarse grid operator from one level finer grid operator using the higher-order
transfer operators. The algorithm (1) is the current version of this function which uses the constant
prolongation and constant restriction operators. The algorithm (2) is the version which uses the
constant restriction and higher-order prolongation operators and the algorithm (3) is the function
with the constant prolongation and higher-order restriction operators.

Algorithm 1 The galerkin function with the constant prolongation and constant restriction oper-
ators
1: <Assigning the values of the prolongation operator stencil>
2: <Assigning the values of the restriction operator stencil>
3: for all <coarse grid points> do
4: for all <points of the temporary block field> do
5: <Applying the stencil of the fine grid operator to the prolongation stencil values>
6: end for
7: for all <stencil directions of the coarse grid operator> do
8: <Applying the restriction stencil values to the temporary block field>
9: end for

10: end for

The galerkin function of the algorithm (1), takes two parameters, the fine grid stencil field and
the coarse grid stencil field. Although the ideas of the algorithms (2) and (3) have come from the
algorithm (1), however, the algorithm (1) is much more straightforward than that of (2) and (3).
Therefore, in this chapter we just explain the two latter ones, each with an example. The aim of
both examples is to show the south-west direction value of the stencil of an specific coarse grid
operator point.

For avoiding anything to be explained more than once, here the mutual facts of the both algo-
rithms and the related figures and equations are expressed. For simplicity of illustration, all the
figures and matrices in this section is related to a two-dimensional case of the problem, though the
work of this thesis is done in three dimension.

In the figures of this section, the white squares are fine grid cells and the blue points are fine
grid points, where the pink points and the black one are the coarse grid points. The purple circles
specify the fine grid points taking part in the restriction of the corresponding coarse grid point,
green circles determine the fine grid points using the corresponding coarse grid point through the
prolongation step, and orange circles are the temporary points in the Galerkin process.

In both examples the domain of fine grid points consists of 100 points, 10 in horizontal direction
and 10 in vertical direction. Consequently, the fine grid operator is a (100 × 100) matrix. For
labeling these points, the lowest-left point is (1) and the upper-right one is (100). It is also obvious
that coarse grid domain is five by five and the coarse grid operator is a (25 × 25) matrix, and the
points start from (1) to (25). For example the black point in figure (11) is number 13 of coarse
grid points surrounded by four fine grid points with numbers [(45), (46), (55), and (56)]. The black
point can be also addressed with c(3, 3) of the coarse grid field exactly like the Cartesian coordinate
system.

Basically, the fine and coarse grid operators are used for relaxation process of the multigrid
method. In Galerkin approach, according to equation (54), they also are implemented to the stencil
values of the prolongation operator.

Ac = Rst×AP
AP = Af × Pr

(54)

The matrices of this section, Ac, Af , Rst, Pr, and AP represent the coarse grid operator, the
fine grid operator, the restriction operator, the prolongation operator, and a temporary matrix,
respectively. The system of these matrices are illustrated in equations (55) and (56).
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In the waLBerla code, each of the stencil grid points is addressed by four integers, where the first
three ones are the coordinates of the point in the three-dimensional block of the domain and the
fourth one is associated with the direction of the stencil to store the value. For instance when a real
value is assigned to the function GET COMP(x,y,z,d), in a domain of the same size of sizePerDim
in all three directions, the nth point of the domain would get this value at its d stencil direction,
where n = sizePerDim2.(z − 1) + sizePerDim.(y − 1) + x and d determines the direction of the
stencil. For example, for the D3Q7 stencil, with d = 0, 1, 2, 3, 4, 5, and 6, the directions can be
center, north, south, west, east, top, and bottom, respectively.

The other important function of waLBerla is GET SCALAR(x,y,z) that helps to assign a value
to the fields such as the prolongation and restriction fields that do not have different directions for
each point. It addresses, similarly, the three coordinates to one dimensional series of points. Our
mentioned example of black points of coarse grid field of this section figures can be addressed as
c(3, 3), or (y − 1).sizePerDim+ x = (3− 1).5 + 3 = 13 in the two-dimensional domain.

Furthermore, in the waLBerla framework, a function is defined to apply the various stencil values
on the unknowns field. This function is applyStencil which takes two template parameters as the
type of the stencil and the type of the field, for instance D3Q7 for the stencil and the real numbers
to be used in the field. It also takes eight parameters of the solution field, the stencil field, the three
coordinates of the solution and the three coordinates of the stencil in order to be specified which
point of the stencil should be applied to which point of the solution.

1 //A∗u
2 template <typename Sten , typename T>
3 i n l i n e T app lyS t en c i l ( const bd f i e l d : : bd : : Fie ld<T,1> &so l ,
4 const bd f i e l d : : bd : : Fie ld<T, Sten : : Ce l l S i z e > &st ,
5 const uint_t x_s , const uint_t y_s , const uint_t z_s ,
6 const uint_t x_w, const uint_t y_w, const uint_t z_w)
7 {
8
9 us ing namespace s t e n c i l ;

10 T r e s =0;
11 f o r ( typename Sten : : i t e r a t o r i = Sten : : begin ( ) ; i != Sten : :end ( ) ; ++i )
12 r e s += s o l .GET_SCALAR(x_s+i . cx ( ) , y_s+i . cy ( ) , z_s+i . cz ( ) )
13 ∗ s t .GET_COMP(x_w,y_w,z_w, i . toIdx ( ) ) ;
14
15 re turn r e s ;
16 }

Listing 1: The applyStencil function of the waLBerla.

In listing (1) which is cited directly from the waLBerla code, sol is the field of solution which the
stencil field of st acts on it. Point (x s, y s, z s) belongs to the solution field and point (x w, y w, z w)
to the stencil field. Here, it is clear that solution field is accessed by the GET SCALAR function,
while the stencil field with the GET COMP function. The reason is, each of the stencil point
(x w, y w, z w), has different weights for different directions, that should be act on the same direc-
tions of the solution point of (x s, y s, z s).
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4.3 The Higher-Order Prolongation and Constant Restriction Operators

Algorithm 2 The galerkin function with the higher-order prolongation and constant restriction
operators
1: <Assigning the values of the restriction operator stencil>
2: for all <coarse grid points> do
3: for all <points of the temporary block field> do
4: <Computing the values of the prolongation operator stencil>
5: <Applying the stencil of the fine grid operator to the prolongation stencil values>
6: end for
7: for all <stencil directions of the coarse grid operator> do
8: <Applying the restriction stencil values to the temporary block field>
9: end for

10: end for

As mentioned before, the purpose of the algorithm (2) is to obtain the stencil values of each
point of the coarse grid operator. We want to show the algorithm to obtain the south-west direction
value of the coarse grid stencil corresponding to the black point in the figure (11). In the other
words, we want to obtain the value of matrix Ac in line (13) and column (7), i.e. Ac(13, 7) of the
matrix system in equation (55).

Consequently, we need the 13th line of Rst matrix which are all zero, except the four values
of columns [(45), (46), (55), and (56)], (purple circles in the figure (11)), because the restriction
operator is constant. Also we need the 7th column of matrix AP . What ever the other values of this
column are, due to the multiplication of this column to Rst matrix, just the same values may take
part, because the rest are multiplied by zero in the multiplication process. We show these values
by orange circles. Therefore, the next step would be the calculation of these four values on the 7th

column of matrix AP .

As a rule of the matrix multiplication, for each value, we use the same row of matrix Af of the
matrix system in equation (55) and for all of them the 7th column of matrix Pr. As the prolongation
operator in this example is bi-linear, for the 7th column of the prolongation matrix, all the values
are zero except the values on rows [(12), (13), (14), (15), (22), (23), (24), (25), (32), (33), (34),
(35), (42), (43), (44), and (45)]. In other words, these 16 fine grid points of all 100 fine grid points,
use c(2, 2) of figure (11) in the prolongation step.

In matrix Af of the matric system (55), each row has 5 nonzero values out of its 100 entries.
On the row (45), according to a D2Q5 stencil of a two-dimensional problem, the entries on the
following columns are nonzero: [(35), (44), (45), (46), and (55)]. A similar approach holds for rows
(46), (55), and (56). This part determines the weight of each direction for the coarse grid stencil,
i.e. for example the non zero values of the line (56) of Af are [(46), (55), (56), (57), and (66)],
however, non of them are matched with the non-zero values of the 7th column of matrix Pr, which
means AP (56, 7) = 0. Therefore, through the restriction, the value of Ac(13, 7) gets a smaller value.

Now imagine for calculation of Ac(13, 13), AP (56, 13) would be obtained by using the same rows
of Af , however, the 13th column of Pr has the nonzero values on the columns [(34), (35), (36),
(37), (44), (45), (46), (47), (54), (55), (56), (57), (64), (65), (66), and (67)]. All these non-zero
entries on four rows of Af can find their matches on Pr matrix. This explains why the center
direction, i.e. Ac(13, 13), has the greatest stencil value in the grid operators in comparison with
other directions like Ac(13, 7). This can also be shown on the figure that the red circle and its three
neighbors (N, E, and NE) which are responsible for the fine grid operator of lines (45), (46), (55),
and (56) should access the green circles which are responsible for the prolongation on the 7th column.
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Figure 11: Galerkin coarsening with the constant restriction and higher-order prolongation opera-
tors (SW value for 2D).

(a) x = 1 & stencil: South (b) x = 2 & stencil: South-West

(c) x = 1 & stencil: South-West

Figure 12: Boundary conditions of the galerkin function with the constant restriction and higher-
order prolongation operators.
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Ac(25×25)
line : 13
column : 7 7

 =

Rst(25×100)
Constant Restriction
line : 13 45 46 55 56



AP(100×25)
column : 7

45
46

55
56




45
46

55
56



=

AP(100×25)
column : 7



components of line 45 (35, 44, 45, 46, 55)
components of line 46 (36, 45, 46, 47, 56)

components of line 55 (45, 54, 55, 56, 65)
components of line 56 (46, 55, 56, 57, 66)


Af(100×100)
lines : 45, 46, 55, and 56



12
13
14
15
22
23
24
25
32
33
34
35
42
43
44
45


Pr(100×25)
Bi-Linear
column : 7.

Matrix system of the Galerkin approach with the constant restriction and bi-linear prolongation operators.

(55)
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In the galerkin function of algorithm (2), first the fields of ap for the temporary values, p for the
stencil values of the prolongation operator, and r for the stencil values of the restriction operator are
created (lines 1 to 3 of listing (2)). In the context of this report, by the restriction and prolongation
fields, we mean the fields containing the stencil values of these operators.

According to equations (40) and (43), the field of constant restriction has size 2 in each direction.
Similarly, according to equations (41) and (44), we expect the size 4 in each direction for the bi-
linear prolongation operator, however, we use size 8 in each direction for this operator. The reason
is, in the matrix system of equation (55), as an example, Af (56, 57) should be multiplied by the
57th entry of the 7th column of the prolongation matrix which is zero. In other words, creating a
4 × 4 block of the prolongation operator, only considers the nonzero stencil values, while in some
cases, like the mentioned example, the nonzero values take part in the computations.

This can also be illustrated by figure (11). The fine grid point with the coordinates f(6, 6),
(north-east of the red point), with a D2Q5 stencil, does not access the green block, therefore,
AP (56, 7) entry of the temporary matrix is zero. Nevertheless, according to the applyStencil func-
tion of waLBerla, it needs these prolongation field points, though their values are zero. Therefore,
a block of 8× 8 for the prolongation operator is needed where the green block stands in the center
of that.

In this algorithm, for each points of the coarse grid stencil field, all the required temporary
field points, (ap points), are created at first, where every eight of them, (four in 2D), belong to
one direction value of the coarse grid stencil (orange circles of figure (11)). Thus, the size of each
direction pf ap block can be 6. Because each coarse grid point has three values of stencil in each
direction and each value needs two temporary field point in each direction to surround it.

The restriction field is initialized according to the type of the operator and its stencil values
(line 4 of listing (2)). After that a loop starts to parse the whole domain of coarse grid (lines 6 to
21 of listing (2)). It should be noted that two extra points are considered in each direction of the
coarse grid stencil field corresponding to ghost layers. Furthermore, For each coarse grid point, a
corresponding fine grid point, the red point in the figures, is defined (line 9 of listing (2)). Then all
of the ap field points are created (line 11 to 18 of listing (2)).

1 //HERE: Creat ion o f the ap f i e l d
2 //HERE: Creat ion o f the p f i e l d
3 //HERE: Creat ion o f the r f i e l d
4 //HERE: Ass ign ing the f i e l d conta in ing the r e s t r i c t i o n s t e n c i l va lue s
5
6 f o r ( uint_t z=1; z<zSizeCo −1; ++z )
7 f o r ( uint_t y=1; y<ySizeCo−1; ++y)
8 f o r ( uint_t x=1; x<xSizeCo−1; ++x){
9 //HERE: Labe l ing a f i n e g r id po int as the r e f e r e n c e

10
11 f o r ( uint_t k=1; k<7; ++k)
12 f o r ( uint_t j =1; j <7; ++j )
13 f o r ( uint_t i =1; i <7; ++i ){
14
15 //HERE: L i s t i n g 3
16 //HERE: L i s t i n g 4
17 //HERE: L i s t i n g 5
18 }
19
20 //HERE: L i s t i n g 6
21 }

Listing 2: Structure of the algorithm 2.

For each ap point, a different p field should be defined (listing (3)). As mentioned before, the
higher-order prolongation operators should be modified on boundaries. Therefore, according to the
positions of the coarse grid point and the ap field point in the domain, the field containing the
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prolongation operator stencil values should be defined.

1 /∗The same p f i e l d i s used here as the prev ious ap point ,
2 th e r e f o r e , i t needs to be i n i t i a l i z e d by zero ∗/
3 f o r ( uint_t k_=0; k_<8; ++k_)
4 f o r ( uint_t j_=0; j_<8; ++j_)
5 f o r ( uint_t i_=0; i_<8; ++i_ )
6 p .GET_SCALAR( i_ , j_ ,k_) = 0 . 0 ;
7
8 /∗Creat ing a block o f s i z e 8 in each d i r e c t i o n to
9 s t o r e the s t e n c i l va lue s read from D3Q64 c l a s s ∗/

10 uint_t size8perDim = numLvl−3;
11 D3Q64<Prolongat ion , T r i l i n e a r > PrSt enc i l ( size8perDim , f l a g s ) ;
12
13 /∗Checking whether the pro longat i on s t e n c i l
14 should be compatible with the boundar ies or not ∗/
15 rea l_t f_w=2.0 , f_e=2.0 , f_s=2.0 , f_n=2.0 , f_b=2.0 , f_t =2.0 ;
16 i f ( ( ( x==1)&&(( i ==3)| |( i ==4) ) ) | | ( ( x==2)&&(( i ==1)| |( i ==2))))
17 f_w = −1.0;
18 i f ( ( ( x==xSizeCo−2)&&(( i ==3)| |( i ==4) ) ) | | ( ( x==xSizeCo−3)&&(( i ==5)| |( i ==6))))
19 f_e = 6 . 0 ;
20 i f ( ( ( y==1)&&(( j ==3)| |( j ==4) ) ) | | ( ( y==2)&&(( j ==1)| |( j ==2))))
21 f_s = −1.0;
22 i f ( ( ( y==ySizeCo−2)&&(( j ==3)| |( j ==4) ) ) | | ( ( y==ySizeCo−3)&&(( j ==5)| |( j ==6))))
23 f_n = 6 . 0 ;
24 i f ( ( ( z==1)&&((k==3)| |( k==4)) ) | | ( ( z==2)&&((k==1)| |( k==2))))
25 f_b = −1.0;
26 i f ( ( ( z==zSizeCo−2)&&((k==3)| |( k==4)) ) | | ( ( z==zSizeCo−3)&&((k==5)| |( k==6))))
27 f_t = 6 . 0 ;
28
29 // e . g . I f po int ( 4 , 4 , 4 ) i s read , then i t i s not on the boundary o f the block
30 // e . g . I f po int ( 1 , 4 , 4 ) i s read , then i t i s on the west boundary o f the block
31 // e . g . I f po int ( 8 , 4 , 4 ) i s read , then i t i s on the ea s t boundary o f the block
32 PrS t enc i l . computeLoca lStenc i l ( f_w+f_e , f_s+f_n , f_b+f_t ) ;
33
34 f o r ( uint_t k_=2; k_<6; ++k_)
35 f o r ( uint_t j_=2; j_<6; ++j_)
36 f o r ( uint_t i_=2; i_<6; ++i_){
37
38 p .GET_SCALAR( i_ , j_ , k_) = PrSt enc i l ( i_−2, j_−2, k_−2);
39 }

Listing 3: Creating a block containing the stencil values of the prolongation operator for each point
of the temporary block.

In listing (3), the prolongation field is initialized by zero in lines 3 to 6. The reason is, this
block was used for the calculation of the previous ap point. As mentioned before, for each point of
the ap field, a new p field is needed. This block reads the new values in lines 34 to 39 of listing (3)
from the stencil values of PrStencil object of class D3Q64. The three coordinates of the member
function’s parameters of this object, determine the value of the stencil according to the position in
the domain, regarding the boundary issues (line 32 of listing (3)). Therefore, these coordinates are
calculated according to the position of the coarse grid stencil point in the domain and also the ap
point of this coarse grid point, for which the prolongation stencil values are computed. this task is
done in lines 15 to 25 of listing (3).

For instance, as it can be seen in figure (12(a)), if the coarse grid point is positioned on the
west boundary, the ap(:, 3) and ap(:, 4), (orange circles), use a prolongation block which has points
outside of the domain and should be treated by the modified prolongation operator (left conditions
of lines 16 to 26 of listing (3)).

The other case is, as illustrated in figure (12(b)), if the coarse grid point lies one point after the
west boundary, i.e. x = 2, the ap(:, 1) and ap(:, 2), (orange circles), use the same block as the one

29



of the prolongation operator as the previous example (right conditions of lines 16 to 26 of listing
(3)). It should be noted that for the higher-order transfer operators we use the works done by [20].

After creation of the proper prolongation stencil values, the ap values can be calculated according
to the listing (4). For this purpose, we use the applyStencil function that has been explained before.
According to the matrices of this section, for each direction of the coarse grid stencil, and for creating
eight ap points corresponding to that (four in 2D), we use eight (four in 2D), fine grid stencil points.

The fine grid stencil points used for creating the ap field points are the red point with the
coordinate (fx, fy), i.e. f(5, 5) and its three neighbors surrounding the black point in figure (11),
with the coordinates (fx+ 1, fy), (fx, fy+ 1), and (fx+ 1, fy+ 1) i.e. f(5, 6), f(6, 5), and f(6, 6),
respectively. This can be compared with 4 lines of matrix Af in the matrix system of (55).

For creating the four ap field points corresponding to a weight of the coarse grid stencil, those
four ap points surrounding the coarse grid point positioned in that direction is needed. For instance,
in figure (11), four orange circles are responsible for creating the south-west direction of the coarse
grid stencil. Each of these four points is created by one of the fine grid point stencils (red one and
its three neighbors) and the block of the prolongation stencil values (green circles in figure (11) or
the 7th column of matrix Pr in the matrix system (55)) surrounding the coarse grid point in that
direction.

Lines 6 to 8 of listing (4) are related to the fact that according to the position of the ap point
around the coarse grid point, one of the four mentioned fine grid points is used. According to listing
(2), i, j, and k are the indices related to the points of the ap field. Therefore, if these indices are
all odd numbers, red point is used because both of them are positioned at the south-west direction
of the corresponding coarse grid point. Similarly, if all the three indices of the ap point are even
numbers, the fine grid stencil point with the coordinates (fx+1, fy+1), i.e. f(6, 6), is used because
both of them are in north-east direction of their corresponding coarse grid point.

Lines 3 to 5 of listing (4) are associated to the prolongation stencil values stored in the p block
and should be accessed in order to create the ap points. According to listing (3), the 8×8 block of p
has nonzero values in the coordinates of p(2 : 5, 2 : 5). According to figure (11), red point accesses
the p(5, 5), fine grid point (fx+ 1, fy+ 1) accesses p(6, 6) and the two other fine grid stencil points
access p(5, 6) and p(6, 5). This is just for calculation of four ap points with orange circles in figure
(11) with the coordinates [ap(1, 1), ap(1, 2), ap(2, 1), ap(2, 2)]. The computation of the other ap
points (responsible for other directions of the coarse grid stencil rather than south-west), can be
executed also by the lines 3 to 5 of listing (4).

1 ap .GET_SCALAR( i , j , k ) =
2 app lyStenc i l <D3Q27 , real_t >(p , ∗ stenFi ,
3 ( i %2)∗(6− i )+(1− i %2)∗(8− i ) ,
4 ( j %2)∗(6− j )+(1− j %2)∗(8− j ) ,
5 ( k%2)∗(6−k)+(1−k%2)∗(8−k ) ,
6 fx+(1− i %2) ,
7 fy+( 1− j%2 ) ,
8 f z+( 1−k%2 ) ) ;

Listing 4: Creating the temporary field points from the prolongation operator and the fine grid
stencil field.

After creation of all the ap values, according to the figure (12(c)), if the coarse grid is on a
boundary, for instance on the west boundary, we do not need the ap(:, 1) and ap(:, 2), (orange
circles), because they create a weight of the stencil which would be outside of the domain, thus we
assign value zero for them which can be seen in listing (5).
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1 i f ( x==1){
2 ap .GET_SCALAR(1 , j , k ) = 0 . 0 ;
3 ap .GET_SCALAR(2 , j , k ) = 0 . 0 ; }
4 i f ( x==xSizeCo−2){
5 ap .GET_SCALAR(5 , j , k ) = 0 . 0 ;
6 ap .GET_SCALAR(6 , j , k ) = 0 . 0 ; }
7 i f ( y==1){
8 ap .GET_SCALAR( i , 1 , k ) = 0 . 0 ;
9 ap .GET_SCALAR( i , 2 , k ) = 0 . 0 ; }

10 i f ( y==ySizeCo−2){
11 ap .GET_SCALAR( i , 5 , k ) = 0 . 0 ;
12 ap .GET_SCALAR( i , 6 , k ) = 0 . 0 ; }
13 i f ( z==1){
14 ap .GET_SCALAR( i , j , 1 ) = 0 . 0 ;
15 ap .GET_SCALAR( i , j , 2 ) = 0 . 0 ; }
16 i f ( z==zSizeCo−2){
17 ap .GET_SCALAR( i , j , 5 ) = 0 . 0 ;
18 ap .GET_SCALAR( i , j , 6 ) = 0 . 0 ; }

Listing 5: Elimination of the stencil weights lying out of the domain.

As can be seen in listing (6), with having all the required ap values, by restriction of each eight
ap points (four in 2D), surrounding a coarse grid point, the stencil value for that direction can be
obtained. For instance, the center stencil value, needs [ap(3, 3), ap(4, 3), ap(3, 4), and ap(4, 4)] to
be multiplied by the stencil values of the restriction operator. The other example is, for [ap(1, 1),
ap(1, 2), ap(2, 1), and ap(2, 2)], which create the stencil value of the south-west direction, the same
restriction stencil values should be applied (compare with matrix Rst in the matrix system of
(55)). Therefore, this procedure is repeated for the different directions (line 1 of listing (6) which d
represents the directions) considering that the values of the ap point coordinates can be manipulated
according to the direction arrays have been defined before in the waLBerla code.

1 f o r ( uint_t d =0 ; d<D3Q27 : : C e l l S i z e ; ++d){
2 rea l_t sum = 0 ;
3 f o r ( uint_t k=0; k<2; ++k)
4 f o r ( uint_t j =0; j <2; ++j )
5 f o r ( uint_t i =0; i <2; ++i )
6 sum += ap .GET_SCALAR( i+3+2∗ s t e n c i l : : cx [ d ] ,
7 j+3+2∗ s t e n c i l : : cy [ d ] ,
8 k+3+2∗ s t e n c i l : : cz [ d ] ) ∗ r .GET_SCALAR( i , j , k ) ;
9

10 stenCo−>GET_COMP(x , y , z , d ) = sum ;
11 }

Listing 6: Creating the coarse grid stencil values from the restriction operator and the temporary
field points.

31



4.4 The Higher-Order Restriction and Constant Prolongation Operators

Algorithm 3 The galerkin function with the constant prolongation and higher-order restriction
operators
1: <Assigning the values of the temporary block field>
2: <Assigning the values of the prolongation operator stencil>
3: for all <coarse grid points> do
4: <Computing the values of the restriction operator stencil>
5: for all <stencil directions of the coarse grid operator> do
6: for all <point of the temporary block field> do
7: <Applying the stencil of the fine grid operator to the prolongation stencil values>
8: end for
9: <Applying the restriction stencil values to the temporary block field>

10: end for
11: end for

Figure 13: Galerkin coarsening with the constant prolongation and higher-order restriction opera-
tors (SW value for 2D).

As mentioned before, algorithm (3) covers the galerkin function with the higher-order restriction
and constant prolongation operators. The explanation about the Galerkin method with matrices is
the same as the algorithm (2), so we do not repeat them again. However, there are differences in
the algorithms and we discuss them in this section.

In the algorithm (2), for each direction value of the coarse grid stencil, eight (four in 2D)
temporary points are required, due to the fact that the constant restriction operator uses eight
(four in 2D) fine grid points. According to the matrix system of (56), for calculation of the south-
west direction of the black coarse grid stencil point in figure (13), one block of 16 temporary values
is needed (orange circles in figure (13)). We label their coordinates ap(1 : 4, 1 : 4) similar to the
Cartesian one.

The next step after the creation of the points of the ap field, is the implementation of the
restriction operator stencil values to these 16 temporary values. The block of restriction is shown
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by purple circles. This means that the value of Ac(13, 7) in the matrix system of (56) should be∑4
1

∑4
1 ap(i, j).r(i, j). Therefore, in contrast to the algorithm (2), here for each direction of the

coarse grid stencil, an individual block of ap should be created according to listing (9). Therefore, in
the code, after the loop of traversing all the coarse grid points, a loop of each direction begins (line
12 of listing (7)). However, the block containing the higher-order restriction stencil values, is the
same for all the directions of the coarse grid stencil. Therefore, creating the restriction stencil values
block, (listing (8)), can be done before the loop of the coarse grid stencil directions. This can be
also noted from the figures (13) and (14), where the purple circles (representatives of the restriction
stencil values) are the same for both, but the orange block (representative of the temporary values)
is not.

1 //HERE: Creat ion o f the ap f i e l d
2 //HERE: Creat ion o f the p f i e l d
3 //HERE: Creat ion o f the r f i e l d
4 //HERE: Ass ign ing the f i e l d conta in ing the pro longat i on s t e n c i l va lue s
5
6 f o r ( uint_t z=1; z<zSizeCo −1; ++z )
7 f o r ( uint_t y=1; y<ySizeCo−1; ++y)
8 f o r ( uint_t x=1; x<xSizeCo−1; ++x){
9 //HERE: Labe l ing a f i n e g r id po int as the r e f e r e n c e

10 //HERE: L i s t i n g 8
11
12 f o r ( uint_t d =0;d<D3Q27 : : C e l l S i z e ;++d){
13
14 //HERE: L i s t i n g 9
15 //HERE: L i s t i n g 10
16 //HERE: L i s t i n g 11
17 }
18 }

Listing 7: Structure of the algorithm 3.

In lines 1 and 2 of listing (8), the field containing the restriction operator stencil values is
initialized with zero, because it has been assigned by values according to the previous coarse grid
point. Lines 4 to 7 of listing (8) creates an object from the D3Q64 class written by [20]. The values
of the restriction stencil are stored in a 8×8×8 block, where according to the position of the 4×4×4
values of the trilinear stencil in that, the values are assigned with respect to the boundaries (line 28
of listing (8)). This can be achieved through lines 11 to 23 of listing (8), according to the position
of the coarse grid stencil point in the domain.
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1 /∗HERE: I n i t i a l i z a t i o n o f the f i e l d conta in ing the
2 r e s t r i c t i o n s t e n c i l va lue s with zero ∗/
3
4 /∗Creat ing a block o f s i z e 8 in each d i r e c t i o n
5 to s t o r e the s t e n c i l va lue s read from D3Q64 c l a s s ∗/
6 uint_t size8perDim = numLvl−3;
7 D3Q64<Res t r i c t i on , Wessel ing> RsStenc i l ( size8perDim , f l a g s ) ;
8
9 /∗Checking whether the r e s t r i c t i o n s t e n c i l

10 should be compatible with the boundar ies or not ∗/
11 rea l_t f_w=2.0 , f_e=2.0 , f_s=2.0 , f_n=2.0 , f_b=2.0 , f_t =2.0 ;
12 i f ( x==1)
13 f_w = −1.0;
14 i f ( x==xSizeCo−2)
15 f_e = 6 . 0 ;
16 i f ( y==1)
17 f_s = −1.0;
18 i f ( y==ySizeCo−2)
19 f_n = 6 . 0 ;
20 i f ( z==1)
21 f_b = −1.0;
22 i f ( z==zSizeCo−2)
23 f_t = 6 . 0 ;
24
25 // e . g . i f po int ( 4 , 4 , 4 ) i s read , then i t i s not on the boundary o f the block
26 // e . g . i f po int ( 1 , 4 , 4 ) i s read , then i t i s on the west boundary o f the block
27 // e . g . i f po int ( 8 , 4 , 4 ) i s read , then i t i s on the ea s t boundary o f the block
28 RsStenc i l . computeLoca lStenc i l ( f_w+f_e , f_s+f_n , f_b+f_t ) ;
29
30
31 f o r ( uint_t k=3; k<7; ++k)
32 f o r ( uint_t j =3; j <7; ++j )
33 f o r ( uint_t i =3; i <7; ++i ){
34
35 r .GET_SCALAR( i , j , k ) = RsStenc i l ( i −3, j −3,k−3);
36 }

Listing 8: Creating a block containing the stencil values of the restriction operator for each points
of the coarse grid stencil.

listing (9) covers the computation of the temporary field points. It is more straightforward to
explain this block for d = 0, i.e. the center direction of the coarse grid stencil. This 4×4 block
of the temporary points is shown in figure (14) with orange circles coordinated by ap(3 : 6, 3 : 6).
It corresponds to the computation of the 13th column of matrix AP in the matrix system (56) in
order to derive Ac(13, 13) entry. For that, 16 lines of matrix Af (with row numbers the same as
the column numbers of nonzero values in the 13th line of Rst matrix in the matrix system (56)) are
needed in addition to the 13th column of matrix Pr which has four nonzero values according to the
constant prolongation operator. The 13th column of matrix Pr in the matrix system (56) is shown
with green circles in figure (14) and addressed by the coordinates p(4 : 5, 4 : 5).
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Figure 14: Galerkin coarsening with the constant prolongation and higher-order restriction opera-
tors (Center value for 2D)

The 16 fine grid stencil points are shown by (fx, fy), i.e. f(5, 5) for red circle and (fx+t, fy+t)
with t = −1, 0, 1, and 2 for neighbors of the red point.

For calculation of ap(3, 3), the applyStencil function, (explained in listing (1)), should implement
(fx − 1, fy − 1) on p(3, 3). Generally, ap(3 + m, 3 + n) is obtained by (fx − 1 + m, fy − 1 + n)
and p(3 + m, 3 + n) as the arguments to call the applyStencil function. Accordingly, lines 8 to 13
of listing (9) do the same job with respect to the values of indices in the loops of lines 4 to 6.

However, for calculation of another coarse grid stencil direction, such as south-west, which is the
case of figure (13), the coordinates of the prolongation values block are changed, but the fine grid
stencil not. This can be noted also from the matrix system (56) that for calculation of Ac(13, 7),
the 7th column of the prolongation matrix (green circles in figure (13)), is needed in addition to the
16 lines of matrix Af with row numbers equal to the column numbers of 16 nonzero values of the
13th row of matrix Rst. This change of the p coordinates is compensated, (lines 8 to 10 of listing
(9)), by using the value of d and the direction arrays, defined before in the waLBerla code.

1 //HERE: I n i t i a l i z a t i o n o f the temporary f i e l d va lue s with zero
2
3 // Ca l cu l a t i on o f each po int o f the temporary f i e l d
4 f o r ( uint_t k=3; k<7; ++k)
5 f o r ( uint_t j =3; j <7; ++j )
6 f o r ( uint_t i =3; i <7; ++i )
7 ap .GET_SCALAR( i , j , k ) = app lyStenc i l <D3Q27 , real_t >(p , ∗ stenFi ,
8 i−2∗ s t e n c i l : : cx [ d ] ,
9 j−2∗ s t e n c i l : : cy [ d ] ,

10 k−2∗ s t e n c i l : : cz [ d ] ,
11 fx+i −4,
12 fy+j −4,
13 f z+k−4 ) ;

Listing 9: Creating the temporary field points from the prolongation operator and the fine grid
stencil field.

The next step after calculation of the 16 required temporary points for each direction of a coarse
grid stencil value, is the restriction of them as can be seen from listing (10). According to listing
(8), the restriction stencil values are stored in field r, (purple circles in figures (13) and (14)), with
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the coordinates r(3 : 6, 3 : 6). These 16 restriction weights should be applied to the 16 temporary
points, (orange circles in figures (13) and (14)), coordinated by ap(3 : 6, 3 : 6). This task is done in
line 5 of listing (10) and the value is stored in the d direction of the coarse grid stencil by execution
of the line 7.

1 rea l_t sum = 0 ;
2 f o r ( uint_t k=3; k<7; ++k)
3 f o r ( uint_t j =3; j <7; ++j )
4 f o r ( uint_t i =3; i <7; ++i )
5 sum += ap .GET_SCALAR( i , j , k ) ∗ r .GET_SCALAR( i , j , k ) ;
6
7 stenCo−>GET_COMP(x , y , z , d ) = sum ;

Listing 10: Creating the coarse grid stencil values from the restriction operator and the temporary
field points.

The black coarse grid point in figure (15) is positioned on a boundary, so has three directions of
the stencil out of the domain. The values of these directions should be zero, however, it does not
happen through the computation of the algorithm (3). The reason can be explained better by the
matrix system (56). It can be similar to the calculation of entry Af (11, 10) which should contain
the weight of west direction (point blue in figure (15)). However, the 11th point of the coarse grid
stencil is positioned on the west boundary, (black point in figure (15)), therefore, the 10th entry of
the 11th row of Ac corresponds to the coarse grid on the east boundary (point green in figure (15)).

However, in the code, the block of p is created for each direction of the coarse grid stencil,
whether it is out of the boundary or not, consequently, the value of that direction is not zero.

Figure 15: Galerkin coarsening for a coarse grid on west boundary

1 i f ( x==1 && s t e n c i l : : cx [ d]==−1)
2 stenCo−>GET_COMP(x , y , z , d ) = 0 . 0 ;
3 i f ( x==xSizeCo−2 && s t e n c i l : : cx [ d]==1)
4 stenCo−>GET_COMP(x , y , z , d ) = 0 . 0 ;
5 i f ( y==1 && s t e n c i l : : cy [ d]==−1)
6 stenCo−>GET_COMP(x , y , z , d ) = 0 . 0 ;
7 i f ( y==ySizeCo−2 && s t e n c i l : : cy [ d]==1)
8 stenCo−>GET_COMP(x , y , z , d ) = 0 . 0 ;
9 i f ( z==1 && s t e n c i l : : cz [ d]==−1)

10 stenCo−>GET_COMP(x , y , z , d ) = 0 . 0 ;
11 i f ( z==zSizeCo−2 && s t e n c i l : : cz [ d]==1)
12 stenCo−>GET_COMP(x , y , z , d ) = 0 . 0 ;

Listing 11: Elimination of the stencil weights lying out of domain.

Listing (11) checks if the coarse grid stencil point in on the boundary or not, and if yes, it makes
the values at the direction of that boundary equal to zero.
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Ac(25×25)
line : 13
column : 7 7

 =

Rst(25×100)
Bi-Linear Restriction
line : 13 34 35 35 37 44 45 46 47 54 55 56 57 64 65 66 67



AP(100×25)
column : 7

34
35
36
37
44
45
46
47
54
55
56
57
64
65
66
67





34
35
36
37
44
45
46
47
54
55
56
57
64
65
66
67



=

AP(100×25)
column : 7



components of line 34 (24, 33, 34, 35, 44)
components of line 35 (25, 34, 35, 36, 45)
components of line 36 (26, 35, 36, 37, 46)
components of line 37 (27, 36, 37, 38, 47)
components of line 44 (34, 43, 44, 45, 54)
components of line 45 (35, 44, 45, 46, 55)
components of line 46 (36, 45, 46, 47, 56)
components of line 47 (37, 46, 47, 48, 57)
components of line 54 (44, 53, 54, 55, 64)
components of line 55 (45, 54, 55, 56, 65)
components of line 56 (46, 55, 56, 57, 66)
components of line 57 (47, 56, 57, 58, 67)
components of line 64 (54, 63, 64, 65, 74)
components of line 65 (55, 64, 65, 66, 75)
components of line 66 (56, 65, 66, 67, 76)
components of line 67 (57, 66, 67, 68, 77)


Af(100×100)



23
24
33
34


Pr(100×25)
Constant
Prolongation
column : 7.

Matrix system of the Galerkin approach with the constant prolongation and bi-linear restriction operators.

(56)
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4.5 Other Explanations Of the Code
The current version of the galerkin function, (algorithm (1)), that uses the constant prolongation
and restriction operators, takes two parameters. The fine grid stencil field and the coarse grid ones.
However, for the higher-order transfer operator version of this function, i.e. the algorithms (2) and
(3), two other parameters are added. One of them is an integer that gives the number of levels in
which the function is called. The other one is a shared pointer of flags. Both of them have been
defined already in the waLBerla and are needed to create an object of the class which creates a
higher-order transfer operator. For creating this object, a block of eight unknowns in each direction
is needed. So number of levels minus three that always gives the level number corresponding to the
level with eight unknowns in each direction, can be used as the input for creation of that object
(line 10 of listing (3)).

One of the other changes to the galerkin function has made in this thesis, is the template type of
this function. The current version (the algorithm (1)), uses D3Q7 for both the fine and the coarse
stencil fields. However, according to section (4.2), using the higher-order transfer operators leads
the coarse grid stencil to D3Q27 from D3Q7 type of the fine grid operator. This function should
not even use the D3Q7 for the fine grid field and D3Q27 for the coarse one, because for the further
coarser fields, a D3Q27 should be derived from another D3Q27 field. For this reason, D3Q27 is also
applied for finest grid with the values of all zero everywhere other than the seven main directions.

In the waLBerla code, after each call to the galerkin function, another function prints the results
in a file which can be used in Matlab as a matrix of stencils. This can help to debug the program.
The idea is that we have the matrices of fine and coarse grid operators. We take the fine one and
use it in the galerkin function of Matlab and the result is a coarse grid operator matrix. This matrix
is compared with the coarse grid matrix from waLBerla. If they are exactly the same, i.e. the all-
zero matrix results from their subtraction, means the galerkin function of waLBerla works properly
which needs the Matlab function to be legitimate. Basically, it is much more straightforward to
write two matrices of the prolongation and restriction operators and by multiplying them with the
fine grid operator according to equation (4.4), the coarse grid operator is obtained. Therefore, the
only test is the restriction and prolongation matrices that was done multiple times with different
unknowns and got into a perfect result.
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5 Results
This section is structured to validate the multigrid method discussed till now which uses the Galerkin
coarsening approximation with the higher-order inter-grid transfer operators applied to the LSE
module of the waLBerla framework. The red-black Gauss-Seidel smoothing operator is applied for
each v − cycle iteration of the multigrid method.

One of the validation methods used here to compare the results, is the convergence rate of the
different methods over the size of the problem from 16 to 512 number of unknowns in each direction
of a three-dimensional domain. This convergence rate is the ratio of the last iteration L2 norm
value of the residual to the one before the last iteration. By residual in this context we mean the
computed one of the last post-smoothing step at the finest level of the last v − cycle iteration.
The other method of validation in this section is to compare the L2 norm values of the last post-
smoothing step residual of the finest level for each v − cycle iteration over the number of that
iteration. In this way, the damping behavior of the error can be observed better.
Furthermore, the L2 norm value of the error for each iteration of the v−cycle is compared for differ-
ent number of unknowns for the Galerkin coarsening discretization using the higher-order inter-grid
transfer operators.

The following abbreviations similar to the previous sections are used: C, T, and W stand for
constant, trilinear, and Wesseling, respectively, and P and R mean prolongation and restriction,
respectively. For example, TP stand for trilinear prolongation, WR for Wesseling restriction, and
CPTR for the combination of constant prolongation and trilinear restriction. Moreover, v(n,m)
means the multigrid method uses v − cycle with n number of pre-smoothing steps and m number
of post smoothing steps.

This section is divided into three parts. The first one covers the evaluation of the Laplace equa-
tion. In the second part, the Poisson equation is investigated, and the third part shows the results
of the solution for the Poisson-Boltzmann equation.
In section (5.1), different number of pre- and post-smoothing iterations are compared for TPCR
with different number of unknowns. Additionally, the results of the different combinations of the
inter-grid transfer operators are studied. Moreover, a comparison between the Galerkin coarsening
approximation (GCA) and the discretization coarsening approximation (DCA) is performed in this
section. These results are obtained by applying the higher-order inter-grid transfer operators to the
Galerkin coarsening approximation of the LSE module of the waLBerla framework.
Section (5.2), covers the comparison of the exact and approximate solution for the Poisson equa-
tion. The results of the exact solution are derived from the electrokin-flow module of the waLBerla
framework created by Dominik Bartuschat. Furthermore, for the approximate solution, CPTR com-
bination is applied to the Galerkin coarsening discretization in the LSE module of the waLBerla
framework.
In section (5.3), the exact solution of the Poisson-Boltzmann equation computed by the electrokin-
flow module of the waLBerla framework is compared with the solution of the Debye-Hückel approx-
imation. The results of the latter case are obtained by implementation of the CPTR combination
to the Galerkin coarsening discretization in the LSE module of the waLBerla framework.
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5.1 Laplace Equation
5.1.1 Cycling strategy and Validation

The first evaluation is the solution of a three-dimensional Laplace problem with Dirichlet bound-
ary condition at north, south, west, east, top, and bottom walls. Red-black Gauss-Seidel is used
for different number of pre- and post-smoothing steps of each v − cycle iteration of the multigrid
method. For all the cases, the trilinear prolongation and constant restriction as the inter-grid trans-
fer operators are applied to the Galerkin coarsening discretization and also in the prolongation and
restriction steps of the multigrid method of the LSE module of the waLBerla framework.

The convergence rate of each cycling strategy over 163, 323, 643, 1283, 2563, and 5123 number
of unknowns are illustrated in figure (16). The graph corresponding to v(1,1) is depicted by brown
color, v(2,1) by black, v(1,2) by orange, v(2,2) by red, v(3,3) by green, and v(4,4) by blue.
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Figure 16: Convergence rate for different cycling strategies for the approximate solution and the
exact solution for TPCR (Laplace equation).

It can be observed that for v(1,1) cycling strategy, a poor convergence rate (from 0.175 to 0.184
for 163 and 5123 number of unknowns, respectively) is obtained. However, by increasing one num-
ber to either pre- or post-smoothing step, the convergence rate becomes much better (from 0.074 to
0.080 for 163 and 5123 number of unknowns, respectively). Increasing the number of either pre- or
post-smoothing improves the convergence rate. The issue here is which cycling strategy we should
choose, due to the fact that more number of pre- and post-smoothing means more computation
works. For instance, according to table (4), the multigrid method using v(2,2) case (with conver-
gence rate from 0.034 to 0.040 for 163 and 5123 number of unknowns, respectively) needs 6 iterations
to reach the stopping criterion, while v(4,4) case (with convergence rate from 0.009 to 0.020 for 163

and 5123 number of unknowns, respectively) needs 5, i.e. one iteration less than the method with
half number of smoothing steps. However, v(1,1) case needs 11 iterations, i.e approximately double
of the iterations of v(2,2) case. In other words, increasing the number of pre- or post-smoothing
steps up to v(2,2) seems to be beneficiary with respect to the increase of computational work, how-
ever, for more than that, the convergence properties would not be improved enough compared with
the much work done.
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In addition to these data, in figure (16) and table (3), the exact results of the same problem,
with the same multigrid method, i.e. type of the smoother and the inter-grid transfer operators,
are depicted. These results are labeled ”Exact” in this section and have been obtained by Fourier
analysis software LFA provided with the graphical user interface xlfa [33]. The coincidence of our
results with them, specially for v(2,2) case, that the rest of measurements are done with that cycling
strategy, ensures that the results of this thesis are legitimate.

Cycling strategy (v11) (v21) (v12) (v22) (v33) (v44)

Asymptotic convergence rate 0.198 0.088 0.088 0.039 0.016 0.012

Table 3: Convergence rate of TPCR with different cycling strategies for Exact solution (Laplace
equation).

Additionally, in table (4), the same data are illustrated by their residual L2 norm values over
the number of v − cycles for the problem with 512 number of unknowns in each direction of the
three-dimensional domain. The stopping criterion is the residual L2 norm value of 10−9.

Iterations TPCR(v11) TPCR(v21) TPCR(v12) TPCR(v22) TPCR(v33) TPCR(v44)

1 6.57E-02 1.78E-02 3.18E-02 7.49E-03 1.57E-03 7.22E-04
2 6.48E-03 9.31E-04 1.30E-03 1.95E-04 2.05E-05 9.01E-06
3 8.88E-04 6.10E-05 8.26E-05 6.60E-06 4.14E-07 1.53E-07
4 1.38E-04 4.43E-06 5.80E-06 2.45E-07 9.71E-09 2.84E-09
5 2.28E-05 3.36E-07 4.32E-07 9.55E-09 2.44E-10 5.54E-11
6 3.89E-06 2.62E-08 3.32E-08 3.85E-10 - -
7 6.81E-07 2.08E-09 2.61E-09 - - -
8 1.21E-07 1.67E-10 2.08E-10 - - -
9 2.18E-08 - - - - -
10 3.97E-09 - - - - -
11 7.29E-10 - - - - -

Table 4: L2 norm value of the residual for different cycling strategies for TPCR, and 5123 number
of unknowns (Laplace equation).
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5.1.2 Transfer Operator Combinations

This test setup is the solution of a three-dimensional Laplace equation with Dirichlet boundary
conditions at north, south, west, east, top, and bottom walls. The red-black Gauss-Seidel operator
with two pre-smoothing and two post-smoothing steps is used as the relaxation operator for each
v − cycle of the multigrid method.

Figure (17) shows the convergence rate of the different inter-grid transfer operator combinations
for the Galerkin coarsening approximation which are used also for the prolongation and restriction
steps of the multigrid method. These results are shown for different problems with 16, 32, 64,
128, 256, and 512 number of unknowns in each direction of the three-dimensional block of domain.
TPCR, WPCR, CPCR, CPTR, and CPWR are illustrated with graphs of colors red, orange, black,
blue and green, respectively.

16 32 64 128 256 512
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

Number of Unknowns per Dimension

co
nv

er
ge
nc

e
ra
te

TPCR
WPCR
CPCR
CPTR
CPWR

Figure 17: Convergence rate for different transfer operator combinations of Galerkin approach
(Laplace equation).
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Table (5) shows the L2 norm values of the residual over the number of v − cycles for the same
combinations of the inter-grid transfer operators over the number of v − cycles for the problem
with 5123 number of unknowns. The stopping criterion is the residual L2 norm value of 10−9.

Iterations TPCR CPTR CPCR WPCR CPWR
1 7.49E-3 9.78E-3 2.01E-2 1.15E-2 1.34E-2
2 1.95E-04 2.64E-04 3.07E-03 8.37E-04 8.51E-04
3 6.60E-06 9.68E-06 5.49E-04 1.02E-04 1.02E-04
4 2.45E-07 3.68E-07 1.02E-04 1.51E-05 1.51E-05
5 9.55E-09 1.46E-08 1.93E-05 2.48E-06 2.49E-06
6 3.85E-10 5.95E-10 3.67E-06 4.39E-07 4.40E-07
7 - - 6.98E-07 8.19E-08 8.20E-08
8 - - 1.33E-07 1.60E-08 1.60E-08
9 - - 2.55E-08 3.22E-09 3.22E-09
10 - - 4.88E-09 6.67E-10 6.68E-10
11 - 9.36E-10 - -

Table 5: L2 norm value of the residual for different transfer operator combinations, and 5123 number
of unknowns (Laplace equation).

As mentioned before, the Kwak prolongation and restriction operators are of higher-order in two-
dimensional case and of first order in three-dimensional case. As our work is in three-dimension,
we have not considered it in this comparison. Moreover, as discussed in section (3.7), we just study
the combinations including either the constant prolongation or the constant restriction operators.

As can be observed, for TPCR and CPTR, a good convergence rate (from 0.035 to 0.040 for 163

and 5123 number of unknowns, respectively) and also independent of the mesh size is achieved. In
the cases of WPCR and CPWR, as the number of unknowns increases, the convergence rate becomes
more constant, i.e. the asymptotic convergence rate of 0.206 is reached. However, for CPCR this
can not be seen and the convergence rate keeps increasing by greater number of unknowns. It
should be noted that for CPCR a re-scaling of the Galerkin coarse grid operators by a factor of 1

2
is implemented.

As proved in section (3.7), WPCR and CPWR preserve the D3Q7 stencil for the coarse grid
operator in the Galerkin coarsening discretization method. Therefore, using more points in the
stencil of TPCR and CPTR combinations in coarser grids, explains their superiority of the conver-
gence properties over WPCR and CPWR combinations. This also explains the worse convergence
properties of CPCR over the combinations including the trilinear operators. Moreover, as Wesseling
operators are of higher order and satisfy the convergence theory of the multigrid, equation (39),
their combinations have relatively more independent convergence rate of the mesh size than the one
of CPCR combination. Moreover, as proved in section (3.7), the results of WPCR and CPWR are
exactly the same, so do the results of TPCR and CPTR.

These facts also describe the reduction behavior of the L2 norm values of the residual for
different cases, i.e. the same results for TPCR and CPTR alongside the coincidence of the WPCR
and CPWR graphs. Moreover, the decrease behaviors of the combinations including one of the
trilinear inter-grid transfer operators have superiority over WPCR, CPWR, and CPCR.
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5.1.3 Galerkin vs. Discretization Coarsening Approximation
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Figure 18: Comparison of the convergence rate for Galerkin (GCA) and Direct (DCA) coarsening.

Size CPCR(GCA) CPCR(DCA) TPCR(GCA) TPCR(DCA) WPCR(GCA) WPCR(DCA)
163 0.098 0.098 0.034 0.084 0.169 0.170
323 0.129 0.129 0.038 0.087 0.189 0.191
643 0.152 0.152 0.040 0.086 0.200 0.200
1283 0.170 0.170 0.040 0.086 0.205 0.205
2563 0.185 0.185 0.040 0.087 0.206 0.206

Table 6: Comparison of the convergence rate for Galerkin (GCA) and Direct (DCA) coarsening.

In this part, a comparison between the Galerkin coarsening approximation (GCA) and the dis-
cretization coarsening approximation (DCA) is presented. The Laplace equation in a three-dimensional
domain is solved with Dirichlet boundary condition in north, south, top, and bottom walls and
Neumann boundary condition in west and east walls. Red-black Gauss-Seidel smoother with two
pre-smoothing and two-post smoothing steps is used in each v − cycle iteration of the multigrid
method. The problem is solved for 16, 32, 64, 128, and 256 number of unknowns in each direction
of the three-dimensional domain. Furthermore, the results of the DCA cases is derived from [20].

Figure (18) and table (6) show these measurements for CPCR of GCA, CPCR of DCA, TPCR
of GCA, TPCR of DCA, WPCR of GCA, and WPCR of DCA with colors of yellow, blue, red,
brown, orange, and black, respectively. The convergence properties of TPCR in Galerkin coarsening
approximation is better than the discretization coarsening approximation. The reason is red-black
Gauss-Seidel of DCA uses the same stencil of the fine grid for all the levels. This stencil is D3Q7
in the scope of this thesis. However, Galerkin approach, as discussed in section (3.7), uses D3Q7
for finest level and D3Q27 for the other coarser levels. Consequently, using more points in the
relaxation steps of the multigrid method, leads to a better convergence rate.

However, as proved in section (3.7), the CPCR, WPCR, and CPWR preserve the D3Q7 stencil
of the fine grid to the coarse grid through Galerkin approach. Therefore, it is expected to have the
same results of DCA and GCA for these combinations.
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5.2 Poisson Equation
The target of this test setup is the comparison between the numerical and the exact solution of the
Poisson equation,

52ψ = − ρe
εε0

(57)

where ε is the dielectric constant and ε0 is the permittivity of the vacuum with the value of
6.95 × 10−10 ( C

Vm ). This problem is solved in a domain with size of 2.56 × 10−2 m in each di-
mension. The charge density of ions (ρe), each with the radius of 3.2 × 10−3 m and charge of
8000 × 1.6 × 10−19 C, create the right hand side value. Thus, for cells not overlapped by any
particle, the right hand side value is zero. The problem is solved with 323, 643, 1283, 2563, and
5123 number of unknowns with sub-sampling factor of 16, 8, 4, 2, and 1, respectively. This factor
is implemented to compute the portion by which a cell is overlapped by the particles for setting the
right hand side values.

The numerical solution is obtained by implementing the CPTR combination of the inter-grid
transfer operators to the Galerkin coarsening discretization of the LSE module of the waLBerla
framework. The red-black Gauss-Seidel operator with v(2,2) cycling strategy is implemented as
the smoother operator of each v − cycle iteration of the multigrid method. Furthermore, Dirichlet
boundary condition is applied to the boundaries.

The exact solution is taken from the CP-SinglePart-Validation application of the electrokin-flow
module of the waLBerla software framework written by Dominik Bartuschat in System Simulation
chair of FAU. Moreover, this application provide the right hand side values for the LSE module of
the waLBerla framework in order to compute the numerical solution. The error values arising from
the discrepancy of the exact and numerical solutions are also computed in this application.

In figure (19), the exact solution and the approximate solution are shown with blue and red
graphs, respectively, for domains of 323 and 5123 number of unknowns.

(a) 323 number of unknowns (b) 5123 number of unknowns

Figure 19: Comparison of the exact and approximate results of the potential values with CPTR for
different number of unknowns (Poisson Equation).

The L2 norm values of the error are shown in figure (20) over the number of v − cycles for
the domains with 323, 643, 1283, 2563, and 5123 number of unknowns. Furthermore, figure (21)
illustrates the same values of the error normalized by the initial L2 norm of the error with the value
of 1.5E − 5.
It can be seen that increasing the number of unknowns, leads to smaller value of the discretization
error. Furthermore, according to the finite difference discretization method used in this simulation
which is of second order, the accuracy of second order is expected. However, doubling the resolution
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leads to the errors reduction by factor 1/2, i.e. the convergence of first order. This can be explained
by the singularities on the right hand side values due to the non-zero values inside the particle.
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Figure 20: L2 norm value of the error over the number of v−cycles for CPTR and different number
of unknowns (Poisson equation).
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Figure 21: L2 norm value of the error normalized by the initial error over the number of v− cycles
for CPTR and different number of unknowns (Poisson equation)
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5.3 Poisson-Boltzmann Equation
The aim of this test setup is the comparison between the exact solution of the Poisson-Boltzmann
equation (58) and the numerical solution of the Debye-Hückel approximatin (59).

εε0 52 ψ −
(

2|z|en0
KBT

)
sinh

(
|z|eψ
KBT

)
= 0 (58)

52ψ − κ2ψ = 0 (59)

5.3.1 Debye-Hückel Approximation

The results of the Debye-Hückel approximation is computed by implementing the CPTR combi-
nation of the inter-grid transfer operators to the Galerkin coarsening approximation of the LSE
module of the waLBerla framework. The red-black Gauss-Seidel operator with v(2,2) cycling strat-
egy is implemented as the smoother operator for each v − cycle iteration of the multigrid method.
Furthermore, Dirichlet boundary condition is applied to the boundaries.
Figure (22) illustrates the convergence rate of different values of κ2 over the 16, 32, 64, 128, 256,
and 512 number of unknowns in each direction of the three-dimensional domain. The graphs with
colors black, red, green, pink, blue, and brown correspond to κ2 = 0, κ2 = 0.00018, κ2 = 0.0018,
κ2 = 0.018, κ2 = 0.18, and κ2 = 1.8, respectively.
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Figure 22: Convergence rate of the Debye-Hückel approximation for different values of κ2, for CPTR
(Laplace equation).

Furthermore, in table (7), the residual L2 norm values of this comparison for the problem with
512 number of unknowns in each direction of the three-dimensional domain are depicted over the
number of v − cycles. The stopping criterion for computation is the residual L2 norm of 10−9.
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Iterations κ2 = 0 κ2 = 0.00018 κ2 = 0.0018 κ2 = 0.018 κ2 = 0.18 κ2 = 1.8

1 9.78E-03 9.78E-03 9.78E-03 9.67E-03 8.89E-03 2.72E-02
2 2.64E-04 2.61E-04 2.52E-04 2.18E-04 1.35E-04 4.99E-04
3 9.68E-06 9.56E-06 9.11E-06 7.58E-06 3.52E-06 9.19E-06
4 3.68E-07 3.62E-07 3.41E-07 2.69E-07 8.23E-08 1.69E-07
5 1.46E-8 1.43E-08 1.33E-08 1.02E-08 2.38E-09 3.13E-09
6 5.95E-10 5.80E-10 5.35E-10 3.93E-10 6.48E-11 5.77E-11

Table 7: The residual L2 norm value of the Debye-Hückel approximation for different values of κ2,
for CPTR, and 5123 number of unknowns (Laplace equation).

The results show that smaller value of κ2, like 0.00018 and 0.0018 have marginal difference with
the results of Poisson equation which is the case with κ2 = 0. The inverse of κ is a measure for the
thickness of the electrical double layer (EDL) and can be shown by,

λD =
1

κ
=

√
εrε0kBT

2z2e2c∞
, (60)

which specifies λD depends only on material parameters, not on the multigrid components. Results
of this section show that values of κ2 greater than 0.018 lead to the EDL thickness of physically so
small that the Debye-Hückel approximation can not be considered for modeling the electrokinetic
field. Basically, we expect the same convergence properties for different values of κ2, however, the
results showing this behavior are achieved only by values less than κ2 = 0.018.

5.3.2 Debye-Hückel Validation

As mentioned before, the aim of this test setup is the comparison between the exact solution of the
Poisson-Boltzmann equation and the numerical solution of the Debye-Hückel approximatin. The
exact solution is taken from the EOF-Validation application of the electrokin-flow module of the
waLBerla software framework written by Dominik Bartuschat in System Simulation chair of FAU.
These exact data are calculated according to equation (61) which is derived from equation (58),
[26]. Moreover, this application provide the Debye-Hückel parameter (κ) for the LSE module of
the waLBerla framework in order to compute the numerical solution. The error values arising from
the disagreement of the exact and numerical solutions are also computed in this application.

ψ =
2KBT

ze
ln

[
1 + exp(−κx)tanh( zeψS4KBT

)

1− exp(−κx)tanh( zeψS4KBT
)

]
(61)

Figure (23) shows the comparison between the values of the potential from the exact solution of
the Poisson-Boltzmann equation and the numerical solution of the Debye-Hückel approximation for
the problems with 643 and 2563 number of unknowns.
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(a) 643 number of unknowns (b) 2563 number of unknowns

Figure 23: Comparison of the potential value results of the Poisson-Boltzmann exact solution and
the numerical solution of the Debye-Hückel approximation with CPTR for different number of
unknowns.

Furthermore, figure (24) illustrates the L2 norm values of the error for the same comparison
and the problems with 323, 643, 1283, and 2563 number of unknowns with κ2 values of 0.22661,
0.0566524, 0.0141631, and 0.00354078, respectively.
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Figure 24: L2 norm value of the error over the number of v−cycles for CPTR and different number
of unknowns (Poisson-Boltzmann equation).
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6 Conclusion
In this thesis, the Galerkin coarsening approximation with higher-order inter-grid transfer opera-
tors is applied to the LSE (linear systems of equation) module of the waLBerla software framework
to solve Poisson and Poisson-Boltzmann partial differential equations. These equations arise in
the simulation of the electrokinetic effects occurring in microchannels. According to the multigrid
convergence theory, the sum of the polynomial orders of the prolongation and restriction operators
should be greater than the order of the differential equation being solved with the corresponding
multigrid method. The mentioned partial differential equations are of second order. Consequently,
at least one of the inter-grid transfer operators of the multigrid method should be of higher-order
to obtain the convergence rate values independent of the mesh size. The inter-grid transfer oper-
ators used in this thesis include trilinear and Wesseling/Khalil of second order in both cases and
the piecewise constant operator of first order. Implementation of the combinations including the
inter-grid transfer operators of higher order in the Galerkin coarsening process of the multigrid,
may lead to growth in the coarser grid stencil. The only combinations that avoid this, are the
cases including either constant prolongation or constant restriction operators. Consequently, the
combinations used in this thesis include CPCR, TPCR, CPTR, WPCR, and CPWR.
For the evaluation purpose of the results, the convergence rate value, the L2 norm value of the
residual, and the L2 norm value of the error are investigated. The problems are solved for different
domains with 163, 323, 643, 1283, 2563, and 5123 number of unknowns.

The LSE module of the waLBerla software framework uses the multigrid method with red-black
Gauss-Seidel as the smoother operator of each v − cycle iteration. According to the results of this
thesis, 2 number of pre-smoothing and 2 number of post-smoothing leads to the best convergence
properties with respect to the amount of computation work.
The combination of CPCR shows poor performance and he reason can be explained by the fact
that this combination does not satisfy the multigrid convergence theory, so the convergence rate of
this multigrid method is dependent of the mesh size. On the other hand, TPCR and CPTR obtain
better results in comparison with the results of WPCR and CPWR, due to the fact that through
the Galerkin coarsening discretization, WPCR and CPWR preserve the type of the fine grid stencil,
i.e. D3Q7. However, TPCR and CPTR provide the D3Q27 stencil for the coarser grids. This usage
of more points in the relaxation process of the multigrid method leads to the better convergence.
Furthermore, the stencils of the prolongation and restriction operators of trilinear are compact while
the Wesseling/Khalil operators use 22 neighboring fine grid points of all 64 possible points.
Furthermore, as discussed before, the results of TPCR and CPTR are exactly the same, so are the
results of WPCR and CPWR. Furthermore, it is shown for each case, increasing the number of
unknowns leads to the decrease of the error values which means a more precise simulation.
Additionally, the mentioned observation about the growth of the grid stencil, explains the coinci-
dence of the direct and Galerkin coarsening discretization results for WPCR and CPCR. However,
as mentioned before, TPCR and CPTR lead to the growth in the coarse grid stencil and conse-
quently the results of these combinations for Galerkin approach are better than the direct coarsening
discretization method.
Furthermore, the Debye-Hückel approximation is investigated for different values of κ2 which states
the values greater than 0.018 lead to the EDL thickness of physically so small that the Debye-Hückel
approximation can not be considered as a suitable approximation of the Poisson-Boltzmann equa-
tion for modeling the electrokinetic field. The reason can be explained by the definition of the EDL
thickness which contains the variables related to the material factors not the multigrid components.
Therefore, the performance properties should be consistent with the case of κ2 = 0, however, this
situation is achieved for the values of κ2 smaller than 0.018.
The results of the Debye-Hüchel approximation is also validated by comparing with the exact solu-
tion of the Poisson-Boltzmann equation.

Summarizing all above, for the solution of the Poisson equation, the multigrid method using the
Galerkin coarsening approach obtains the best results if the inter-grid transfer operators include
a trilinear operator and a piecewise constant operator with cycling strategy of v(2,2) for pre- and
post-smoothing steps.
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