FRIEDRICH-ALEXANDER-UNIVERSITÄT ERLANGEN-NÜRNBERG
TECHNISCHE FAKULTÄT • DEPARTMENT INFORMATIK

Lehrstuhl für Informatik 10 (Systemsimulation)

Direct Numerical Simulation of Fluidized Beds with the
Lattice Boltzmann Method
Dominik Schuster

Master Thesis

Direct Numerical Simulation of Fluidized Beds with the
Lattice Boltzmann Method
Dominik Schuster
Master Thesis

Aufgabensteller:
Betreuer:
Bearbeitungszeitraum:

Prof. Dr. Ulrich Rüde
M. Sc. Christoph Rettinger
1.7.2016 – 09.01.2017

Erklärung:
Ich versichere, dass ich die Arbeit ohne fremde Hilfe und ohne Benutzung anderer als der
angegebenen Quellen angefertigt habe und dass die Arbeit in gleicher oder ähnlich Form noch
keiner anderen Prüfungsbehörde vorgelegen hat und von dieser als Teil einer Prüfungsleistung
angenommen wurde. Alle Ausführungen, die wörtlich oder sinngemäß übernommen wurden,
sind als solche gekennzeichnet.
Der Universität Erlangen -Nürnberg, vertreten durch den Lehrstuhl für Systemsimulation
(Informatik 10), wird für Zwecke der Forschung und Lehre ein einfaches, kostenloses, zeitlich
und örtlich unbeschränktes Nutzungsrecht an den Arbeitsergebnissen der Masterarbeit
einschließlich etwaiger Schutzrecht und Urheberrechte eingeräumt.
Erlangen, den 9. Januar 2017

Abstract
Numerical fluid simulations have become an approved tool for engineering. Computer models
save time and energy when designing and constructing flow devices. They offer the possibility
of evaluating system quantities without intrusion and again deeper insight into flow properties.
Particulate flows have widely spread application fields in industry. The fluidized bed with its
unique flow characteristics is found in coating, catalytic cracking and combustion reactors.
There exist Euler-Euler approaches for computing large scale systems and Euler-Lagrange
approaches for smaller systems. The Eulerian approach relies on models based on the
Lagrangian. Improving the simulation models for fine grid resolution helps improving coarse
grid models.
The simulation algorithm of this thesis are based on the lattice Boltzmann method coupled with
a rigid body dynamics solver. The methods are implemented in the waLBerla framework. It is
developed by the Chair for System Simulation at the University of Erlangen-Nuremberg.
The focus of this thesis are the momentum transfer mechanisms in a fluidized bed. The grid
resolution requirements and the influence of additional system parameters on the motion of
particles is investigated. Different methods for characterizing fluidized beds are presented.
This work is the basis for future comparison of simulation data to experiments results. These
experiments will be conducted at the Indian Institute of Technology Delhi.
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1 Introduction
The fluidized bed has a variety of chemical engineering application. It advantages are the high
contact surface area between the fluid and solid phase, strong intermixing within the particulate
phase and frequent collisions between particles. These properties make fluidized beds perfectly
suitable for any processes involving chemical reaction. In many reactors the beads are coated
with catalytic materials to improve reaction rate. Another application of fluidized beds is drying
processes.
According to an Australian government report [2] goal is still by far the largest energy source
in India. Improving reactor design to increase coal combustion efficiency can have an impact
on the consumption of natural resources.

Figure 1: Graphical illustration of a fluidized bed with gas distributor plate [1]

The fluid fed to fluidized beds is distributed through a base plate at the bottom of the reactor.
This ensures uniform inlet velocities and prevents particles from falling to the ground. In case
particles are evicted from the flow chamber there has to be recirculation system. In circulating
fluidized beds evicted particles are usually gathered in a zircon and feed back to the reaction
chamber through volumetric dosing systems.
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The simulation approach chosen for this thesis does not involve any chemical reaction but is
targeted to model flow fields and momentum exchange inside the fluidized bed as accurate as
possible. The regarded systems have high particle concentration which imply the need to use a
four-way-coupling between fluid and solid phase. This means forces are mutually exerted
between fluid and particles as well as between particles when colliding with each other.

Figure 2:Graphical representation of three different simulation approaches and their grid structure

The two fluid model treats the solid phase as a continuum. Both phases can be evaluated by
applying a Eulerian CFD solver. The discrete particle model keeps track of individual particle
motion with numerous particles per cell. This scheme includes models for collision and drag
force. The direct numerical simulation is the most accurate model but also the model with the
highest computational effort. Particle diameter is a multiple of the cell size and the
computational domain consists of solid and fluid cells.
Conclusions from direction numerical simulation can be used to improve empirical equations,
which are the foundation for lower complexity models.
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2 Physical background
2.1 Homogeneous fluid-solid flows
A fluidized bed a special kind of vertical multiphase flow with a liquid and a solid phase. A key
property for classifying the flow characteristics is the ratio of solid density 𝜌𝑆 and fluid density
𝜌𝐹 Liquid-solid systems typically have a low density ratio and show homogeneous flow
properties, whereas gas-solid systems have a high density ratio and show heterogeneous flow
properties. A lot of research has been conducted to enable engineers to design and operate
fluidized bed reactors according to the appropriate fluid mechanics.
Homogeneous fluid-solid flows are suspensions with high solid concentration. Solid particles
are evenly distributed and therefore treated as a continuous phase. The solid volume fraction
𝑉𝑠
(1)
(1 − 𝜀) = ,
𝑉
is the ratio of the solid volume 𝑉𝑠 and the total volume 𝑉 of the measured region. The solid
volume is directly correlated to the number of particles 𝑛𝑝 by
𝜋
𝑉𝑆 = 𝑛𝑝 𝑑𝑝 .
(2)
6
The difference of velocities between the solid phase 𝑢𝑆 and the voidage velocity 𝑢𝐹 is the
relative velocity 𝑢𝑟𝑒𝑙
𝑢𝑆 𝑢𝐹 𝑢𝑟𝑒𝑙
=
−
,
𝑢
𝑢
𝑢
where 𝑢 denotes the superficial velocity.

(3)

The following descriptions are adopted from the studies of Wirth [3] and Molerus [4]. The local
mass flow ratio 𝜇 is the balance between solid mass flow 𝑀̇𝑆 and fluid mass flow 𝑀̇𝐹 through a
certain area 𝐴.
𝜇=

𝑀̇𝑆 𝜌𝑆 (1 − 𝜀)𝐴𝑣𝑠
=
𝜌𝐹 𝜀𝐴𝑣𝐹
𝑀̇𝐹

(4)

It is a crucial property for configuring a fluidized bed reactor but the actually measureable
quantity is the volumetric flow ratio
𝑉𝑆̇
𝜌𝐹
(5)
=𝜇
.
𝜌𝑆 (1 − 𝜀𝐿 )
𝑉̇𝐹
The term (1 − 𝜀𝐿 ) refers to the minimum fluidization solid fraction. The state of minimum
fluidization is the fluid velocity at which particles start to become fluidized. The minimum
fluidization solid fraction is the maximum attainable solid fraction of a fluid-solid flow and
equal to the solid fraction of a packed bed.
The balance of forces in pipe segment with height 𝐻 is obtained by correlating the pressure
drop Δ𝑝 to the difference between gravity and buoyancy of the solid phase
∆𝑝𝐴 = 𝑛𝑝 𝑤𝑝 =(𝜌𝑆 − 𝜌𝐹 )(1 − 𝜀𝐿 )𝐴𝑔𝐻 .

(6)

The pressure forces, required for solid transport, are essentially the drag forces 𝑤𝑝 acting on
each particle in the flow field. Remember that the drag force on a single particle is the
3

multiplication of dynamic pressure by projection area of the particle by drag coefficient 𝑐𝑤 ,
which is depend on the relative Reynolds number 𝑅𝑒𝑟𝑒𝑙 =
𝑑𝑝2

𝜌𝐹 𝑢𝑟𝑒𝑙 𝑑𝑝
𝜂

𝜌𝐹 2
𝑣 ∙ 𝜋 ∙ 𝑐𝑤 (𝑅𝑒𝑟𝑒𝑙 ) .
2 𝑟𝑒𝑙
4
For a fluid-solid system the drag coefficient is determined by the Euler number
𝑤𝑝 =

(7)

𝑑𝑝2
𝜌𝐹 2
(8)
𝑤𝑝 = 𝑣𝑟𝑒𝑙 ∙ 𝜋 ∙ 𝐸𝑢(𝑅𝑒𝑟𝑒𝑙 , (1 − 𝜀)) .
2
4
It depends not only on the relative Reynolds number but also on the solid volume fraction. For
a solid volume fraction of (1 − 𝜀) = 0, which is basically the case for the flow around a single
particle, 𝐸𝑢 converges back to the value of 𝑐𝑤 .A detailed description can be revised in Molerus’
book [4].
The pressure drop in a reactor is an important parameter for creating a pressure drop volume
flow chart and choosing the appropriate compressor or pump respectively. Fluidized beds are
also considered in terms of the dimensionless pressure drop
∆𝑝
1−𝜀
=
,
(9)
(𝜌𝑆 − 𝜌𝐹 )(1 − 𝜀𝐿 )𝑔𝐻 1 − 𝜀𝐿
which varies from 0, when no solids are present in the pipe element, to 1 at minimum
fluidization. It can be interpreted as quotient of pressure drop caused by solids actually present
in the pipe element and the pressure drop at minimum fluidization or as quotient of actual solid
volume fraction in the pipe element and the solid volume fraction at minimum fluidization.
Two additional dimensionless numbers for fluidized beds are the particle Froude number 𝐹𝑟𝑝
and the Archimedes number 𝐴𝑟.
𝐹𝑟𝑝 =

𝑢
𝜌 −𝜌
√ 𝑆 𝜌 𝐹 𝑑𝑝 𝑔
𝐹

(10)

(𝜌𝑆 − 𝜌𝐹 )𝜌𝐹 𝑑𝑝3 𝑔
(11)
𝐴𝑟 =
𝜂2
The particle Froude number is defined as ratio of inertial force of the fluid and the difference
of gravitational and buoyancy forces on the particle, whereas the Archimedes number is the
ratio of external forces and internal viscous forces.

4

2.2 Heterogeneous fluid-solid flows
The flow characteristics of heterogeneous fluid-solid flows vary essentially from homogeneous
systems since they are treated as segregated flows. There are four observable states a segregated
fluid-solid flow can exist in.
As long as the superficial velocity is less than the minimum fluidization velocity the particles
are resting in a packed bed at the gas distributor. When increasing the velocity beyond that
barrier, particles start fluidizing and moving relative to each other. The dispersion height is
constant for a specific velocity and bubbles with high voidage volume fraction are rising
upwards through the suspension phase. As soon as the velocity exceeds the terminal settling
velocity of a single particle the system becomes a circulating fluidized bed. While particles are
ascending through the flow chamber they gather in aggregates, like clusters or strands, until
they leave the reactor. Even higher velocities turn the system into a plug flow reactor where
single particles are carried through the flow chamber.

Figure 3: Dimensionless pressure drop diagram of a segregated vertical gas-solid flow with 𝑨𝒓 =10,
𝜺𝑳 = 0.4 [3]

Figure 3 shows an example of a dimensionless pressure drop diagram for a constant solid
volume fraction and Archimedes number. The particle Froude number is plotted on the X-axis
and the dimensionless pressure drop is plotted on the Y-axis. The solid lines correspond to
different volumetric flow rate ratios with the one on the far left corresponding to zero solid
volume flow rate. 𝐹𝑟𝑝 𝑢𝑚𝑓 is the Froude number at minimum fluidization velocity and 𝐹𝑟𝑝 𝑤𝑓
is the Froude number at terminal settling velocity of a single particle.

5

The pressure drop through a randomly packed bed of spheres can be estimated with the Ergun
equation [5]:
(1 − 𝜀)2 𝜂𝑢
(1 − 𝜀) 𝜌𝑢2
∆𝑝
= 150
+
1.75
.
𝐻
𝜀3
𝑑𝑝2
𝜀3
𝑑𝑝

(12)

The first component of the equation dominates for laminar flows and the second component
dominates under turbulent flow conditions. Theory predicts that pressure drop stays constant if
the inlet velocity exceeds the minimum fluidization velocity. As with homogeneous fluid-solid
flows the pressure force then equals the difference of bed weight and buoyancy force:
(1 − 𝜀) 𝜂𝑢
1 𝜌𝑢2
(13)
𝑔(𝜌𝑆 − 𝜌𝐹 ) = 150
+
1.75
𝜀 3 𝑑𝑝2
𝜀 3 𝑑𝑝
When unaware of the solid volume fraction of the packed bed, there is an empirical correlation,
developed by Wen & Yu [6], to estimate the minimum fluidization velocity:
𝑅𝑒𝑚𝑓 = (33.72 + 0.0408𝐴𝑟)1/2 − 33.7 ,
where 𝑅𝑒𝑚𝑓 =

𝜌𝐹 𝑢𝑚𝑓 𝑑𝑝
𝜂

denotes the Reynolds number at minimum fluidization 𝑢𝑚𝑓 .
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(14)

3 Numerical methods
3.1 Fluid dynamics
Traditional CFD methods use methods like finite differences, finite volumes or finite elements
to solve the well-known Navier-Stokes equations. They are based on mass and momentum
conservation and describe macroscopic properties of viscous fluids. The framework waLBerla
[7] operates on a different approach for approximating fluid flows which is called the lattice
Boltzmann method. It is derived from dynamic theory of gases and the interaction of molecules
on a microscopic level. Distribution functions are used to predict the behavior for larger
domains.
The Boltzmann equation (15),
𝜕𝑓
𝜕𝑓
𝜕𝑓
(15)
+𝜉
+𝐺∙
= 𝛺(𝑓),
𝜕𝑡
𝜕𝑥
𝜕𝜉
describes statistical properties of thermodynamic systems. The function 𝑓 is a probability
density function that holds several characteristics like molecule position 𝑥𝑖 , it’s microscopic
velocity 𝜉 and time 𝑡. 𝐺 is an external force field acting on molecules and Ω is the collision
operator. The first time on the left side describes the time derivative of the distribution function,
the second one describes diffusion of molecules and the third one accounts for forces due to
external influences. The term on the right side represents the collision term determining forces
caused by molecule collisions.
The standard way to approximate the collision operator,
𝑓 𝑒𝑞 − 𝑓
(16)
𝛺𝐵𝐺𝐾 (𝑓) =
,
𝜏
is to use first derivatives and single relaxation time was first proposed by Bhatnagar, Gross and
Krook (BGK) [8]. The Maxwellian distribution 𝑓 𝑒𝑞 is a local equilibrium determined by
macroscopic quantities like density, velocity and Temperature. Every iteration relaxes the
distribution function 𝑓 towards local equilibrium proportional to the interval between them and
damped by a characteristic collision time 𝜏. In BGK approximation this collision time can be
expressed as a constant value depending on fluid properties.
Spatially discretizing the Boltzmann equation leads to the Lattice Boltzmann model, first
described by Qian, D'Humières, and Lallemand in 1992 [9]. There are several models for three
dimensions but for computational efficiency reasons the D3Q19 model will be used in all
further calculations in this thesis. It consists of 𝑁 = 19 particle distribution functions (PDF) to
represent different spatial directions and is pictured in Figure 4.
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Figure 4: D3Q19 particle distribution functions model for 3D LBM [10]

The discretized Lattice Boltzmann equation can be formulated according to
𝑓𝛼 (𝑥 + 𝑒𝛼 Δ𝑡, 𝑡 + 𝛥𝑡) − 𝑓𝛼 (𝑥, 𝑡) = Ω𝛼 (𝑓) ,

(17)

with 𝑥 corresponding to a cell in lattice space, 𝑒𝛼 correspond to the dimensionless discrete
velocity set {𝑒𝛼 |𝛼 = 0, … , 𝑁 − 1}, 𝑡 corresponding to the current time step and Δ𝑡 to the time
step size.
For implementation purposes this equation is split into a collision
𝑓̃𝛼 (𝑥, 𝑡) = 𝑓𝛼 (𝑥, 𝑡) + Ω𝛼 (𝑓)

(18)

and a streaming step
𝑓𝛼 (𝑥 + 𝑒𝛼 Δ𝑡, 𝑡 + 𝛥𝑡) = 𝑓̃𝛼 (𝑥, 𝑡) ,

(19)

with 𝑓̃𝛼 denoting the post-collision state of the distribution function. The collision step is
responsible for the local relaxation towards equilibrium, whereas the streaming step is
responsible for emitting particle distribution functions to neighboring lattice cells.
There are variants of the equilibrium distribution function 𝑓 𝑒𝑞 for different schemes. When
applying an incompressible, isothermal LBKG scheme it takes the following form:
𝑓𝛼𝑒𝑞 (𝑥, 𝑡)

3(𝑒𝛼 ∗ 𝑢(𝑥, 𝑡)) 9(𝑒𝛼 ∗ 𝑢(𝑥, 𝑡))2 3(𝑢(𝑥, 𝑡)2
= 𝑤𝛼 [𝜌(𝑥, 𝑡) + 𝜌0 (
+
−
)]
𝑐2
2𝑐 4
2𝑐 2

(20)

The density 𝜌0 is set to 1 in lattice units and the weighting factors 𝑤𝛼 are set according to the
specific discretization scheme. In case of D3Q19 model they read
1/3 if 𝑒𝛼 = (0,0,0)
𝑤𝛼 = {1/18 if 𝑒𝛼 = (±𝑐, 0,0), (0, ±𝑐, 0), (0,0, ±𝑐)
1/36 if 𝑒𝛼 = (±𝑐, ±𝑐, 0), (±𝑐, 0, ±𝑐), (0, ±𝑐, ±𝑐)

(21)

with
𝑐=
𝑐𝑠 =

∆𝑥
∆𝑡
1

𝑐
√3
The lattice velocity represented by 𝑐 and the lattice speed of sound represented by 𝑐𝑠 .
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(22)
(23)

Macroscopic fluid density 𝜌 and velocity 𝑢𝑖 are determined from equation (24) and (25).
𝜌(𝑥, 𝑡) = ∑ 𝑓𝛼 (𝑥, 𝑡)

(24)

𝛼

𝑢(𝑥, 𝑡) =

1
∑ 𝑒𝛼 𝑓𝛼 (𝑥, 𝑡)
𝜌0

(25)

𝛼

In addition to the LBGK model, which is also called single-relaxation-time (SRT) model,
Ginzbourg, Verhaeghe, and Humieres [11], [12] have developed a two-relaxation-time (TRT)
model. It has accuracy and stability improvements. The SRT model suffers from the problem
that slip velocities occur at the wall in case of no-slip boundaries. The boundary is virtually
displaced depending on relaxation time 𝜏. The TRT model does not show this behavior.
TRT is constructed by splitting the distribution functions into even and odd parts. The direction
𝛼̅ in equation (26) is obtained by inversing direction 𝛼.
1
1
𝑓𝛼± = (𝑓𝛼 ± 𝑓𝛼̅ ) , 𝑓𝛼𝑒𝑞± = (𝑓𝛼𝑒𝑞 ± 𝑓𝛼̅𝑒𝑞 )
2
2
𝑒𝑞+
𝑒𝑞−
+
Ω𝛼 (𝑓) = 𝜆𝑒 (𝑓𝛼 − 𝑓𝛼 ) + 𝜆𝑜 (𝑓𝛼− − 𝑓𝛼 )

(26)
(27)

The operator for this collision model is obtained with equation (27). The choice of even 𝜆𝑒 and
odd 𝜆𝑜 collision parameters is not trivial. For the case of setting
1
(28)
𝜆𝑒 = 𝜆𝑜 = −
𝜏
one reverts back to the SRT model. The magic parameter Λ 𝑒𝑜 gives a relation between the two
collision parameters and can be adjusted to suit different setups. For channel flows Ginzbourg
and Adler [13] showed that a value of Λ 𝑒𝑜 = 3/16 avoids the earlier mentioned boundary slip
velocities.
1 1 1 1
Λ 𝑒𝑜 = ( − ) ( − )
𝜆𝑒 2 𝜆𝑜 2

(29)

1

The even part is parametrized as 𝜆𝑒 = − 𝜏 and the odd part 𝜆𝑜 is chosen according to equation
(29).

3.2 Rigid body dynamics
The framework that does rigid body displacement and collision calculations is called Physics
Engine [14]. There are several methods implemented for calculating collision responses. A
basic discrete element method (DEM) is assumed to be sufficient for the simulations in this
thesis.
Whenever an overlap between two spheres or a sphere and a wall is detected a repulsive force
has to be applied to the spheres. The normal component 𝐹𝑛 is modeled using a linear springdashpot system
(30)
𝐹𝑛 = max(0, 𝑘𝑛 𝛿 − 𝛾𝑛 𝑣𝑛 ) ,
with 𝛿 denoting the penetration distance, 𝑘𝑛 denoting the normal spring stiffness, 𝛾𝑛 denoting
the normal damping coefficient and 𝑣𝑛 denoting the relative velocity in normal direction. 𝐹𝑛 is
9

added to both colliding spheres in opposite normal directions. Negative forces are cut off to
avoid attraction between spheres. Third et al [15] used equation (31) to reduce the normal
damping coefficient to a dimensionless damping factor 𝜂𝑛 that is independent of particle mass.
𝛾𝑛 = 2𝜂𝑛 √𝑚𝑖𝑗 𝑘𝑛
𝑚𝑖𝑗 is defined as the effective mass of particle 𝑖 and particle 𝑗
𝑚𝑖 𝑚𝑗
𝑚𝑖𝑗 =
.
(𝑚𝑖 + 𝑚𝑗 )

(31)

(32)

Friction laws are distinguished between static and dynamic friction. In case of particles sliding
on each other, Coulomb’s friction law 𝐹𝑡 = 𝜇𝐹𝑛 is applicable. This is not true for relative
tangential velocities close to zero at contact point. This leads to the model of Haff and Werner
[16] for the tangential force component 𝐹𝑡
𝐹𝑡 = −min(𝜇𝐹𝑛 , 𝛾𝑡 𝑣𝑡 )

(33)

with 𝜇 denoting the Coulomb friction parameter, 𝛾𝑡 denoting the tangential damping coefficient,
and 𝑣𝑡 denoting the relative velocity in tangential direction. Tangential forces are introduced as
shear damping model and proportional to relative tangential velocity with Coulomb friction as
upper limit. Tangential damping coefficient can again be reduced to a damping factor 𝜂𝑡
𝛾𝑡 = 2𝜂𝑡 √𝑚𝑖𝑗 𝑘𝑡 .

(34)

The resulting forces are added to touching spheres in opposite tangential directions.

3.3 Moving obstacle boundary condition
The two relevant boundary conditions for modelling no slip boundaries on moving objects are
the simple-bounce-back (SBB) and the central-linear-interpolated (CLI) scheme. SBB is wellknown and easy to implement. It is based on the approximation that the boundary is halfway
between fluid and solid cell and therefore distribution functions can be inverted or “bounced
back” at boundary cells. CLI is an advanced method investigated by Ginzbourg et al [12]. It
works with the correct distance 0 ≤ 𝛿𝛼 ≤ 1 between the cell center 𝑥𝑏 of the boundary node
inside the fluid and the position of the wall 𝑥𝑤 in direction 𝑒𝛼 .
(35)
𝑥𝑤 = 𝑥𝑏 + 𝛿𝛼 𝑒𝛼
In case of SBB the distance is fixed to 𝛿𝛼 = 1/2. The new PDF field at the boundary cell can
be calculated with:
(36)
𝑓𝛼 (𝑥𝑏 , 𝑡 + 1) = 𝜅1 𝑓̃𝛼 (𝑥𝑏 , 𝑡) + 𝜅0 𝑓̃𝛼 (𝑥𝑏 − 𝑒𝛼 , 𝑡) + 𝜅̅−1 𝑓̃𝛼̅ (𝑥𝑏 , 𝑡) + 𝑚𝛼 (𝑥𝑤 , 𝑡)
The free coefficients 𝜅̅−1 , 𝜅0 , 𝜅1 determine the influence of different nodes with (𝑥𝑏 − 𝑒𝛼 )
representing the fluid node one cell further away from the boundary. They can be derived for
imposing Dirichlet boundary conditions for velocity and assuming an incompressible flow. For
CLI method the coefficients are determined according to:
1 − 2𝛿𝛼
(37)
𝜅1 = 1 − 𝜅0 − 𝜅̅−1 ,
𝜅0 =
,
𝜅̅−1 = −𝜅0 ,
1 + 2𝛿𝛼
10

whereas for SBB method the coefficients 𝜅0 , 𝜅̅−1 = 0 are set to zero. The term 𝑚𝛼 (𝑥𝑤 , 𝑡)
results from the influence of the moving wall:
𝑤𝛼 𝑏
𝑢 (𝑥𝑤 , 𝑡)
(38)
𝑐𝑠2
The weights 𝑤𝛼 and speed of sound 𝑐𝑠 are declared according to equations (21) to (23) and
𝑚𝛼 (𝑥𝑤 , 𝑡) = −𝛼 (𝑢) 𝜌0

𝑢𝛼𝑏 (𝑥𝑤 , 𝑡) denotes the boundary velocity. The coefficient 𝛼 (𝑢) is defined as
4
𝛼 (𝑢) =
1 + 2𝛿𝛼
for CLI method and
𝛼 (𝑢) = 2

(39)

(40)

for SBB method.

3.4 Momentum exchange
Due to the kinetic nature of LBM the forces exerted from fluids onto solid objects can be
correlated to the particle distribution functions. This interaction was first described by Ladd in
1994 [17]. His approach was based on the premise that suspended particles are filled with
computational nodes that are treated in the same manner as fluid nodes. Furthermore, it was
limited to particles with density larger than fluid density. Aidun, Lu, and Ding [18] improved
the model to work without density restriction and without the need to fill particle volume with
fluid nodes.
A momentum at microscopic level can be understood as the product of mass 𝑓̃𝛼 and velocity 𝑒𝛼
𝐹𝛼 (𝑥𝑤 ) = 𝑒𝛼 𝑓̃𝛼 (𝑥𝑓 , 𝑡) − 𝑒𝛼̅ 𝑓̃𝛼̅ (𝑥𝑏 , 𝑡) ,

(41)

with the component 𝑒𝛼 𝑓̃𝛼 (𝑥𝑓 , 𝑡) streaming towards the boundary and increasing momentum and
the component 𝑒𝛼̅ 𝑓̃𝛼̅ (𝑥𝑏 , 𝑡), given by equation (36), streaming outwards and decreasing
momentum. This is called the conventional momentum exchange method (MEM).
Wen, Zhang, Tu, Wang, and Fang investigated the conventional method and proposed an
enhanced model which takes the actual boundary velocity 𝑢𝑏 into account. Equation (41)
violates Galilean invariance, since momentum transfer is evidently correlated to the relative
velocity between fluid and solid. The Galilean invariant momentum exchange method
(GIMEM) can be written as
(42)
𝐹𝛼 (𝑥𝑤 ) = (𝑒𝛼 − 𝑢𝑏 )𝑓̃𝛼 (𝑥𝑓 , 𝑡) − (𝑒𝛼̅ − 𝑢𝑏 )𝑓̃𝛼̅ (𝑥𝑏 , 𝑡)
and is independent of the frame of reference.
The total hydrodynamic force exerted on the particle is obtained by summing up all
contributions along the boundary wall:
𝐹=∑
𝑓𝑙𝑢𝑖𝑑−𝑠𝑜𝑙𝑖𝑑−𝑙𝑖𝑛𝑘𝑠 𝛼
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𝐹𝛼 (𝑥𝑤 )

(43)

When first describing his method, Ladd [17] already noticed that large oscillations in particle
forces and torques are built up. Indeed, early state simulation showed strong fluctuations of
forces in between two time steps. The bounce back boundary condition is supposed to be the
cause for this feedback mechanism. To achieve a smooth force deployment, two successive
LBM time steps are performed and forces are averaged before executing the rigid body solver.

3.5 Lubrication correction
There exists a strong repulsive forces between two spheres approaching each other. It is called
lubrication force and it is caused by the fluid between the sphere being compressed and creating
high pressure in the gap. The current LBM model cannot comprehend this effect due to limited
resolution. It might come to the situation that there is no fluid cell mapped in the gap between
two spheres that are close to each other but not yet in contact.
However, Ladd, and Verberg [19] presented a way to model lubrication as a normal force
between two spheres:
𝐹𝑖𝑗𝑙𝑢𝑏

= −𝑆̂𝑖𝑗

6𝜋𝜂(𝑟𝑖 𝑟𝑗 )

2

1
1
𝑆̂𝑖𝑗 ∙ (𝑢𝑖 − 𝑢𝑗 ) ( − ) ,
𝐺𝑖𝑗 Δ𝑐
(𝑟𝑖 + 𝑟𝑗 )
2

(44)

with 𝐺𝑖𝑗 denoting the gap (𝐺𝑖𝑗 = 𝑆𝑖𝑗 − 𝑟𝑖 − 𝑟𝑗 ) between sphere 𝑖 and sphere 𝑗, 𝑆̂𝑖𝑗 denoting the
unit vector, 𝑟𝑖 and 𝑟𝑗 denoting the spheres radii, 𝑢𝑖 and 𝑢𝑗 denoting the spheres velocity and Δ𝑐
denoting the cut off. Lubrication force is only applied for gaps smaller than the cut off distance.
Hence the cut off needs to be chosen in a way that the LBM model correctly approximates
2

hydrodynamic forces between spheres further apart. The value Δ𝑐 = ∆𝑥 is adopted from Ladd
3

and Verberg’s work.
For describing the interaction between sphere and plane, the radius of the object representing
the wall converges to 𝑟𝑗 = ∞. Tangential lubrication forces are considered inessential for this
work and therefore neglected.
Lubrication forces can get indefinitely large for small distances between spheres. In early state
setups this behavior caused simulation to abort. To avoid numerical instabilities a lower limit
for the gap has been incorporated.
𝐺𝑖𝑗 = max(0.01, 𝐺𝑖𝑗 )

12

(45)

3.6 Body mapping and PDF reconstruction
At the beginning of the simulation as well as every time a particle displacement occurs the
moving obstacles need to be mapped into the LBM domain, which consists of fluid and solid
cells for the direct numerical model.

Figure 5:Exemplary 2D mapping of a sphere into a channel. Red dots mark solid cells and blue dots mark
fluid cells. The dashed line represents the surface in LBM with moving obstacle boundary condition. [20]

Object boundaries, where moving obstacle boundary conditions are applied, are discretized
with a certain approximation error depending on the resolution. At the same time the rigid body
solver keeps track of sphere position and radius.

Figure 6: Domain with cell changes due to particle displacement. The dashed line represents the obstacle
boundary at the previous time step [20]

In case a cell changes from solid in the previous time step to fluid in the next time step, the
PDFs at this cell have to be reconstructed. This is achieved by setting them to the equilibrium
distributions 𝑓𝛼𝑒𝑞 .
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3.7 Parameterization
The waLBerla framework is working with lattice units internally. To give physical meaning to
input and output parameter it is necessary to convert them according to their SI units. The lattice
cell size ∆𝑥 ∗ and lattice time step ∆𝑡 ∗ will be fixed to a value of 1.
The key parameter that determines resolution is the number of cells per diameter. Together with
𝑑𝑝

particle diameter 𝑑𝑝 it defines the physical cell size ∆𝑥 = 𝐶𝑝𝐷 and therefore the number of cells
in the whole domain. If the number of cells per diameter is insufficient, the approximation of
spherical particles with cubes fails and forces are miscalculated due to incorrect volumes as
outlaid by Götz [20]. Whereas excessively high number of cells per diameter leads to
inappropriate amount of computational cost.
∗
Physical time step ∆𝑡 is chosen in the way that lattice inflow velocity 𝑢𝑖𝑛
is fixed to a constant

value of 0.01 for any given setup. Since flow velocity is assumed to be the primary driving
force of particle acceleration, the time step can be calculated with equation (46). Experience
has shown that it is desirable to avoid flow velocities exceeding 0.1 lattice cells per lattice time
step to guarantee numerical stability. Setting the inflow to 0.01 lattice velocity allows the flow
velocity inside the voids of the fixed bed to increase up to ten times without creating numerical
problems.
∗
𝑢𝑖𝑛
Δ𝑥
(46)
Δ𝑡 =
𝑢𝑖𝑛
Lattice gravity 𝑔∗ and lattice viscosity 𝜈 ∗ can now be calculated with formulae (48) and (49).
This method ensures that flow characterizing, dimensionless quantities like Reynolds number
remain the same value in simulation world.
∆𝑡
(47)
∆𝑥
∆𝑡 2
(48)
𝑔∗ = 𝑔
∆𝑥
∆𝑡
(49)
𝜈∗ = 𝜈 2
∆𝑥
𝜌
Next step is to normalize lattice fluid density 𝜌𝐹∗ = 𝜌𝐹 = 1, which implicates a lattice particle
𝑢∗ = 𝑢

𝐹

density equal to the ratio of solid to fluid density 𝜌𝑆∗

=

𝜌𝑆
𝜌𝐹

. It is now possible to convert a weight

𝑚 from kilograms to lattice units with formula (50).
1
𝜌𝐹 Δ𝑥 3

(50)

∆𝑡 2
𝐹 =𝐹∙
𝜌𝐹 Δ𝑥 4

(51)

𝑚∗ = 𝑚 ∙
∗
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For later post processing purposes it is desirable to evaluate acting forces on particles. This can
be done by solving equation (51) for SI force 𝐹.
2𝜏 − 1
(52)
𝜈∗ =
6
The relaxation time is directly related to kinematic lattice viscosity by formula (52). To ensure
numerical stability 𝜔 = 1/𝜏 is kept below 1.95. Employing the earlier described inflow velocity
an upper limit in terms of particle Reynolds number can be stated with lattice units.
∗
𝑢𝑖𝑛
𝑑𝑝 0.01 ∙ 𝐶𝑝𝐷
𝑚𝑎𝑥
𝑅𝑒𝑝 =
=
∗
𝜈∗
𝜈𝜔=1.95

(53)

Applying a realistic number of 20 cells per diameter leads to a maximum of 𝑅𝑒𝑝𝑚𝑎𝑥 = 46.5.

3.8 Algorithmic structure
The time stepping algorithm used in this thesis is a sequence of subroutine calls which is
presented in the following scheme. Note that one time step is of length ∆𝑡 ∗ = 2 since two
LBM time steps are performed in every iteration.
Algorithm: One time step of LBM coupled with rigid body solver
1. for each time step do
2.
for each body do
3.
Map body into lattice domain
4.
Reconstruct missing PDFs in case of cell changes
5.
end for
6.
for two LBM time steps do
7.
for each lattice cell do
8.
Apply boundary conditions and execute communication between blocks
9.
Stream and collide PDFs and evaluate forces on moving obstacles
10.
end for
11.
end for
12.
for each body do
13.
Apply lubrication correction
14.
end for
15.
for each body do
16.
Add gravitational and buoyancy forces
17.
end for
18.
for each rigid body solver time step do
19.
for each body do
20.
Calculate displacement and resolve collisions
21.
end do
22.
end do
23. end do
+
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4 Results
4.1 Preliminary Studies with fixed beds
4.1.1 Setup description
Before performing simulations on real fluidized beds, several preliminary simulations with
different methods and resolutions were carried out to determine the best scheme in terms of
accuracy. Therefore, the earlier described moving obstacle boundary conditions, SBB and CLI,
as well as the relaxation models, SRT and TRT, are to be compared. The value of interest is the
force generated by the flow field, acting on the particles.
In the first step the basic setup is generated by placing 48 spherical particles with identical
radius at the top of a rectangular cube and applying a gravity field pointing downwards.
Particles will fall to the bottom plane, bounce back and collide with each other according to
DEM parameters. The velocity of spheres is observed and the process will be terminated when
the maximum velocity over all spheres reaches a specified lower limit. To avoid spheres falling
into a perfect lattice, a random initial velocity is assigned to spheres at the first time step. Only
the Physics Engine is active in this part of the simulation, there is no fluid field present.
Finally, spheres will come to rest in a fixed bed configuration, as can be seen in Figure 7, with
three to four layers due to the chosen ratio of domain size to sphere diameter. Their positions
are written to a text file, from where identical setups with different resolutions can be created
by scaling sphere positions according to domain size. This method ensures relative positions
inside the domain remain the same.

Figure 7: Fixed bed sphere graphical representation
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The second step is the actual fluid simulation. There is

Parameter

Symbol Value

an inflow boundary condition enforced on the bottom
plane, outflow boundary on the top plane and no slip
boundaries on the side walls. Spheres are fixed and drag
force is evaluated via momentum exchange method.

Domain width

𝐿𝑥

4 mm

Domain height

𝐿𝑦

40 mm

Domain depth

𝐿𝑧

4 mm

∗
The lattice inflow velocity 𝑢𝑖𝑛
is set to 0.01 for all

Particle diameter

𝑑𝑝

1 mm

setups and lattice viscosity 𝜈 ∗ will change in correlation

Number of particles 𝑛𝑝

48

Inflow velocity
0.1 m/s
𝑢𝑖𝑛
with physical cell size ∆𝑥.
Table 1: Physical simulation
Physical simulation parameters can be found in Table
parameters fixed bed
1. There is an offset of 12 mm between LBM bottom
plane consisting of cells with inflow condition and the
first layer of spheres in order to enable the flow to fully develop before reaching the fixed bed.
Additionally, there is space between fixed bed top layer and LBM top plane allowing the
outflow condition to work correctly. Note that the superficial inlet velocity is much higher than
the minimum fluidization velocity. Additionally, it is not reasonable to estimate the pressure
drop with the Ergun equation because of the low number of particles.
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4.1.2 Evaluation
The simulation is conducted with resolutions in the range from 8 up to 40 cells per diameter.
After running for a sufficient amount of time steps for the flow field to converge to a steady
state, the force exerted by the fluid is summed up over all particles. This force is then divided
by cross-sectional area to obtain the pressure drop over the fixed bed. Figure 8 shows the results
for different combinations of relaxations schemes and coupling methods.
16
14

Pressure drop [Pa]

12
10
SBB SRT

8

SBB TRT
CLI SRT

6

CLI TRT
4
2
0
8

16

24

32

40

Cells per diameter
Figure 8: Pressure drop on fixed bed for simple-bounce-back, central-linear-interpolation, single
relaxation time, and two relaxation times models

All methods converge to a pressure drop of approximately 5.5 Pa for 40 cells per diameter. For
low resolutions there is a significant difference between SRT and TRT schemes. While TRT
underestimates forces on particles, SRT predicts excessively huge forces. The deviation
between SBB and CLI models is marginal in comparison.
The conclusion drawn from this study is to use at least 20 cells per diameter to produce
reasonable results. Although TRT’s force evaluation degrades with low resolution, deviations
are more predictable than for SRT, where changes in resolution have strong impact on the
outcome. Therefore, TRT is used in future simulation along with CLI as it is the more
sophisticated algorithm. Figure 9 depicts the velocity field around fixed bed in steady state with
40 cells per diameter, TRT and CLI.
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Figure 9: Exemplary velocity field at plane z = 2mm
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4.2 Fluidized bed
4.2.1 Setup description
The intention is to create a basic small scale fluidized bed and then alter the resolution to analyze
its influence. As results from fixed bed simulation have shown, a resolution of roughly 20 cells
per diameter performs sufficiently accurate with TRT and CLI. For a closer look, a resolution
of 16, 20, and 24 cells per diameter is considered. In the next step the effects of periodic
boundary conditions, a different friction coefficient and the employment of the lubrication
correction are explored.
Symbol Value
For the basic model the bottom is set to an Parameter
inflow boundary condition, the top is set to Domain width
40 mm
𝐿𝑥
outflow boundary condition and the walls are Domain height
𝐿𝑦
80 mm
set to no-slip boundary conditions. The
Domain depth
4 mm
𝐿𝑧
rectangular dimensions have been chosen to
𝑑𝑝
Mean particle diameter
0.8 mm
resemble a pseudo 2D fluidized bed.
𝑛𝑝
3000
Density and viscosity are set to match the fluid Number of particles
9.81 m/s2
𝑔
properties of water and the value of solid Gravity
0.03 m/s
𝑢𝑖𝑛
density is an appropriate estimate for different Inflow velocity
catalytic materials. Due to the low ratio of solid Fluid density
𝜌𝑓
1000 kg/m3
and fluid density this setup is classified as Particle density
1500 kg/m3
𝜌𝑆
homogeneous fluid-solid flow.
Dynamic viscosity
10-3 Pa s
𝜂

The relaxation parameter is 𝜔 = 1.923 for 16
cells per diameter, 𝜔 = 1.905 for 20 cells per
diameter, and 𝜔 = 1.887 for 24 cells per

Particle Reynolds number 𝑅𝑒𝑝
Particle Froude number

𝐹𝑟𝑝

24
0.48

Normal stiffness
1000 N/m
𝑘𝑛
diameter.
500 N/m
𝑘𝑡
DEM parameters for particle collision Tangential stiffness
0.2
𝛾𝑛
modelling are adopted from the studies of Normal damping factor
Third et al [15]. Lubrication correction was not Tangential damping factor 𝛾𝑡
0.2
enabled for the resolution study.
Coefficient of friction
0.1
𝜇
Particle’s size is normal distributed in the Table 2: Physical simulation parameters fluidized
bed
simulation with a standard deviation of 32 µm,
which prevents particles from falling into perfect lattices and therefore potentially hinder
fluidization progress. In the initial state, particles are placed in an equidistant pattern with large
voids in-between. Starting the computation from a packed bed setup takes more time to reach
steady state and led to numerical instabilities in earlier trial runs. To introduce additional
randomness and avoid symmetric solutions, particles are assigned a small velocity in a random
direction at simulation start.
All calculations were performed on the Emmy cluster [21], which is part of the RRZE at
Friedrich-Alexander-University Erlangen-Nürnberg. The setup with 16 and 20 cells per
diameter runs on 1600 cores for 11 hours 41 minutes and 22 hours 54 minutes respectively to
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complete the required number of time steps for 10 seconds of simulated time. The setup with
24 cells per diameter only finished 8.94 seconds of simulated on 2500 cores in 24 hours. The
maximum number of cores at Emmy cluster for users without special permissions is 2560 and
the maximum wall time is 24 hours.

4.2.2 Resolution study
To be able to compare a setup with different resolutions one needs to think about characteristic
values for fluidized beds. One benefit of direct numerical simulations is the possibility to keep
track of position, velocity, and exerted force of every particle as well as fluid field quantities.
In this chapter several ways to reduce the statistical behavior to meaningful parameters will be
presented.
∑𝑝 𝑦𝑝 𝑚𝑝
𝑦𝐶 =
(54)
∑𝑝 𝑚 𝑝

Figure 10: Center of solid mass for 16, 20, and 24 CpD

A straight forward way to examine the fluidization state of the bed is to consider the dispersion
height. You can estimate the dispersion height by looking at the visual output but unfortunately,
it is not possible to directly assess it with formulae. Instead the center of mass is computed with
equation (54), which will raise with increasing fluidization in the same manner.
Figure 10 shows the development of the bed for different resolutions. Starting from the identical
initial state the particle mass starts to rise until the relative velocity decreases and particles drop
back down. After roughly seven seconds the bed reaches a persistent state, oscillating around
an average value.
The conclusion from earlier fixed bed study, that low resolution setups underestimate forces
exerted on the particles, can be reproduced for the fluidized bed. As there is less force pushing
particles upwards, the overall rise of solid mass in the first two seconds is reduced for low
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resolution. Additionally, the case of 16 cells per diameter converges to a steady state with
considerably less dispersion than 20 and 24 cells per diameter.
For the purpose of comparing simulation to experimental it is important to clarify at what time
steady state is reached. Transient results cannot be used due to the system’s statistical nature.
𝑉𝑝
𝜌𝑆 ∑𝑝 𝑢𝑝 ∙ 𝑛̂𝑦 𝑟
(55)
𝑝
𝑗𝑚 =
𝐴

Figure 11: Mass flux through cross section in Y-direction

The mass flux, as defined in equation (55), indicates how much mass is transported in ydirection through the cross section area per time unit. A positive mass flux signifies that the
overall bed mass is moving upwards while a negative mass flux signifies particles falling down.
Even though there is a strong oscillation in first second of Figure 11, the average value is above
zero. This is consistent with the center of mass moving upwards. The average in the time frame
from second two to five is negative which leads to the bed mass sinking downwards. Beyond
seven second simulated time an average mass flux close to zero is obtained. Together with the
observation from Figure 10 it is concluded that steady state is reached at seven seconds.
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𝜌𝑆 ∑𝑝|𝑢𝑝 ∙ 𝑛̂𝑦 |
+
𝑗𝑚
=

𝑉𝑝
𝑟𝑝

(56)

𝐴

Figure 12: Recirculation mass flux through cross section in Y-direction

Most of particles in this particular fluidized bed are in a circulating flow. There are fluid streams
with high velocities, where particles are erupting out of the bed and areas with lower velocity
where they sink back down. This behavior can be reviewed in Figure 20. To get a notion of
how much mass is in motion at a certain point of time it is necessary to sum over the absolute
value of particle’s velocity as is done in equation (56).
Even in steady state there is strong fluctuations around the mean value, pointing to stages with
more and less activity in particle motion. The results for the average value at steady state for 16
and 20 cells per diameter are in close agreement while the case of 24 cells per diameter shows
𝑘𝑔

a deviation of 10 𝑚2 𝑠. This might be caused by the simulation being unfinished.
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(1 − 𝜀) =

𝑛𝑠𝑜𝑙𝑖𝑑 𝑐𝑒𝑙𝑙𝑠
𝑛𝑠𝑜𝑙𝑖𝑑 𝑐𝑒𝑙𝑙𝑠 + 𝑛𝑓𝑙𝑢𝑖𝑑 𝑐𝑒𝑙𝑙𝑠

(57)

Figure 13: Solid volume fraction at local volume element

A quantitative method for relating simulation and experiment is to track the solid volume
fraction in a certain local volume element. There are different ways to compute a volume
fraction in the discretized simulation model. Here it is done by counting the number of solid
cells and dividing by the total number of cells in the local volume, as can be taken from equation
(57).
The local volume element, used for generating Figure 13, is a cuboid with 8 mm length in Xdirection, 8 mm in Y-direction and 4 mm in Z-direction. Its center is located in the middle of
the cross section area and 12 mm upwards from the sparger.
Because the cuboid is placed at the lower end of the domain, the solid volume fraction will
increase as the dispersion height is decreasing. The average solid volume fraction at steady state
for the different resolutions show good agreement with deviation less than 10 %.
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Δ𝑝 =

∑𝑛𝑝 𝐹𝑓→𝑝
𝐴

Figure 14: Pressure drop over fluidized bed for 16 CpD

Figure 15: Pressure drop over fluidized bed for 20 CpD

Figure 16: Pressure drop over fluidized bed for 24 CpD
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(58)

A key parameter for fluidized beds that can be measured in experiments as well as in
computations is the pressure drop. Due to the fluid flowing around a particle there is an impulse
transfer which leads to a decrease in static pressure over the bed. While this pressure difference
can be directly determined with measuring devices, in the simulation it is computed by
summing the exerted forces over all particles. It is noteworthy that this pressure difference does
neither contain hydrostatic nor wall friction pressure losses.
The pressure drop, presented in Figures 14-16, is subject to strong fluctuations. Therefore, only
average values are of importance for discussion. To gather additional insight on the discrepancy
between different resolutions, it could be advantageous to carry out a fast Fourier transform. In
accordance with fixed bed results, forces are underestimated with low resolution and hence the
pressure drop is less. The difference between average value in steady state for 16 and 24 cells
per diameter is substantial 1.2 Pa.
𝑛𝑝 (𝜌𝑆 − 𝜌𝐹 )𝑔𝑉𝑝
(59)
∆𝑝𝑑𝑜𝑤𝑛 =
𝐴
The pressure that is acting in the opposite direction of drag force is essentially gravity minus
buoyancy divided by cross section area, as described in equation (59). For this specific setup
the pressure pulling particles downwards is ∆𝑝𝑑𝑜𝑤𝑛 = 24,66 Pa. In order for the bed to exist in
a fluidized state the pressure exerted on particles through drag forces needs to be equal to the
pressure caused by the bed weight. It is questionable why there is more than 5 Pa difference
between them.

Θ𝑘 =

1
2
∑ (𝑢𝑝 ∙ 𝑛̂𝑘 − 〈𝑢𝑘 〉) ,
𝑛𝑝
𝑝
〈𝑢𝑘 〉 =

𝑘 = 𝑥, 𝑦, 𝑧

1
∑ 𝑢𝑝 ∙ 𝑛̂𝑘
𝑛𝑝
𝑛𝑝

Θ3𝐷 = (Θ𝑥 + Θ𝑦 + Θ𝑧 )/3

Figure 17: Square root of particle granular temperature in X-, Y-, and Z-direction for 16 CpD
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(60)
(61)
(62)

Figure 18: Square root of particle granular temperature in X-, Y-, and Z-direction for 20 CpD

Figure 19: Square root of particle granular temperature in X-, Y-, and Z-direction for 24 CpD

The term granular temperature is defined as the mean square of particle fluctuations. The
construct stems from the analogy between random motion of dense gas of particles and the
thermal motion of molecules in kinetic theory. It is not a thermodynamic property but it relates
to the interaction between viscous and inertial forces on particles and plays an important role
in flow behavior, mixing, and segregation of particulate systems. An anisotropic granular
temperature indicates particles moving relative to the local average velocity, whereas an
isotropic granular temperature signifies a particulate system being dominated by particle
collisions. Equations (60), (61), and (62) are adopted from the work of Tang et al [22] and
consider the spatial averaging of translational velocity of particles.
As expected, figures 17-19 illustrate the existing anisotropy in granular temperature of the
fluidized bed. The largest magnitude is the Y-component due to the fluid flowing primarily in
Y-direction. Since the bed is subject to a circular motion in the X-Y-plane, there is high
momentum transmission in X-direction, which reflects in the X-component of granular
temperature being the second largest component. The extension of the domain in Z-direction
27

restricts the particles in their movement and therefore limits transport of momentum in Zdirection. If needed, the three components can be reduced to a single granular temperature with
equation (62).
Again the fluctuating character of the system, even in steady state, can be observed. Average
values in steady state match closely for 16 and 20 cells per diameter, but there seems to be
considerably increased momentum transfer for 24 cells per diameter.
Average value in
𝑦𝐶 [𝑚𝑚]
steady state

+
𝑗𝑚
[𝑚 2 𝑠 ]

(1 − 𝜀)

Δ𝑝 [𝑃𝑎]

√Θ𝑥 [ 𝑠 ]

√Θ𝑦 [ 𝑠 ]

√Θ𝑧 [ 𝑠 ]

16 CpD

12.0

338

16.7 %

18.0

1.28

1.46

0.33

20 CpD

13.7

348

15.8 %

18.7

1.27

1.42

0.34

24 CpD

13.3

402

17.3 %

19.2

1.43

1.63

0.35

𝑘𝑔

𝑚

𝑚

𝑚

Table 3: Average value of center of mass, recirculation mass flux, solid volume fraction, pressure drop,
and square root of granular temperature in X-, Y-, and Z- direction from 7 s until the end of simulation
for 16, 20, and 24 CpD
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Figure 20: Particle distribution and local volume element for volume fraction evaluation (left) and fluid
flow at plane z = 2mm (right) for 5 seconds (top) and for 10 seconds (bottom) with 20 CpD
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4.2.3 Special cases
Apart from resolution there are three more variations from the simulation model that were of
particular interest. The setup with 20 CpD and the parameter defined in chapter 4.2.1 is used as
the reference model.
The first objective was to inspect influences of changes in the rigid body dynamics. The DEM
model is an artificial design and can hardly be related to physical properties. The only parameter
that is based on a physical law is the friction coefficient. When viewing the visual output of the
fluidized bed, one will notice particles sticking to the side walls of the domain. The question
arose whether this behavior is caused by tangential friction forces on the particles. Hence, a
simulation run with a friction coefficient 𝜇 = 0.05 was conducted.

Figure 21: Center of solid mass for 20 CpD with
𝝁 = 𝟎. 𝟏0 and 𝝁 = 𝟎. 𝟎𝟓

Figure 22: Solid volume fraction for 20 CpD at local
volume element with 𝝁 = 𝟎. 𝟏0 and
𝝁 = 𝟎. 𝟎𝟓

Figure 23: Recirculation mass flux through cross
section in Y-direction for 20 CpD with 𝝁 = 𝟎. 𝟏𝟎 and
𝝁 = 𝟎. 𝟎𝟓
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Figure 24: Pressure drop over fluidized bed for 20
CpD with 𝝁 = 𝟎. 𝟎𝟓

Figure 25: Square root of particle granular
temperature in X-, Y-, and Z-direction for 20 CpD
with 𝝁 = 𝟎. 𝟎𝟓

Figures 21-25 show that a change in the friction coefficient has a minor but clearly visible
impact on the development of the fluidized bed. Pressure drop is slightly larger and thus center
of mass is elevated and solid volume fraction is reduced. Average values beyond seven seconds
of recirculation mass flux and granular temperature in Y- and Z- direction are nearly identical,
whereas granular temperature in X-direction is significantly lower.
The reduced friction coefficient does not have visible effects on particles sticking to the side
walls of the domain.

Figure 26: Center of solid mass for 20 CpD with and Figure 27: Solid volume fraction for 20 CpD at local
volume element with and without lubrication
without lubrication correction
correction

31

Figure 28: Recirculation mass flux through cross
section in Y-direction for 20 CpD with and without
lubrication correction

Figure 29: Pressure drop over fluidized bed for 20
CpD with lubrication correction

Figure 30: Square root of particle granular
temperature in X-, Y-, and Z-direction with
lubrication correction

The effects of the lubrication correction on the system are depicted in figures 26-30. It can be
observed that the bed mass is dropping down at a higher rate after reaching its peak and also
remains at a lower level with lubrication correction enabled. There is a significant deviation in
the solid volume fraction which cannot be correlated with the dispersion height. One striking
point is the increase of anisotropy in Y-direction of granular temperature. A potential
explanation is that the lubrication force causes particles to reduce their relative velocity when
coming in close proximity and not collide with each other. Hence particle motion is less
dominated by particle collision, but primarily determined by the main fluid flow. It is
noteworthy that the lubrication subroutine demands additional computing time. This setup with
20 CpD ran for 24 hours and produced only 9.79 seconds of real time.
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Figure 31: Center of solid mass for 20 CpD with no- Figure 32: Recirculation mass flux through cross
slip and periodic boundary conditions
section in Y-direction for 20 CpD with no-slip and
periodic boundary conditions

Figure 34: Square root of particle granular
Figure 33: Pressure drop over fluidized bed for 20
temperature in X-, Y-, and Z-direction with periodic
CpD with periodic boundary conditions
boundary conditions

To implement periodic boundary conditions, no-slip boundaries on the side walls are removed
and particles are enabled to cross domain boundaries in X- and Z- direction to reenter from the
opposite side. Furthermore, the domain size is rescaled to 12 mm in X- and Z- direction.
The setup with periodic boundary conditions is essentially different from the one with no-slip
boundaries. Here, the objective is not to reproduce an experimental setup but to simulate the
inside of a large scale reactor, where wall effects have no considerable influence on the flow
field.
Without wall influence the fluidized bed is in a stable state, as is verified by the graphs,
presented in figures 31-34, which show drastically reduced amplitudes in the fluctuations of
system characteristics. The center of mass as well as the recirculation mass flux remain at a
relative constant value after a time span of about 3 seconds. The anisotropy of granular
temperature in Y-direction is still present due to fluid velocity, but anisotropy between X- and
Z- direction vanishes. Visual output confirms the lack of streams with particles reassures the
absence of streams of erupting particles as observed earlier.
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In this stable state it is possible to estimate the dispersion height and thereby determine the solid
volume fraction of the overall particle bed and its dimensionless pressure loss.
With an estimated dispersion height of 𝐻 = 38.8 mm and a packed bed solid volume fraction of
1 − 𝜀𝐿 = 0.60 the dimensionless pressure drop evaluates to
∆𝑝
1−𝜀
=
= 0.24 .
(𝜌𝑆 − 𝜌𝐹 )(1 − 𝜀𝐿 )𝑔𝐻 1 − 𝜀𝐿

(63)

Average value in
𝑦𝐶 [𝑚𝑚]
steady state

+
𝑗𝑚
[𝑚 2 𝑠 ]

(1 − 𝜀)

Δ𝑝 [𝑃𝑎]

√Θ𝑥 [ 𝑠 ]

√Θ𝑦 [ 𝑠 ]

√Θ𝑧 [ 𝑠 ]

Reference

13.7

348

15.8 %

18.7

1.27

1.42

0.34

𝜇 = 0.05

14.6

355

14.0 %

19.4

1.08

1.42

0.35

Lubrication
enabled

12.8

372

12.6 %

18.1

0.95

1.60

0.32

Periodic
boundaries

18.1

232

18.5

0.47

0.78

0.47

𝑘𝑔

𝑚

𝑚

𝑚

Table 4: Average value of center of mass, recirculation mass flux, solid volume fraction, pressure drop,
and square root of granular temperature in X-, Y-, and Z- direction from 7 s until the end of simulation
for 20 CpD with the reference case taken from the setup described in chapter 4.2.1, with reduced friction
coefficient, with lubrication correction enabled and with periodic boundary conditions

Figure 35: Particle distribution on the (left) and fluid flow at plane z = 6mm on the (right) for 10 seconds
with 20 CpD and periodic boundary conditions
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5 Conclusion
5.1 Summary
The direct numerical particle model with momentum exchange method and central-linearinterpolated boundary condition has successfully been employed to simulate small scale
fluidized beds. Resolution studies reveal that 20 cells per diameter are necessary to accurately
predict momentum transfer. There are observable deviations between 16, 20, and 24 cells per
diameter. Especially the setup with 24 cells per diameter shows increased momentum transfer
and particle circulation. Interestingly there are studies with different coupling methods that rely
on lower resolution. Third et al [15] implemented LBM with an immersed boundary method
and 10 cells per diameter and Tang et al [22] used a CFD model based on the Navier-Stokes
with an immersed boundary method an 5 cells per diameter. It is questionable if GIMEM
provides significant accuracy improvements in exchange for its need for high resolution.
The fluidized bed is a delicate particulate system with statistical behavior. The only relevant
results are average values at steady state. Any transient effects have to be disregarded. Chapter
4.2.2 presents several techniques to evaluate simulation results. Center of mass, solid volume
fraction, pressure drop, and granular temperature are most suitable when comparing to
experimental results.
A reduced friction coefficient leads to minor discrepancies in the outcome. Lubrication
correction on the other hand has a significant influence on the propagation of momentum
through the system. Experimental comparison is required to decide whether lubrication is
necessary or not. Periodic boundary conditions were presented as a way to model the inside of
a large scale reactor chamber. Due to the constant dispersion height it is possible to correlate
system parameters to empirical equations.

5.2 Outlook
Naturally the next step is to build up an experimental setup to validate simulation results. After
agreeing on a particle material, it might be beneficial to do further investigation in DEM
parameters like normal and tangential spring stiffness and damping.
The computational resources of the Emmy cluster are exhausted with the current setup at 20
cells per diameter which yields 500,000 lattice cells in total. In order to simulate larger systems,
it will be necessary to move to cluster with higher performance. The number of particles
actually has little influence on the computational costs when keeping the domain size constant.
A possible measure to reduce computation time is to run a simulation until steady state is
reached and save complete cell and body data. Future simulations can be continued from this
point and should take less time to again hit steady state.
The current implementation imposes an inevitable restriction in term of the particle Reynolds
number as presented in chapter 3.7. For larger particles, which required higher velocities to
fluidize, or heterogeneous systems with high solid to fluid density ratios it will be necessary to
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choose a different approach or extent the model. A potential solution is the incorporation of a
subgrid turbulence model to locally increase the viscosity. A Smagorinsky turbulence model is
already available in waLBerla.
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