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Abstract

Finite element approximation to the solution of elliptic PDEs on domains with re-entrant cor-
ners yields sub-optimal convergence rates when using quasi-uniform meshes. Reduced regularity
or the singular behaviour of the solution caused by the presence of re-entrant corners induces
the decrease in convergence rates or the so-called pollution effect. In this thesis, the Energy
Corrected Finite Element Method (ECFEM) which provides a computationally efficient alterna-
tive to tackle the pollution effect by means of local modifications to the stiffness matrix in the
vicinity of the singular point is thoroughly examined and successfully applied to scalar elliptic
problems. A simple modification of the ECFEM leading to optimal O

(
hp+1

)
convergence rates

in the L2-norm for the region far away from the singularity when using higher polynomials of
order p is presented. An extension of this energy correction idea, based on exhaustive numerical
investigation, to planar linear elasticity problems, particularly the problems of planar Linear
Elastic Fracture Mechanics (LEFM) is proposed.

i



ii



List of Abbreviations

BVP Boundary Value Problem

DOF degree of freedom

DSFM Dual Singular Function Method

ECFEM Energy Corrected Finite Element Method

eoc estimated order of convergence

FEM Finite Element Method

LEFM Linear Elastic Fracture Mechanics

PDE Partial Differential Equation

SFM Singular Function Method

SLE System of Linear Equations

iii



iv



List of Figures

Figure 2.1 A two-dimensional domain with a re-entrant corner located at the origin,
having an interior angle ω with π < ω ≤ 2π. . . . . . . . . . . . . . . . . . . . . . 7

Figure 3.1 Two-dimensional polygonal domain with a re-entrant corner having an
interior angle ∠AOB = ω with π < ω ≤ 2π. The dashed line represents the angle
bisector of the interior angle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Figure 4.1 Different types of coarse linear finite element meshes used for solving the
Boundary Value Problem (BVP) (4.2). The interior nodes (or the free degrees of
freedom (DOFs)) have been denoted by a blue circle, while those on the boundary
(the constrained DOFs) have been marked by a red square. . . . . . . . . . . . . 20

Figure 4.2 The finite element solution uh for the BVP (4.2) computed using linear
finite elements on a uniform mesh with mesh size h = 0.03125, corresponding to
the 5th mesh refinement level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

Figure 4.3 Variation of the finite element error u − uh in different norms, with the
mesh refinement level l for the BVP (4.2) on the two types of finite element meshes
considered. The error norms have been plotted for different polynomial orders used
for the finite element basis functions. . . . . . . . . . . . . . . . . . . . . . . . . . 22

Figure 4.4 Different types of coarse linear finite element meshes used for solving the
BVP (4.3). The interior nodes (or the free DOFs) have been denoted by a blue
circle, while those on the boundary (the constrained DOFs) have been marked by
a red square. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Figure 4.5 The location of the singular region Ωs within the domain Ω for the slit
domain. For this study, we choose rs = 0.2, resulting in the coordinates marked
here. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

Figure 4.6 Variation of the energy defect gh with the correction parameter γ for dif-
ferent mesh refinement levels; corresponds to linear finite elements on symmetric
mesh for the BVP (4.3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Figure 4.7 The level dependent optimal correction parameter γh and its Richard-
son extrapolant; corresponds to linear finite elements on symmetric mesh for the
BVP (4.3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

Figure 4.8 Plot of the finite element approximation Rmh u obtained using linear finite
elements for the BVP (4.3) for the 6th mesh refinement level. . . . . . . . . . . . 26

Figure 4.9 Plot of the finite element error u−Rmh u obtained using linear finite elements
with γ = 0.0, i.e. no correction for the BVP (4.3) for the 6th mesh refinement level. 26

Figure 4.10 Plot of the finite element error u−Rmh u obtained using linear finite elements
with γ = 0.28028, i.e. with optimal correction for the BVP (4.3) for the 6th mesh
refinement level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

v



Figure 4.11 Symmetric coarse finite element meshes TH of different orders used for
solving the BVP (4.3). The interior nodes (or the free DOFs) have been denoted
by a blue circle, while those on the boundary (the constrained DOFs) have been
marked by a red square. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

Figure 5.1 The two types of fracture modes possible in case of planar deformations.
The original shape is shown in blue, while the deformed shaped is depicted in red.
The dark arrows show the loading direction. . . . . . . . . . . . . . . . . . . . . . 36

Figure 5.2 Locally symmetric mesh on a domain with a crack, depicting the regions
S1
h and S2

h in the neighbourhood of the crack tip. . . . . . . . . . . . . . . . . . . 38
Figure 5.3 The level dependent correction parameters (γ

1
, γ

2
) determined using the

condition (5.6), for different mesh refinement levels for the BVP (5.5) with linear
finite elements. The level independent optimal correction parameters

(
γ∞

1
, γ∞

2

)
have been marked by the blue dot. . . . . . . . . . . . . . . . . . . . . . . . . . 40

Figure 5.4 Plot of the finite element approximation for the displacement component u1

obtained using linear finite elements for the BVP (5.5) for the 6th mesh refinement
level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

Figure 5.5 Plot of the finite element error for the displacement component u1 ob-
tained using linear finite elements with (γ

1
, γ

2
) = (0, 0), i.e. no correction for the

BVP (5.5) for the 6th mesh refinement level. . . . . . . . . . . . . . . . . . . . . . 41
Figure 5.6 Plot of the finite element error for the displacement component u1 ob-

tained using linear finite elements with (γ1 , γ2) = (0.814096,−0.887761), i.e. with
optimal correction for the BVP (5.5) for the 6th mesh refinement level. . . . . . . 41

Figure 5.7 Plot of the finite element approximation for the displacement component u2

obtained using linear finite elements for the BVP (5.5) for the 6th mesh refinement
level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

Figure 5.8 Plot of the finite element error for the displacement component u2 ob-
tained using linear finite elements with (γ

1
, γ

2
) = (0, 0), i.e. no correction for the

BVP (5.5) for the 6th mesh refinement level. . . . . . . . . . . . . . . . . . . . . . 42
Figure 5.9 Plot of the finite element error for the displacement component u2 ob-

tained using linear finite elements with (γ1 , γ2) = (0.814096,−0.887761), i.e. with
optimal correction for the BVP (5.5) for the 6th mesh refinement level. . . . . . . 42

Figure 5.10 The level dependent correction parameters (γ1 , γ2) determined using the
condition (5.6), for different mesh refinement levels for the BVP (5.7) with linear
finite elements. The level independent optimal correction parameters

(
γ∞

1
, γ∞

2

)
obtained using extrapolation have been marked by the blue dot. . . . . . . . . . 44

Figure 5.11 Plot of the finite element approximation for the displacement component u1

obtained using linear finite elements for the BVP (5.7) for the 6th mesh refinement
level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

Figure 5.12 Plot of the finite element error for the displacement component u1 ob-
tained using linear finite elements with (γ1 , γ2) = (0, 0), i.e. no correction for the
BVP (5.7) for the 6th mesh refinement level. . . . . . . . . . . . . . . . . . . . . . 46

Figure 5.13 Plot of the finite element error for the displacement component u1 ob-
tained using linear finite elements with (γ

1
, γ

2
) = (−0.999999, 0.152822), i.e. with

optimal correction for the BVP (5.7) for the 6th mesh refinement level. . . . . . . 46
Figure 5.14 Plot of the finite element approximation for the displacement component u2

obtained using linear finite elements for the BVP (5.7) for the 6th mesh refinement
level. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

vi



Figure 5.15 Plot of the finite element error for the displacement component u2 ob-
tained using linear finite elements with (γ

1
, γ

2
) = (0, 0), i.e. no correction for the

BVP (5.7) for the 6th mesh refinement level. . . . . . . . . . . . . . . . . . . . . . 47
Figure 5.16 Plot of the finite element error for the displacement component u2 ob-

tained using linear finite elements with (γ
1
, γ

2
) = (−0.999999, 0.152822), i.e. with

optimal correction for the BVP (5.7) for the 6th mesh refinement level. . . . . . . 47

vii



viii



List of Tables

Table 4.1 Error using linear finite elements on symmetric mesh, for the BVP (4.3)
with no correction applied, i.e. γ = 0.0. . . . . . . . . . . . . . . . . . . . . . . . 27

Table 4.2 Error using linear finite elements on symmetric mesh, for the BVP (4.3)
with the optimal correction applied, i.e. γ = γ∞ = 0.28028. . . . . . . . . . . . . 27

Table 4.4 Error norms using linear finite elements on non-uniform mesh, without and
with optimal correction for the BVP (4.3) on non-uniform mesh. . . . . . . . . . 28

Table 4.5 Errors in weighted L2-norm, with optimal correction for different higher
order finite elements considered while solving the BVP (4.3) on symmetric mesh. 30

Table 4.6 Error using quadratic finite elements(p = 2) on symmetric mesh, for the
BVP (4.3) with no correction applied, i.e. γ = 0.0. . . . . . . . . . . . . . . . . . 31

Table 4.7 Error using quadratic finite elements on symmetric mesh, for the BVP (4.3)
with the optimal correction applied, i.e. γ = γ∞ = 0.08968. . . . . . . . . . . . . 31

Table 5.1 Error norms using linear finite elements on non-uniform mesh, without and
with optimal correction for the BVP (5.5) on non-uniform mesh. . . . . . . . . . 43

Table 5.2 Error norms using linear finite elements on non-uniform mesh, without and
with optimal correction for the BVP (5.7) on non-uniform mesh. . . . . . . . . . 45

ix



x



Contents

Abstract i

List of Abbreviations iii

List of Figures v

List of Tables ix

1 Introduction 1

2 Finite Elements and Corner Singularities 3
2.1 Finite Elements : Recapitulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Error Estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2.1 Error Estimates in Mean Square Sense . . . . . . . . . . . . . . . . . . . . 5
2.2.2 Error Estimates in L∞ norm . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3 Corner Singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3.1 Regularity of solution in Presence of Re-entrant Corner . . . . . . . . . . 7
2.3.2 Error Estimates in Presence of Singularities . . . . . . . . . . . . . . . . . 8

3 Energy Corrected Finite Elements 11
3.1 Mitigating the Pollution Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Introduction to ECFEM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.3 ECFEM: Working Principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.4 Determining Optimal Correction Parameter . . . . . . . . . . . . . . . . . . . . . 17

4 ECFEM for Scalar Elliptic Problems 19
4.1 A Brief on Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.2 Case of Smooth Boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3 Case of Slit Domain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.4 Extension to Higher Order Finite Elements . . . . . . . . . . . . . . . . . . . . . 29

5 ECFEM for Planar Linear Elasticity 33
5.1 Governing Equations of Planar Linear Elasticity . . . . . . . . . . . . . . . . . . 33
5.2 Linear Elastic Fracture Mechanics (LEFM) . . . . . . . . . . . . . . . . . . . . . 36
5.3 Applying ECFEM to LEFM Problems . . . . . . . . . . . . . . . . . . . . . . . . 37

5.3.1 Energy Corrected Weak Form . . . . . . . . . . . . . . . . . . . . . . . . . 37
5.3.2 Numerical Example:Mode-I Problem . . . . . . . . . . . . . . . . . . . . . 38
5.3.3 Numerical Example:Mode-II Problem . . . . . . . . . . . . . . . . . . . . 43

xi



6 Conclusion 49

A Norms: Definitions and Notations 51
A.1 Standard Sobolev Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
A.2 Weighted Sobolev Norms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

B Regularity of Singular Functions 53

C Tensor Notation 59

References 61

xii



Chapter 1

Introduction

Elliptic Partial Differential Equations (PDEs) play a vital role in modeling of several phenom-
ena of practical interest in both natural and engineering sciences. Some of the most common
examples include elasticity, (steady state) heat transfer, fluid mechanics and electrostatics. For
almost all cases of practical interest, closed form solutions to these differential equations are not
possible and numerical methods provide the only viable alternative to get approximate solutions
with the desired accuracy, depending on the method chosen. Development of fast and accurate
numerical solution techniques for different types of PDEs has been the primary goal in applied
mathematics for past several decades.

Finite Element Methods (FEMs) are undoubtedly the most common choice for solving elliptic
differential equations. In order to achieve optimal convergence rates in the error norms with finite
element discretisations, a certain minimal regularity of the true solution is required. Quite often,
there arise singularities, resulting in reduced regularity of the true solution and consequently
sub-optimal convergence rates for the finite element approximation on quasi-uniform meshes.
Some of the common causes of singularities include non-smooth domain boundary, discontinu-
ous coefficients and singular forcing functions. In this thesis, we will focus on domains with a
non-smooth boundary, in particular, polygonal domains having a re-entrant corner. Domains
with re-entrant corners, especially those with a crack are of great importance in engineering ap-
plications such as Fracture Mechanics. The topic of corner singularities has therefore garnered
a great deal of attention from applied mathematicians and engineers alike. Consequently there
have been various research publications studying how the presence of a re-entrant corner affects
the regularity of the true solution and proposing possible remedies to this problem of reduced
convergence, also referred to as the pollution effect. Perhaps one of the fundamental and early
works is that of Kondrat’ev [14], where it was shown that the solution to the Poisson problem
on a domain having a re-entrant corner with an interior angle ω, comprises of singular functions
of the form

sn = r
nπ
ω sin

(
nπθ

ω

)
in the vicinity of the re-entrant corner with (r, θ) representing the polar coordinates of a point.
This fact has been used by several researchers in developing methods to overcome the pollution
effect. Grading the mesh towards the singular point or enriching the finite element function
spaces with appropriate singular functions are amongst the most widely used solution strategies
presented in the literature (see Section 3.1 for a short review of these and other relevant methods).
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Most of these approaches suffer from the drawback that they require substantial modification of
the existing finite element code, which for instance may arise from the use of adaptive meshes
or the extension of the finite element spaces. In this work, we will examine the energy correction
technique which only involves local modification of the weak form in the vicinity of the singular
point, thereby requiring minimal code modification and computational effort. The fundamental
basis of this approach is that the finite element approximation can only be as accurate as the
approximation of the energy a (u, u).

The rest of the thesis is organized as follows: We begin by reviewing in Chapter 2, some
common a priori error estimates for the Poisson problem on domains with smooth boundaries
and analyse how these estimates change in the presence of a re-entrant corner. In Chapter 3, we
delve deep into the theoretical details of energy corrected finite elements, followed by numerical
examples describing the implementation aspects and applicability of this method to scalar elliptic
problems in Chapter 4. We then explore the possibility of extending this idea of energy correction
to planar linear elasticity problems in Chapter 5. Finally, in Chapter 6, we summarise the findings
of this thesis and discuss the way forward.
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Chapter 2

Finite Elements and Corner
Singularities

In this chapter, we first present a few important results pertaining to how the finite element
approximation to the solution of an elliptic PDE converges with subsequent mesh refinement.
Another objective here is to develop an understanding of how the presence of a re-entrant corner
affects regularity of the solution and therefore the convergence of the finite element approxima-
tion. This chapter also serves to lay down the notation and terminologies to be used in the
remainder of this thesis. As is done in this and the following chapters, we only consider problems
in 2D. Also, unless explicitly specified, we will only consider Dirichlet boundary conditions for
the Boundary Value Problems (BVPs) studied in this work.

2.1 Finite Elements : Recapitulation
In this section we describe briefly, the procedure of solving an elliptic BVP using continuous

Galerkin finite elements. For a detailed description of the procedure, including the derivation of
the weak form, we refer the reader to [13, Chapter 2]. For the sake of simplicity, we consider
steady state heat equation in two dimensions.

The strong form of the problem is stated as follows: Given κ : Ω→ R and f : Ω→ R, find
u : Ω→ R, s.t.

−∇ · (κ∇u) = f in Ω

u = g on ∂Ω.
(2.1)

As a first step towards the weak form of the BVP given in (2.1), we define appropriate func-
tional spaces:

U :=
{
u ∈ H1 (Ω) : u|∂Ω = g

}
,

V :=
{
u ∈ H1 (Ω) : u|∂Ω = 0

}
,

where H1 (Ω) is the standard Sobolev space. Here, U and V represent the trial and the test
function spaces respectively. The weak form of the above BVP reads: Given f ∈ L2 (Ω), find
u ∈ U (Ω), s.t.

a (u, v) = b (v) ∀ v ∈ V, (2.2)
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where, a (u, v) =
∫
Ω

κ∇u · ∇v dv and b (v) = (f, v) =
∫
Ω

fv dv represent the bilinear form and the

linear form respectively. It is stated without proof that for the problem (2.2), the Lax-Milgram
Theorem [13, Theorem 3.1] is satisfied and thus there exists a unique solution u to the weak form
defined above.

The next step involves replacing the functional spaces U and V by their finite dimensional
counter-parts Uh and Vh respectively. This entails partitioning the domain Ω into finite elements
K ∈ Th where Th is a conforming triangulation of Ω. The triangulation Th is characterized by
its mesh size h which is defined as

h := max
{
diam (K)

∣∣ K ∈ Th} ,
where, diam (K) := sup {|x− y| : x, y ∈ K} denotes the diameter of K. The finite dimensional
functional spaces comprise of basis functions which are piecewise continuous polynomials. The
functional spaces Uh and Vh can thus be defined as

Uh := {u ∈ U : u|K = Pp (K) ∀ K ∈ Th} ,
Vh := {v ∈ V : v|K = Pp (K) ∀ K ∈ Th} ,

where, Pp (K) represents the space of polynomials of order p defined on the element K. Thus,
the finite dimensional weak form for the problem (2.2) is given as: Find uh ∈ Uh s.t.

a
(
uh, vh

)
= b

(
vh
)
∀ vh ∈ Vh, (2.3)

where, uh is the finite element approximation to the analytical solution u. The finite dimensional
weak form of (2.3) leads to a System of Linear Equations (SLE) of the form

AUh = F,

which can be solved to find Uh, the nodal finite element solution vector. Here, A represents the
finite element stiffness matrix and F is the load vector.

2.2 Error Estimates

Having seen how an elliptic BVP can be discretized using finite elements, an extremely im-
portant question to be answered is how well the subspace Uh approximates the full admissible
space U . This can be estimated by the finite element error u− uh which is usually measured in
terms of suitable Sobolev norms.

The weak form of (2.2) can be alternatively written in its minimization form: Find

u = arg min
v ∈U

I (v) ,

where, I (v) = a (v, v)− 2 (f, v) represents the energy functional and the term a (u, u) represents
energy of the function u. Consequently, the term a

(
u− uh, u− uh

)
is referred to as the energy

of the error.
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The finite element solution uh is the one which minimizes the energy of the error or in other
words the error in the energy norm. This can be shown as follows. Inserting vh in (2.2) and
subtracting (2.3) from it yields the Galerkin Orthogonality condition:

a
(
u− uh, vh

)
= 0 ∀ vh ∈ Vh, (2.4)

which means that the error is orthogonal to the space Vh. This also leads us to another important
fact: The energy of the error equals the error in the energy. This can be shown by inserting the
above orthogonality condition in the definition of the energy of the error term, i.e.

a
(
u− uh, u− uh

)
= a

(
u− uh, u

)
−
��

���
��:0

a
(
u− uh, uh

)
= a (u, u)− a

(
uh, u

)
= a (u, u)− a

(
u, uh

)
, yielding,

a
(
u− uh, u− uh

)
= a (u, u)− a

(
uh, uh

)
which is the required result. Next, we consider the following term for some xh ∈ Vh:

a
(
u− uh − xh, u− uh − xh

)
= a

(
u− uh − xh, u− uh

)
− a

(
u− uh − xh, xh

)
= a

(
u− uh, u− uh

)
− a

(
xh, u− uh

)
− a

(
u− uh, xh

)
+ a

(
xh, xh

)
= a

(
u− uh, u− uh

)
− 2a

(
u− uh, xh

)
+ a

(
xh, xh

)
= a

(
u− uh, u− uh

)
− 2
���

���
�:0

a
(
u− uh, xh

)
+ a

(
xh, xh

)
= a

(
u− uh, u− uh

)
+ a

(
xh, xh

)
=⇒ a

(
u− uh, u− uh

)
≤ a

(
u− uh − xh, u− uh − xh

)
where, equality occurs only if xh = 0. This could be alternatively stated in terms of the energy
norm:

‖u− uh‖E ≤ min
v∈Vh
‖u− v‖E (2.5)

where, ‖·‖E represents the energy norm (see Appendix A.1 for details on definition and notation
of norms). Thus, the finite element solution is optimal in sense of the energy norm. It is
noteworthy that the conditions (2.3), (2.4) and (2.5) are equivalent.

Another important point to note here is that, in case of domains with smooth boundary, the
so called shift theorem [9] holds. For second order elliptic BVPs, this means that the order of
the Sobolev space is shifted from k to k+ 2 by the inverse of considered differential operator, i.e
if f ∈ Hk (Ω), then u ∈ Hk+2 (Ω). Thus, the solution u depends continuously on the right hand
side f .

2.2.1 Error Estimates in Mean Square Sense
As shown above, the finite element solution process basically involves minimizing the difference

between the derivatives of the solution and its finite element approximation in a mean squared
sense. Hence, the use of error estimates in Sobolev norms is quite common. For an elliptic BVP
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of order 2m, assuming the domain boundary and the coefficient κ is smooth and that the bilinear
form satisfies the V-ellipticity condition, the finite element approximation uh differs from the
true solution u by [25, Theorem 3.7]:

‖u− uh‖s ≤ Chp+1−s ‖u‖p+1 if s ≥ 2m− (p+ 1),

‖u− uh‖s ≤ Ch2(p+1−m) ‖u‖p+1 if s ≤ 2m− (p+ 1),
(2.6)

where, ‖·‖s represents some Sobolev norm (see Appendix A.1 for notation and definitions).
Considering the particular case of second order elliptic BVPs i.e., inserting m = 1 in (2.6) we
obtain

‖u− uh‖s ≤ Chp+1−s ‖u‖p+1 if s ≥ 1− p,

‖u− uh‖s ≤ Ch2p ‖u‖p+1 if s ≤ 1− p.
More specifically, inserting s = 0 in the above equations, we obtain the error estimate in the
L2-norm:

‖u− uh‖0 ≤ Chp+1‖u‖p+1. (2.7)

In similar fashion, inserting s = 1 yields the estimate in the H1-norm:

‖u− uh‖1 ≤ Chp‖u‖p+1. (2.8)

A noteworthy point here is that for the above error estimates to hold, the condition u ∈ Hp+1

must be satisfied, which eventually happens once the smoothness requirements mentioned above
are fulfilled.

2.2.2 Error Estimates in L∞ norm
The error estimates in the L∞-norm for irregular meshes on domains with smooth boundaries
are given as [24, Theorem 1]:

‖u− uh‖L∞ ≤ C
{

h2|log h| if p = 1

hp+1 if p > 1

}
|u|p+1
∞ (2.9)

where, C is a constant independent of the mesh size h.

Numerical examples demonstrating the validity of these error estimates will be presented in
Section 4.2. These error estimates are of critical importance in understanding the how exactly
the presence of singularities deteriorates the convergence rates obtained with quasi-uniform finite
element meshes.

2.3 Corner Singularities
Presence of sufficient regularity is a requisite for achieving optimal convergence rates as men-

tioned in the previous section. The regularity of solution u to elliptic BVPs such as the one given
in (2.2) is governed by smoothness of the domain boundary ∂Ω, the right hand side function f
and the coefficient κ. Non-fulfillment of any of these smoothness requirements results in appear-
ance of singularities in the solution, whereby the solution could have unbounded derivatives (or
may even be itself unbounded) in the neighbourhood of certain points in Ω. These situations
are commonly observed in many practical applications. Such singular behaviour could emerge
because of the following reasons:
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• non-smooth domain boundary: re-entrant corners,

• discontinuous coefficients,

• forcing terms with singularities, e.g. point loads,

• boundary conditions involving singular functions.

In this work, we will focus only on the singularities caused by non-smooth domain boundaries,
in particular, re-entrant corners. Figure 2.1 depicts a domain with a re-entrant corner having an
interior angle ω formed by the two straight edges Γ1 and Γ2. The co-ordinate system has been
setup such that the re-entrant corner is located at the origin and one of the edges forming the
re-entrant corner , i.e. Γ1 coincides with the positive x-axis.

x

y

Ω

r =
a

r =
b

θ = 0

θ
=
ω

r
θ

P

Γ1

Γ2

Ωs

Figure 2.1: A two-dimensional domain with a re-entrant corner located at the origin, having an
interior angle ω with π < ω ≤ 2π.

2.3.1 Regularity of solution in Presence of Re-entrant Corner

It was first shown by Kondrat’ev [14] and then by several other authors (see for e.g. [4] or [6])
that, for a domain with a re-entrant corner (see Figure 2.1), the true solution can be split into a
singular components and a smooth remainder, provided some additional regularity condition is
assumed on the right hand side f . Let f ∈ H0

β with some β < 0, then the solution u to the BVP
given in (2.2), admits an expansion of the form

u (r, θ) =
∑

0<n<N

kn sn + U, (2.10)

where the singular functions sn and the singular terms s̃n are given as

sn (r, θ) = τ (r) s̃n (r, θ)
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s̃n (r, θ) = rνn sin (νn θ) ; νn =
nπ

ω
,

with a smooth cutoff function τ having the property

τ(r) =

{
1 for 0 ≤ r ≤ a
0 for b ≤ r , 0 < a < b.

Here, U represents the smooth component of the solution while the coefficients kn are referred
to as the stress intensity factors.

A note on the assumed regularity of f is in order. It is noteworthy that unlike (2.2), where we
required f ∈ H0, here we need the right hand side to be a bit more regular in the vicinity of the
singular point. The reasoning behind this is that we wish to avoid additional singularities which
could have been caused if f for e.g. was unbounded at the re-entrant corner (which is possible
for L∞ functions). It appears that the sufficient regularity requirement to fulfill this condition
is : Let β < 0, then

‖rβ f‖L2(Ω) <∞,

which can be alternatively described by using weighted Sobolev spaces denoted by Hm
β (Ω). For

further details on the definition of these spaces, see Appendix A.2.

Remark 2.1. Our review of the arguments presented in [6] reveals that there could be a possible
typing error in their Lemma 2.1 where it is mentioned that β < 1. On the other hand, our
arguments from above require β < 0.

The regularity of the solution u is dominated by that of the constituent singular functions,
in particular the first singular function s1, because it comprises of singular terms of the from
rν with 0 < ν < 1. The strength of the singularity increases with increase in interior angle.
For the case of domain with a slit, i.e. ω = 2π, it can be easily verified that s1 ∈ H1 (Ωs) but
s1 /∈ H2 (Ωs). It can further shown that [25, Chapter 8],

s1 ∈ Hσ (Ω) ; σ = 1 + ν − ε,

for some ε > 0. Here, Ωs =
{

(r, θ)
∣∣0 < r < a, 0 < θ < ω

}
is a region in the neighborhood

of the re-entrant corner where the singular effect is pre-dominant. Presence of these singular
components ultimately results in reduced regularity of the solution u, i.e. u ∈ Hσ (Ω), irrespective
of the smoothness of the right hand side f . The shift theorem mentioned above does not hold
any more due to the presence of the re-entrant corner.

Remark In line with the notation employed in the literature, we shall use polar coordinate
system for the purpose of analyzing the singular parts of the solution .

2.3.2 Error Estimates in Presence of Singularities

The error estimates mentioned in the previous section are no longer valid because of the reduced
regularity of the solution u resulting from the presence of re-entrant corner as explained above.
This necessitates the need for modified error estimates accounting for the reduced regularity of
the solution.
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Error Estimates in L2-Norm

For an elliptic PDE of order 2m on a domain with re-entrant corner, the following error estimate
holds in the L2 norm [25, Section 8.3]:

‖u− uh‖0 ≤ C
[
hr+σ−2m + h2(p+1−m)

]
‖u‖r ; r = min {p+ 1, σ} . (2.11)

As has been already shown above, σ < 2 for the dominant singular component s1. For a second
order BVP (m = 1), this yields,

‖u− uh‖0 ≤ C
[
h2(σ−1) + h2p

]
‖u‖σ .

Neglecting the higher order term, we obtain

‖u− uh‖0 ≤ Ch
2π
ω −ε ‖u‖σ, (2.12)

which is the error estimate describing the reduced convergence rates occurring due to presence of
re-entrant corners. Comparing the estimate in (2.12) with that in (2.7), we find that deterioration
of the convergence rate happens irrespective of the order of polynomial basis functions employed
for finite element discretization.

Error Estimates in H1-Norm

It is clear from the above analysis that s1 dominates the regularity of the true solution u.
Employing the result of [4, Theorem 3.1], we obtain

‖u− uh‖1 ≤ Ch
π
ω−ε ‖u‖σ, (2.13)

which seems to be in accordance with the usual relationship amongst the error estimates in the
L2 and H1-norms. We get a convergence rate of the form hα in the H1-norm and that of the
form h(α+α) for the L2-norm.

Error Estimates in L∞-Norm

Error estimates in the L∞ norm for Poisson’s equation on domain with multiple re-entrant corners
have been presented in [23]. The results for non uniform meshes read

‖u− uh‖L∞(Ω) ≤ Chmin(p+1,βM )−ε,

‖u− uh‖L∞(Ωs) ≤ Chmin(p+1,β,2βM )−ε,

‖u− uh‖L∞(Ω\Ωs) ≤ Chmin(p+1,2βM )−ε,

where, β = π
ω and βM = max β considered over all the re-entrant corners. Considering the case

of a single re-entrant corner, the we obtain the following error estimates,

‖u− uh‖L∞(Ω) ≤ Ch
π
ω−ε,

‖u− uh‖L∞(Ωs) ≤ Ch
π
ω−ε,

‖u− uh‖L∞(Ω\Ωs) ≤ Ch
2π
ω −ε .

(2.14)

A significant implication of (2.14) is that the degradation of the convergence rate happens,
although to a relatively smaller extent, even in the region away from the re-entrant corner.
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Remark In all of the above mentioned error estimates, C is a constant independent of the
mesh size h.

This phenomenon of reduced convergence rates with quasi-uniform finite element meshes is
referred to as the pollution effect. A noteworthy point here is that, despite of the singularity
being local in nature (as depicted by (2.10)), the deterioration in the convergence rate is global
in case of all of the error estimates presented above.
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Chapter 3

Energy Corrected Finite Elements

This chapter is dedicated to a comprehensive study of energy corrected finite elements, a
computationally efficient technique for mitigating the pollution effect. We introduce the energy
correction technique and examine the theoretical aspects of its functioning.

3.1 Mitigating the Pollution Effect

In the previous chapter, we saw, how the presence of a re-entrant corner can lead to reduced
convergence rates with quasi-uniform finite elements, the so called pollution effect. Here, we have
a look at some of the approaches presented in the literature for mitigating the pollution effect. A
commonly used strategy comprises of graded refinement of the finite element mesh with higher
mesh resolution towards the re-entrant corner [1]. A variation of this strategy is the hp−FEM [2],
where not just reduced mesh sizes, but also higher order polynomials for the finite element basis
functions are employed, in order to have more degrees of freedom (DOFs) near the singular
point. Another approach consists of enriching the finite element spaces by appropriate singular
functions defined in (2.10), also called as the Singular Function Method (SFM), so as to capture
the singular behaviour accurately [25, Section 8.4]. In [4], the Dual Singular Function Method
(DSFM), another technique based on similar ideas is presented and compared with the SFM.
Yet another remedy for the pollution effect is proposed in [5], where an extrapolation procedure
comprising of linear combination of finite element solutions on different refinement levels have
been employed. A detailed survey on various other techniques for tackling the pollution effect
can be found in [17].

Some of the methods mentioned above offer the flexibility of handling different kind of singular-
ities. However, they typically suffer from substantial implementation overheads or modifications
to be made to the existing finite element code. The use of locally adapted unstructured meshes
in case of graded mesh refinement; extension of the finite element spaces or use of nonstandard
quadrature rules for accurate integration of singular functions, lead to nontrivial, global modifi-
cations in the stiffness matrix. This inevitably affects the performance of linear solvers employed
for solving the resulting SLE. The energy correction technique, which is being considered in
this work only entails local modifications in the vicinity of the re-entrant corner thereby leaving
the approximation spaces and the sparsity pattern of the stiffness matrix unaltered. This local
nature of modifications permits easy integration into existing finite element codes.
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The idea of performing local modifications on the discrete problem to attenuate the pollution
effect was first introduced by Zenger & Gietl [27] in the context of finite differences. This was later
extended to finite element discretizations [19, 20]. A complete convergence analysis in weighted
Sobolev norms, of this approach, hereafter referred to as the Energy Corrected Finite Element
Method (ECFEM), has been presented in [6]. Generalization of this technique to the Stokes
systems was carried out in [12]. In what follows, we follow the presentation of [6] to explain
the working of ECFEM and summarize the mathematical theory behind it without going deep
into the proofs. Particular attention has been paid to the aspects which are critical to successful
practical implementation of the technique.

3.2 Introduction to ECFEM
In order to explain the idea, we consider Poisson’s equation with homogeneous Dirichlet bound-

ary conditions as the model problem. The strong form of the problem reads: Given f : Ω→ R,
find u : Ω→ R, s.t.

−∆u = f in Ω,

u = 0 on ∂Ω,
(3.1)

where, Ω ⊂ R2 is a bounded polygonal domain containing a single re-entrant corner with an
interior angle π < ω ≤ 2π. The origin is assumed to be located at the re-entrant corner and one
edge of the boundary touching the re-entrant corner lies along the positive x-axis (see Figure 3.1a
for details). Following the steps enumerated in Section 2.1, we restate the procedure for solving
this model problem, describing the modifications entailed by the energy correction technique.

The weak form for the BVP given in (3.1) reads as follows: Given f ∈ H0
β (Ω) for some β < 0,

find u ∈ H1
0 (Ω), s.t.

a (u, v) = b (v) ∀ v ∈ H1
0 (Ω) , (3.2)

where, a (u, v) =
∫
Ω

κ∇u · ∇v dv and b (v) = (f, v) =
∫
Ω

fv dv represent the bilinear form and the

linear form respectively.

As usual, the next step involves setting up the finite dimensional weak form. By

Vh :=
{
v ∈ H1

0 (Ω) : v|K = P1 (K) ∀ K ∈ Th
}
,

we denote the standard finite element space of continuous piecewise linear functions. The symbols
have their meanings as defined in Section 2.1. Now comes the point of digression from the
standard procedure. In ECFEM, a modified finite dimensional weak form, also referred to as
the energy corrected weak form is considered. The energy corrected weak form reads: Find
Rmh u ∈ Vh, s.t.

ah
(
Rmh u, v

h
)

= b
(
vh
)
∀ vh ∈ Vh, (3.3)

where, Rm (γ) =: Rmh : H1 (Ω) 7→ Vh represents the Ritz projector of the modified Galerkin
approximation to the analytical solution u. The linear form remains unaltered, i.e. b(v) =∫
Ω

f v dΩ and a (u, v) =
∫
Ω

∇u · ∇v dΩ as usual. The mesh dependent bilinear form ah(u, v) is

given as

ah (u, v) = a (u, v)− ch (u, v) ,

12



with, the correction term

ch (u, v) = γ dh (u, v) = γ

∫
Sh

∇u · ∇v dΩ. (3.4)

The constant γ is referred to as the correction parameter and the region

Sh := {K ∈ Th : O ∈ ∂K}

represents one element neighbourhood of the singular point, i.e. the layer of elements having the
re-entrant corner O as one of the vertices (see Figure 3.1b).

θ = 0

θ
=
ω

ω
2

ω
2

O A

B

x

y

(a) A polygonal domain in two-dimensions.

θ = 0
θ
=
ω

O A

B

Sh

(b) Symmetric mesh about the angle bisector, form-
ing the region Sh.

Figure 3.1: Two-dimensional polygonal domain with a re-entrant corner having an interior angle
∠AOB = ω with π < ω ≤ 2π. The dashed line represents the angle bisector of the interior angle.

Let us have a closer look at the energy corrected weak form, so as to understand what exactly
changes at the implementation level. We have,

ah
(
Rmh u, v

h
)

= a
(
Rmh u, v

h
)
− γ dh

(
Rmh u, v

h
)

=

∫
Ω

∇Rmh u · ∇vh dΩ − γ

∫
Sh

∇Rmh u · ∇vh dΩ,

i.e. ah
(
Rmh u, v

h
)

=

∫
Ω\Sh

∇Rmh u · ∇vh dΩ + (1− γ)

∫
Sh

∇Rmh u · ∇vh dΩ,

13



which means that this local modification only requires the stiffness values corresponding to the
elements K ∈ Sh, to be scaled by a factor of 1− γ. How can this local modification can lead us
to optimal convergence rates? How do we get the optimal correction parameter? The following
sections are dedicated to answering these questions.

3.3 ECFEM: Working Principle
The basic working principle behind this technique is that, sufficiently accurate approximation

of the energy is not only necessary, but also sufficient for attaining low errors in the weighted
L2-norms. In order to achieve this, we consider a modified bilinear form or the modified energy
term ah(·, ·) with a suitable correction as defined above.

Symmetry Requirement In order for the technique to work, there is a symmetry requirement
on the finite element mesh Th which is to be fulfilled when 3π

2 < ω < 2π [6, Section 2.2]. It is
required that the mesh is locally symmetric about the angle bisector of the interior angle (see
Figure 3.1b). This is essential to ensure that combinations of the form (s1, s2) and (s2, s1) cancel
out as will be explained later. It must be noted that not only the elements in Sh, but also
sufficient layers of elements in the vicinity of the singular point should depict this symmetry. In
case, the mesh Th is obtained through a systematic uniform refinement of a coarse mesh TH ,
symmetry of only the elements in Sh would be sufficient as this would lead to layers of elements
with the necessary symmetry.

It is further assumed that the modification satisfies the following conditions:

(C1) ah (u, u) > C ‖u‖21 for all u ∈ H1
0 (Ω),

(C2) ch (u, v) < C ‖∇u‖0,Sh ‖∇v‖0,Sh for all u, v ∈ H1
0 (Ω),

(C3) ch (u, v) = ch (v, u) for all u, v ∈ H1
0 (Ω).

Now, we present the theorem (based on [6, Theorem 2.2]) stating the necessity of an accurate
energy computation for achieving optimal convergence rates.

Theorem 3.1 (Necessary Condition). If f ∈ H0
−α for some α > 0 and the modified Galerkin

approximation satisfies

‖u−Rmh u‖0,α = O
(
h2
)
,

Then, it must hold that,

|a (u, u)− ah (Rmh u,R
m
h u)| = O

(
h2
)
.

Proof. According to the arguements given previously, there exist unique solutions u,Rmh u to
the continuous and the discrete problems in the space H1

0 (Ω). Applying the definition of the
modified Galerkin approximation yields,

|a (u, u)− ah (Rmh u,R
m
h u)| = |(f, u)− (f,Rmh u)|

= |r−αf rα (u−Rmh u)|
≤ ‖r−αf‖0 ‖rα (u−Rmh u)‖0 = ‖f‖0,−α ‖(u−Rmh u)‖0,α,

which proves the assertion of this theorem.
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The above theorem also implies that the pollution effect persists in the weighted L2-norms as
well, i.e. the mere usage of these weighted Sobolev norms does not help in achieving convergence
rates with optimal order. This can be shown by utilizing the result of the above theorem and
employing the fact that without the local correction, i.e. putting ch(·, ·) = 0, we have ah(·, ·) =
a(·, ·), which means,

‖(u−Rmh u)‖0,α ≥ |a (u, u)− a (Rmh u,R
m
h u)|.

Now, utilizing the fact that, the energy of the error equals the error in energy for the original
Galerkin approximation yields,

‖(u−Rmh u)‖0,α ≥ |a (u−Rmh u, u−Rmh u)| = ‖∇ (u−Rmh u)‖20.

Further, inserting the results of [4, Theorem 3.1], i.e. ‖∇ (u−Rmh u)‖0 ≥ Ch
π
ω gives the following

desired result

‖(u−Rmh u)‖0,α ≥ ‖∇ (u−Rmh u)‖20 ≥ Ch
2π
ω .

Thus, we see that the conventional Galerkin approximation is sub-optimal even if the errors
are measured in the weighted norms. It is noteworthy that the above result is independent of the
behaviour of f near the re-entrant corner and thus the pollution effect is a global phenomenon.

The modified Galerkin approximation also satisfies an orthogonality condition, provided the
assumptions (C1) and (C2) hold. Inserting v = vh in (3.2) and subtracting from (3.3) results in

a
(
u−Rmh u, vh

)
+ ch

(
Rmh u, v

h
)

= 0 ∀ vh ∈ Vh, (3.5)

which is the modified Galerking orthogonality condition. Further, if (C3) is satisfied, the mini-
mization property analogous to (2.5) is valid, i.e.

a (u−Rmh u, u−Rmh u)− ch (Rmh u,R
m
h u) ≤ a

(
u− vh, u− vh

)
− ch

(
vh, vh

)
∀ vh ∈ Vh. (3.6)

Alike the standard Galerkin case, the conditions (3.3), (3.5) and (3.6) are equivalent.

The next important step is to show that the modified Galerkin approximation is sufficient to
eliminate the pollution effect in the weighted L2-norm, i.e. using a suitable energy correction
ch(·, ·), we can achieve optimal convergence rate even with quasi-linear finite elements. This is
stated in the following theorem.

Theorem 3.2 (Sufficient Condition). Let f ∈ H0
−α (Ω) for some 1− π/ω < α < 1, and assume

that (C1)-(C3) hold and also the symmetry requirement is met if 3π
2 < ω < 2π. Additionally, If

the modification satisfies

a (s1 −Rmh s1, s1 −Rmh s1)− ch (Rmh s1, R
m
h s1) = O

(
h2
)
, (3.7)

then, optimal order convergence in weighted norms is obtained, i.e.

‖∇ (u−Rmh u)‖0,α ≤ C h ‖f‖0,−α and ‖u−Rmh u‖0,α ≤ C h2 ‖f‖0,−α.
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For the detailed proof of this theorem, we refer the reader to [6]. Here, we try to summarize
the ideas and steps involved in the proof. We begin by considering an auxiliary problem based
on Nitsche’s duality arguement [25, Section 1.6]: Find z, s.t.

−∆z = r2α (u−Rmh u) in Ω,

z = 0 on ∂Ω,

so that the corresponding weak form reads: Find z, s.t.

a
(
z, vh

)
=
(
r2α (u−Rmh u) , vh

)
∀ vh ∈ Vh, (3.8)

and by Rmh z ∈ Vh, we denote the modified Galerkin approximation to z. Inserting u − Rmh u in
place of vh in (3.8) yields

a (z, u−Rmh u) =
(
r2α (u−Rmh u) , u−Rmh u

)
= ‖u−Rmh u‖20,α.

Also, using the modified Galerkin orthogonality of (3.5), we obtain

a (u−Rmh u, z) = a (u−Rmh u, z)− [a (u−Rmh u,Rmh z) + ch (Rmh u,R
m
h z)]

= a (u−Rmh u, z −Rmh z)− ch (Rmh u,R
m
h z) ,

which on combining with the above relation yields

‖u−Rmh u‖20,α = a (z, u−Rmh u) = a (u−Rmh u, z −Rmh z)− ch (Rmh u,R
m
h z) . (3.9)

The next task is to decide how many singular functions si should be considered. It can be eas-
ily shown that the first singular function s1 /∈ H2 (Ω) for all permissible values of the interior
angle. Higher order singular functions sk for k ≥ 2 posses regularity at least better than H2 (Ω)
and therefore require no treatment (See Appendix B for detailed calculations). However, the
combinations of the form (s1, s2) could contribute to the singular nature and thus need atten-
tion. Using (2.10) with β = −α, the solutions u, z to the primary and the auxiliary problems
respectively, can be expanded as

u =

2∑
i=1

λi si + U and z =

2∑
j=1

µj sj + Z,

where, U,Z ∈ H2
−α represent the smooth remainder part of the solution. Inserting these expan-

sions in (3.9) and considering above arguements about number of singular functions, we arrive
at

‖u−Rmh u‖20,α = λ1 µ1 [a (s1 −Rmh s1, s1 −Rmh s1)− ch (Rmh s1, R
m
h s1)]

+ λ1 µ2 [a (s1 −Rmh s1, s2 −Rmh s2)− ch (Rmh s1, R
m
h s2)]

+ λ2 µ1 [a (s2 −Rmh s2, s1 −Rmh s1)− ch (Rmh s2, R
m
h s1)]

+ µ1 [a (U −Rmh U, s1 −Rmh s1)− ch (Rmh U,R
m
h s1)]

+ λ1 [a (s1 −Rmh s1, Z −Rmh Z)− ch (Rmh s1, R
m
h Z)]

+ a (U −Rmh U,Z −Rmh Z)− ch (Rmh U,R
m
h Z) .

Now, it remains to show that each of these terms on the right hand side can be bounded from
the above by C h2 ‖u − Rmh u‖0,α, thereby giving the desired result even when combinations of
the form a (s1 −Rmh s1, s2 −Rmh s2) are considered. This can be simplified by assuming that the
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symmetry condition holds, so that the cross terms cancel out. Moreover, the condition (3.7) can
be generalized to

a (u−Rmh u, u−Rmh u)− ch (Rmh u,R
m
h u) = O

(
h2
)
,

which upon utilization of (3.5) and some algebraic manipulation can be simplified as

a (u−Rmh u, u−Rmh u)− ch (Rmh u,R
m
h u) = a (u−Rmh u, u)− [a (u−Rmh u,Rmh u) + ch (Rmh u,R

m
h u)]

= a (u, u)− a (Rmh u, u)

= a (u, u)− [a (Rmh u,R
m
h u)− ch (Rmh u,R

m
h u)]

= a (u, u)− ah (Rmh u,R
m
h u) ,

resulting in the estimate

a (u, u)− ah (Rmh u,R
m
h u) = O

(
h2
)

for the energy defect.

It is noteworthy that the above theorems describing the necessity and sufficiency of the local
modification given in (3.3), are valid for any correction ch(·, ·) satisfying the conditions (C1)-
(C3) and the symmetry requirement. It can be shown that the correction defined by (3.4), with
0 ≤ γ ≤ 1

2 fulfills all these requirements.

Remark 3.3. In accordance with Remark 2.1, we use the condition α > 0 for Theorem 3.1.

3.4 Determining Optimal Correction Parameter
The ECFEM essentially intends to minimise the energy defect functional

gh (γh) := a (u, u)− ah (Rmh u,R
m
h u)

= a (u, u)− ah (Rmh u,R
m
h u) + γh dh (Rmh u,R

m
h u) ,

(3.10)

in order to achieve optimal convergence rates in the weighted norms. The level dependent
correction parameter γh which serves this purpose can be thus determined as the root of the
nonlinear equation

gh (γ) = 0.

It can be further shown that these level dependent correction parameters converge to

γ∞ = γh + c h2− 2π
ω , (3.11)

which is a level independent value of the correction parameter and gives reasonably good results
for all mesh levels [6]. A numerical procedure based on Richardson’s extrapolation, which can be
used to determine the value of γ∞, will be described in the next chapter.

Computation of the energy defect in its current formulation involves calculation of the ana-
lytical energy a (u, u), which is only feasible for very simple domains. A work around to this
problem is to consider the following definition of the energy defect

gh (γh) = a (u−Rmh u, u−Rmh u)− γh ch (Rmh u,R
m
h u) , (3.12)
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which, as shown in the previous section is equivalent to the one in (3.10). However, as determined
from experience with numerical experiments, this method suffers from loss of accuracy due to
the numerical errors creeping in from the computation of the finite element error terms having
singular behaviour. Moreover, both of the above mentioned approaches require prior knowledge
of the true solution, which hinders the practical applicability of this technique. In order to
circumvent this problem, an alternative definition of the energy defect as given in [3] will be
considered in this work. This approach is based on the idea that sufficiently accurate computation
of the energy ah(·, ·) and consequently the finite element solution Rmh u can be realized when the
difference in the energies for two consecutive mesh refinement levels vanishes. The two-level
energy defect functional is defined as

gTLh (γh) := ah (Rmh u,R
m
h u)− a2h (Rm2hu,R

m
2hu) (3.13)

where a2h(·, ·) is the energy computed at the coarser mesh level. Thus, determination of the
energy defect involves solving two finite element problems with mesh sizes h and 2h leading
to approximate solutions Rmh u and Rm2hu respectively. The energy for each problem is then
computed through numerical integration, thereby giving the value of the energy defect. A suitable
nonlinear equation solving technique, such as bisection method, can then be applied to determine
the optimal correction parameter for the mesh size h. Another possibility for determining the
optimal correction parameter by nested-Newton type approach has been explored in [21].

A noteworthy feature of the energy correction technique is that the value of the correction
parameter computed on a given mesh for a given type of PDE, say Poisson’s equation or elasticity
equation can be used for another problem (of the same type and on the same mesh), say different
right hand side or boundary conditions. For example, the value of γ computed for the problem
in (4.3) will also result in optimal convergence rates for non-zero, but sufficiently smooth right
hand side.
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Chapter 4

ECFEM for Scalar Elliptic
Problems

In this chapter, we present some numerical examples to demonstrate the working of ECFEM
in context of scalar problems.

4.1 A Brief on Implementation

In order to carry out the numerical tests presented in this chapter and also in Section 5.3,
a MATLAB code based on [8] has been developed. This code is capable of solving Poisson’s
equation as well as the elasticity equation on arbitrary two-dimensional domains using continuous
Galerkin finite elements. The only element type supported is Lagrange triangles. The code has
provisions to allow the use of general p-order polynomials for finite element basis functions.
Currently, Gaussian quadrature rules with degree of precision up to 20 are supported, thereby
restricting the degree of polynomials to p = 11 for the elliptic problems considered in this
work. The MATLAB backslash operator is used to solve the SLE arising from the finite element
discretisation.

Since, we will primarily focus on computation of the finite element error, considered in different
aforementioned norms, a note on the methodology adopted for computing these error norms is
in order. The mean square type error norms have been computed through numerical integration
of the error integral using quadrature rules of sufficient accuracy. For the computation of the
max error norm, a simplified approach has been adopted in order to avoid the complexities which
would arise otherwise. The finite element error in the max norm is computed as max norm of
the vector obtained as the difference between the finite element nodal solution vector Uh and the
vector U comprising of the true solution computed at the corresponding nodes, i.e.

‖u− uh‖L2(Ω) ≈ |U − Uh|∞

where, |V |∞ represents the max norm of V ∈ Rn.

In order to the study the rates of convergence, we solve the considered BVPs on a family of
meshes {Th}h≤H obtained by a systematic uniform refinement of a coarse mesh TH . During
the refinement process, each edge of the triangle is divided at its midpoint, thereby resulting in
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formation of four new triangular elements. The coarse mesh is constructed in such a way that it
results in the least possible number of DOFs (see for e.g. Figure 4.1a). For presenting the results
of the convergence studies, we will use the notion of the mesh refinement level l. Assuming, the
level l = 1 corresponds to the coarsest mesh considered in the study, the mesh size for the finite
element mesh at level l is

h =
H

2l−1
,

where, H denotes mesh size for the level l = 1 or the coarsest mesh considered.

The error estimates presented in Section 2.2 and Section 2.3.2 imply that the finite element
error in any of the three norms considered, varies with the mesh size h as

‖u− uh‖ = O (hα)

where, α is the order of convergence. The estimated order of convergence (eoc) or the numeri-
cally determined order of convergence, can be computed by considering the error norms for two
consecutive mesh refinement levels, having mesh sizes 2h and h respectively. The eoc is then
determined by

‖u− uh‖
‖u− u2h‖ =

hα

(2h)
α =

1

2α
,

resulting in

α =
log
(
‖u−uh‖
‖u−u2h‖

)
log
(

1
2

) (4.1)

which is the expression for the eoc.

(a) Uniform mesh TH with H = 0.5. (b) Non-uniform mesh TH with H = 1.0.

Figure 4.1: Different types of coarse linear finite element meshes used for solving the BVP (4.2).
The interior nodes (or the free DOFs) have been denoted by a blue circle, while those on the
boundary (the constrained DOFs) have been marked by a red square.
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4.2 Case of Smooth Boundary
We begin by considering the example of a domain with smooth boundary, so as to exemplify

the validity of the error estimates presented in Section 2.2. This example also serves to setup
certain methodologies to be employed later on in the singular cases. We consider the following
BVP: Find u : Ω→ R, s.t.

−∆u = f in Ω,

u = g on ∂Ω,
(4.2)

where, Ω is a square domain, centered about the origin, i.e. Ω = (−1, 1)
2. The right hand side

function f has been chosen such that the exact solution is given by

u = cos
π x

2
cos

π y

2
.

We solve this problem on two different kinds of meshes, once on a uniformly sized mesh (see
Figure 4.1a) and also on a non-uniformly sized mesh(see Figure 4.1b).

The manner in which the finite element error reduces with increasing mesh refinement levels for
both the initial mesh types considered (see Figures 4.3a − 4.3f), seems to be in good agreement
with the error estimates of (2.7), (2.8) and (2.9). Such a behaviour is expected considering the
smoothness of the true solution u and hence it’s finite element approximation. As is depicted in
Figure 4.2, the solution is quite smooth, in-fact u ∈ C∞ for this particular problem. Consequently
the requirement u ∈ Hp+1 is fulfilled for all the considered values of p, thereby resulting in
optimal convergence rates. However, a slight deviation is observed for p = 4 in L2-norm (cf.
Figure 4.3a) and L∞-norm (cf. Figure 4.3e). This can be attributed to the fact that in these
cases, the error is already smaller than 10−10 and working with such small values could lead to
numerical errors. Another observation is that, when using linear finite elements, the graph for
‖u−uh‖L∞ is not exactly quadratic, especially for the non-uniform mesh. This is due to the fact
that the expected behaviour when using linear finite elements is O

(
h2 log h

)
, which approaches

the quadratic behaviour as h decreases with subsequent mesh refinement.
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Figure 4.2: The finite element solution uh for the BVP (4.2) computed using linear finite elements
on a uniform mesh with mesh size h = 0.03125, corresponding to the 5th mesh refinement level.
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(a) Error in L2-norm for uniform mesh.
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(b) Error in L2-norm for non-uniform mesh.
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(c) Error in H1-norm for uniform Mesh.
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(d) Error in H1-norm for non-uniform mesh.
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(e) Error in L∞-norm.
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(f) Error in L∞-norm for non-uniform mesh.

Figure 4.3: Variation of the finite element error u − uh in different norms, with the mesh re-
finement level l for the BVP (4.2) on the two types of finite element meshes considered. The
error norms have been plotted for different polynomial orders used for the finite element basis
functions.
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4.3 Case of Slit Domain
In order to explain the working of ECFEM in context of scalar elliptic BVPs, we consider the
case of a domain with slit, corresponding to an interior angle ω = 2π in Figure 3.1, leading to:
Ω = (−1, 1)

2 \ [0, 1]× {0}. We choose

u = s̃1 = r
1
2 sin

θ

2

as the exact solution for this model problem. The BVP to be solved thus reads: Find u, s.t.

−∆u = 0 in Ω,

u = s̃1 on ∂Ω.
(4.3)

Symmetric Mesh
We first solve this problem on a family of meshes {Th}h≤H obtained through uniform refine-
ment(as explained in Section 4.1) of the coarse mesh TH shown in Figure 4.4a. It has been
ensured that the mesh is symmetric about the angle bisector of the interior angle, which in this
case is the x-axis. This is important for the assertion of Theorem 3.2 to hold. Moreover, because
of this uniform refinement process, it is sufficient to have Sh as the one element neighbourhood
of the singular point. Additionally, we choose a region Ωs = (−0.2, 0.2)

2 in the vicinity of the
re-entrant corner, where the effect of the singular behaviour is prominent (see Figure 4.5). The
region Ωs will be referred to as the singular region in this work. The choice of the dimensions
of the singular region are arbitrary as long as we are dealing with domains having only one
re-entrant corner, with the only requirement that Ωs is sufficiently large to capture the singular
behaviour of the solution, and thus should not effect the results.

(a) Symmetric mesh TH with H = 0.5. (b) Non-uniform mesh TH with H = 2.0.

Figure 4.4: Different types of coarse linear finite element meshes used for solving the BVP (4.3).
The interior nodes (or the free DOFs) have been denoted by a blue circle, while those on the
boundary (the constrained DOFs) have been marked by a red square.

In order to have an understanding of the nature of the singularity caused due to the presence
of the re-entrant corner, we first solve the BVP by using the standard Galerkin approximation
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Figure 4.5: The location of the singular region Ωs within the domain Ω for the slit domain. For
this study, we choose rs = 0.2, resulting in the coordinates marked here.

which means γ = 0 or no local modification. As is depicted in Figure 4.8, the plot of the finite
element approximation Rmh u exhibits singular behaviour of the form r1/2 as is expected from the
theory presented in Section 2.3.1. The eocs for different error norms computed for a range of
refinement levels have been presented in Table 4.1. The numerical results are in accordance with
the estimates presented in (2.12), (2.13) and (2.14) respectively. Sub-optimal convergence rates
for the error are exhibited in both the L2-norm as well as the weighted L2-norm globally. This
can be also observed in the error plot presented in Figure 4.9. The pollution effect is global in
the sense that sub-optimal convergence rates are observed not just for the singular region Ωs,
but also in the outside region Ω\Ωs. It is noteworthy that the error in the H1-norm computed
for the outside region, i.e. ‖u−Rmh u‖Ω\Ωs exhibits an eoc of O (h), which coincidently matches
with optimal convergence rate, since linear finite elements have been considered. This, however
seems to be an exception as we observed the same O (h) convergence even with higher order
elements (see Section 4.4), thereby validating the existence of pollution effect. A possible reason
for this could be that the error term probably has the form

‖u−Rmh u‖H1(Ω\Ωs) = O
(
hmin{1,f(p,ω)}

)
, (4.4)

where, f(p, ω) is some function of the polynomial order p and the interior angle ω. As a con-
sequence of this, the singular region has much larger contribution to ‖u − Rmh u‖H1(Ω) than the
outside region.

Moving towards the optimally corrected Galerkin approximation, the first step is to determine
the optimal correction parameter γ∞ which leads to optimal convergence rates for all of the mesh
refinement levels. This is probably the most critical part of the entire ECFEM procedure. As
mentioned in Section 3.4, this can be done by computing the root of the energy defect functional.
In order to study how the two level energy defect functional (3.13) behaves with variation of the
correction parameter γ, we plot this variation in Figure 4.6, where the energy defect has been
scaled by a suitable factor to get straight lines. It is clear that with subsequent mesh refinement,
the different gh curves converge to the one corresponding to the finest mesh. Consequently, the
points at which these curves meet the 0-value mark (which represents γh) also converge as the
mesh is refined. The level dependent correction parameters γh have been computed by employing
the bisection method to find the root of the energy defect functional. Suitable stopping criterion
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has been applied for the bisection method, ensuring sufficiently small value of the target function
gh as the algorithm stops. The level independent correction paramater is then computed by
using the Richardson extrapolation procedure which works as follows: Let γh and γ2h be the
optimal correction parameters corresponding to wo consecutive meshes having sizes h and 2h
respectively. Then we have,

γ∞ = γh + C hβ and γ∞ = γ2h + C (2h)
β
,

which leads to

γ∞ − γh
γ∞ − γ2h

=
hβ

(2h)
β
,

resulting in

γ∞ =
2β γh − γ2h

2β − 1
, (4.5)

which is the required expression for computing γ∞. The exponent β = 2 − 2π
ω in case of linear

finite elements according to (3.11). The values of γh and its Richardson extrapolant for different
mesh levels have been plotted in Figure 4.7.
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Figure 4.8: Plot of the finite element approximation Rmh u obtained using linear finite elements for the BVP (4.3)
for the 6th mesh refinement level.

Figure 4.9: Plot of the finite element error u− Rmh u obtained using linear finite elements with γ = 0.0, i.e. no
correction for the BVP (4.3) for the 6th mesh refinement level.
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i.e. with optimal correction for the BVP (4.3) for the 6th mesh refinement level.
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Table 4.1: Error using linear finite elements on sym-
metric mesh, for the BVP (4.3) with no correction ap-
plied, i.e. γ = 0.0.
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Table 4.2: Error using linear finite elements on symmetric
mesh, for the BVP (4.3) with the optimal correction applied,
i.e. γ = γ∞ = 0.28028.
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Next, we utilise this optimal value of the correction parameter, i.e. γ∞ = 0.28028 and compute
the optimally corrected finite element solution and the error in different norms for different mesh
levels. From Table 4.2, it is clear that using the optimal correction parameter, we can achieve
O
(
h2
)
convergence in the weighted L2-norm. Optimal convergence rates are also observed in

the outside region Ω\Ωs for all of the three norms considered. Moreover, better convergence
rates of the form O

(
h1+ π

ω

)
are observed for the L2-norm both globally as well as in the singular

region. This behaviour is also depicted in the error plot (see Figure 4.10), where the error is
much more concentrated in the immediate neighbourhood of the singular point with a much
smaller spread than the one observed without correction (see Figure 4.9). Comparing the results
in Table 4.2 with those in Table 4.1, we observe that the magnitude of the error is significantly
smaller, especially for the finer meshes with the use of the optimal correction parameter. The
improvement is much more prominent in the outside region, where the errors obtained with the
modified Galerkin approach are three to four orders of magnitude smaller than the standard
Galerkin approximation.

Table 4.4: Error norms using linear finite elements on non-uniform mesh, without and with
optimal correction for the BVP (4.3) on non-uniform mesh.

(a) Results for γ = 0.0: no correction applied

l h ‖u−Rm
h u‖0,1/2;Ω eoc ‖u−Rm

h u‖L2(Ω) eoc ‖u−Rm
h u‖L2(Ωs) eoc ‖u−Rm

h u‖L2(Ω\Ωs) eoc
1 1.00000000 6.050239e-02 - 1.012908e-01 0.0000 - - 1.308344e-02 -
2 0.50000000 3.032257e-02 0.9966 5.320187e-02 0.9290 - - 1.555750e-02 -
3 0.25000000 1.552869e-02 0.9655 2.801471e-02 0.9253 1.449427e-02 - 8.689126e-03 0.8403
4 0.12500000 7.881576e-03 0.9784 1.453071e-02 0.9471 9.511364e-03 0.6078 4.672712e-03 0.8950
5 0.06250000 3.971576e-03 0.9888 7.436912e-03 0.9663 4.973885e-03 0.9353 2.761904e-03 0.7586
6 0.03125000 1.993535e-03 0.9944 3.771417e-03 0.9796 2.556215e-03 0.9604 1.500048e-03 0.8807
7 0.01562500 9.987021e-04 0.9972 1.901480e-03 0.9880 1.320803e-03 0.9526 7.572550e-04 0.9862
8 0.00781250 4.998342e-04 0.9986 9.553225e-04 0.9931 6.717239e-04 0.9755 3.805339e-04 0.9928
9 0.00390625 2.500379e-04 0.9993 4.789684e-04 0.9961 3.375912e-04 0.9926 1.922807e-04 0.9848

(b) Results for γ = γ∞ = 0.32938: with optimal correction

l h ‖u−Rm
h u‖0,1/2;Ω eoc ‖u−Rm

h u‖L2(Ω) eoc ‖u−Rm
h u‖L2(Ωs) eoc ‖u−Rm

h u‖L2(Ω\Ωs) eoc
1 1.00000000 3.657416e-02 - 7.357878e-02 - - - 4.068099e-03 -
2 0.50000000 1.033156e-02 1.8238 2.663272e-02 1.4661 - - 2.652486e-03 0.6170
3 0.25000000 2.894362e-03 1.8357 9.559516e-03 1.4782 8.846998e-03 - 8.271280e-04 1.6812
4 0.12500000 8.018981e-04 1.8518 3.409926e-03 1.4872 3.319176e-03 1.4144 2.323053e-04 1.8321
5 0.06250000 2.201462e-04 1.8650 1.211736e-03 1.4927 1.194146e-03 1.4748 7.002984e-05 1.7300
6 0.03125000 6.010183e-05 1.8730 4.296813e-04 1.4957 4.262590e-04 1.4862 1.975352e-05 1.8259
7 0.01562500 1.637565e-05 1.8759 1.521851e-04 1.4974 1.515369e-04 1.4921 5.269622e-06 1.9063
8 0.00781250 4.469894e-06 1.8732 5.386561e-05 1.4984 5.373501e-05 1.4957 1.437343e-06 1.8743
9 0.00390625 1.228042e-06 1.8639 1.905857e-05 1.4989 1.903024e-05 1.4976 4.099088e-07 1.8100

Non-Uniform Mesh

Here, we solve the problem by considering as Th, a non-uniform mesh shown in Figure 4.4b. The
target here is to study how the technique would perform if the mesh does not fulfill the symmetry
condition. Following the procedure explained above, we determine the level independent optimal
correction parameter, which in this case comes out to be γ∞ = 0.32938. Studying the variation
of the error with mesh refinement for the optimal correction case (see Table 4.4b), we observe
that the eoc for the weighted L2-norm and consequently for the L2-norm in the outside region
is not truly optimal, but is close to O

(
h2
)
, which is the optimal convergence rate. Nonetheless,
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much improved convergence and consequently much smaller error norms (cf. Table 4.4a) have
been achieved both globally as well as in the singular region.

4.4 Extension to Higher Order Finite Elements
The theory and ideas presented in the previous chapter, including the theorems on necessity

and sufficiency are based on the use of linear finite elements for discretising the BVP. A detailed
extension of the linear ECFEM theory to higher order finite elements has been presented in [11],
where the use of multiple correction factors based on the order p of the finite elements and the
interior angle ω has been proposed. Multiple regions Sih of elements in the neighbourhood of the
singular point are considered, leading to major changes in the energy corrected weak form. This
results in a much more complicated procedure for determining the optimal correction parameters.

In this work, we try an approach entailing some simple modifications to the linear ECFEM
theory, in order to allow the use of higher order finite elements. The modified Galerkin ap-
proximation of (3.3) and the energy defect functional of (3.13) have been left untouched. The
motivation here is to achieve optimal convergence rates in the weighted L2-norm as given by the
estimate

‖u−Rmh u‖0,α = O
(
hp+1

)
, (4.6)

which leads us to the first important question: what should be the appropriate value of the
exponent α used in the calculation of the weighted norm. Scrutinising the above expression in
light of (2.10), we find that

‖u−Rmh u‖0,α = ‖rα (u−Rmh u)︸ ︷︷ ︸
≈∇pu≈ r πω−p

‖0,

which leads us to

α = p− π

ω
.

The next parameter to decide upon is the exponent β as required in (4.5). Our numerical
experiments show that

β =

{
2− 2π

ω for p = 1

2− 2π
ω + p for p ≥ 2

(4.7)

works well for the different mesh sizes considered, even with third order finite elements.

We solve the BVP (4.3), using finite elements of various order on meshes satisfying the sym-
metry condition (see Figure 4.11). By

Vhp :=
{
v ∈ H1

0 (Ω) : v|K = Pp (K) ∀ K ∈ Th
}
, (4.8)

we denote the standard finite element space of continuous piecewise polynomial functions of
highest order p. Thus, we seek the modified Galerkin approximation Rmh u ∈ Vhp to the given
BVP. The optimal correction parameter γ∞ is computed following the same procedure as for
the linear finite element case, with the modified value of β for the Richardson extrapolation
procedure as mentioned in (4.7).
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(a) Quadratic finite elements.
(p = 2).

(b) Cubic finite elements.
(p = 3)

(c) Quartic finite elements.
(p = 4)

Figure 4.11: Symmetric coarse finite element meshes TH of different orders used for solving the
BVP (4.3). The interior nodes (or the free DOFs) have been denoted by a blue circle, while
those on the boundary (the constrained DOFs) have been marked by a red square.

We first analyse the errors norms computed using quadratic finite elements. It is clear that
the pollution effect indeed happens for the H1-norm as well, since suboptimal convergence rates
of O (h) are observed for the outside region when no correction is applied (cf. Table 4.6). This
is in accordance with the assertion (4.4)). An optimal correction leads to full convergence rates
of O

(
h3
)
and O

(
h2
)
in the weighted L2-norm and the H1-norm in the outside region ω\Ωs

respectively, along with close to optimal convergence rates for the L2-norm as well as the L∞-
norm in the outside region (cf. Table 4.7). Moreover, improved convergence rates of O

(
h1+ π

ω

)
are observed for the L2-norm globally as well as in the singular region. Thus, the proposed
technique works reasonably well and in accordance with the estimate (4.6) for quadratic finite
elements.

Table 4.5: Errors in weighted L2-norm, with optimal correction for different higher order finite
elements considered while solving the BVP (4.3) on symmetric mesh.

l h√
2

p = 2, γ = γ∞ = 0.08968 p = 3, γ = γ∞ = 0.04660426 p = 4, γ = γ∞ = 0.02843704
‖u−Rmh u‖0,3/2;Ω eoc ‖u−Rmh u‖0,5/2;Ω eoc ‖u−Rmh u‖0,7/2;Ω eoc

1 1.00000000 2.150966e-02 - 8.536049e-03 - 5.280192e-03 -
2 0.50000000 2.840655e-03 2.9207 6.002460e-04 3.8299 1.942489e-04 4.7646
3 0.25000000 3.742238e-04 2.9243 3.983015e-05 3.9136 6.717233e-06 4.8539
4 0.12500000 4.864689e-05 2.9435 2.537008e-06 3.9727 2.286390e-07 4.8767
5 0.06250000 6.297173e-06 2.9496 1.604858e-07 3.9826 7.701237e-09 4.8918
6 0.03125000 8.130774e-07 2.9532 1.051087e-08 3.9325 6.575585e-10 3.5499
7 0.01562500 1.048849e-07 2.9546 1.533636e-09 2.7769 3.115180e-10 1.0778
8 0.00781250 1.373582e-08 2.9328 6.966942e-10 1.1384 1.529362e-10 1.0264

The eoc for the weighted L2-norm, computed with cubic and quartic finite elements, however
deviates from the optimal value of O

(
hp+1

)
, especially for the smaller mesh sizes (cf. Table 4.5).

Considering the fact that the magnitude of the error norm is in the order of 10−10, this sub-
optimal behaviour could be probably attributed to the errors creeping in due to lack of required
numerical precision. Another possible reason could be that a stricter stopping criterion on the
energy defect functional is required while computing the optimal correction parameter γh using
bisection method, so as to ensure more accurate value of the correction parameter.

30



Table 4.6: Error using quadratic finite elements(p = 2)
on symmetric mesh, for the BVP (4.3) with no correc-
tion applied, i.e. γ = 0.0.
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Table 4.7: Error using quadratic finite elements on
symmetric mesh, for the BVP (4.3) with the optimal
correction applied, i.e. γ = γ∞ = 0.08968.
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Chapter 5

ECFEM for Planar Linear
Elasticity

In this chapter, we explore the possibility of applying the energy correction technique to
planar linear elasticity problems. Domains with re-entrant corner(s), especially those consisting
of notches or cracks, appear quite frequently in various structural mechanics applications and
are therefore of great practical interest. In this thesis, we will focus on a domain with a crack,
which essentially corresponds to a re-entrant corner having ω = 2π as the interior angle.

5.1 Governing Equations of Planar Linear Elasticity
Here, we summarize the governing equations for plane strain linear elasticity. Details of the

tensor notation employed here can be found in Appendix C. The presentation is primarily based
on [22].

Since, we consider planar problems, the displacement vector u is a function of the two coordi-
nates x1 and x2, i.e.

u = u (x1, x2) with [ui] =

[
u1 (x1, x2)
u2 (x1, x2)

]
where, u1 and u2 represent the two components of the displacement vector.

The governing equations for the elasticity problem comprise of three major components: Kine-
matics, Constitutive Relation and Balance Equations.

Kinematics

The kinematic equations describe the geometry of deformation by means of the strain tensor
ε : Ω → R2×2 and are therefore, also referred to as the strain-displacement relations. In case of
linear elasticity, the strain tensor is defined as symmetric gradient of the displacement vector u,
i.e.

εu := ε (u) =
1

2

[
∇u + (∇u)

t
]

with [εij ] =
1

2
[ui,j + uj,i] ,
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which, in case of plane strain loading conditions means

[εij ] =

 ∂u1

∂x1

1
2

(
∂u1

∂x2
+ ∂u2

∂x1

)
1
2

(
∂u1

∂x2
+ ∂u2

∂x1

)
∂u2

∂x2

 ,
showing that the strain tensor is symmetric by definition, i.e. ε = εt.

Balance Equations

The balance of the external, internal and inertial loads is essential for the continuum body to
be in equilibrium. Since, in this work, we only consider statics, the inertial forces are assumed
to be zero. There are two types of balance equations : the balance of linear momentum and the
balance of angular momentum. The balance of linear momentum states that the sum of all the
forces acting on the body should vanish, i.e.

divσt + b = 0

where, σ : Ω → R2×2 is the stress tensor representing the internal resistance of the material to
the external loadings and b denotes the body force vector acting on the elastic body. The other
balance equation considers the balance of the various moments acting on the body and in case
of linear elastostatics leads to

σ = σt,

which means that the stress tensor is symmetric.

Constitutive Relation

The constitutive relation essentially serves to link the kinematics and the balance equations.
Also, referred to as the stress-strain relation, it defines the deformation behavior of material as
it is deformed under the prescribed stresses. Unlike, the above two components, the constitutive
relation is unique to a material and is defined by certain material parameters. In this work,
we consider linear isotropic elasticity and the corresponding constitutive relation or Hook’s law
reads

σu := σ (u) = 2µ εu + λ tr εu I

where, λ and µ denote Lamé’s constant and the modulus of rigidity respectively. These are
sometimes collectively referred to as Lamé parameters. In engineering literature, another set
of parameters : the Young’s modulus E and the Poisson’s ratio ν are more commonly used to
describe the material behaviour and related to the Lamé parameters as

µ =
E

2 (1 + ν)
and λ =

E ν

(1 + ν) (1− 2ν)
.

Here, it is important to note that a special case arises when ν = 0.5, resulting in λ → ∞. This
case corresponds to the incompressibility limit and is not considered in this work.
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Combining together the above components along with the boundary conditions, we put together
the BVP for plane strain linear elasticity on an open and bounded domain Ω ⊂ R2 and it reads:
Given f : Ω→ R2, find u : Ω→ R2 s.t.

divσt + b = 0, σ = 2µ ε+ λ tr ε I and ε =
1

2

[
∇u + (∇u)

t
]

in Ω,

u = g on ∂ΩD,

σ · n = h on ∂ΩN ,

(5.1)

where, ∂ΩD and ∂ΩN denote the Dirichlet and the Neumann parts of the domain boundary
respectively, while, n = n (x1, x2) is the outward normal vector to the boundary. Formulating
everything in terms of the displacement and using the fact that

div ε =
1

2
[div gradu + grad divu] ,

the governing equations transform to

µdiv gradu + (λ+ µ) grad divu + b = 0,

which are also referred to as Navier-Lamé equations.

Alike the scalar case, the first step towards the finite element solution of the BVP (5.1) is the
weak form. In this work, we only consider the pure displacement formulation. Owing to fact that
the primary variable u ∈ R2, we define appropriate function spaces

U =
{
u ∈

[
H1 (Ω)

]2
: u|∂ΩD = g

}
V =

{
v ∈

[
H1 (Ω)

]2
: v|∂ΩD = 0

}
for the trial and the test functions respectively. Utilising the symmetry of σ and ε, we arrive at
the weak form: Given f ∈

[
L2 (Ω)

]2, find u ∈ U , s.t.

a (u,v) = b (v) ∀ v ∈ V , (5.2)

with the bilinear form

a (u,v) :=

∫
Ω

σu : εv dΩ =

∫
Ω

2µ εu : εv dΩ +

∫
Ω

λ divu divv dΩ

and the linear form

b (v) :=

∫
Ω

f · v dΩ +

∫
∂ΩN

h · v dA.

The weak form represents the principle of virtual work in case of elasticity problems.

It is stated without proof that unique solution to the weak form (5.2) indeed exists. A detailed
explanation on the weak form and its well-posedness can be found in [7, Section 3.4].
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5.2 Linear Elastic Fracture Mechanics (LEFM)
In this work, we consider the problem of a square plate with a crack subjected to plane strain

loading conditions as the model problem. The plate with a crack corresponds to a polygonal
domain with a re-entrant corner, having an interior angle of 2π. The re-entrant corner in this
case is also referred to as the crack tip and the pair of boundary edges forming this interior angle
define the crack plane.

The field of Fracture Mechanics encompasses the study of what happens when a body con-
taining a crack or a notch is subjected to different loading conditions. Whether and how a crack
will grow under specified loads is of utmost interest in numerous engineering applications. In
most of the practical cases, plastic deformation occurs in the vicinity of the crack tip, while the
overall behavior is still elastic. In many cases, this local plastic behaviour can be neglected as
it is prevalent in a much smaller region as compared to the component dimensions. LEFM is
a sub-field, where in it is assumed that the material is linear elastic, i.e. it follows Hook’s law
globally. A concise introduction to this topic and description of finite element based techniques
for solving fracture mechanics problems can be found in [16].

Restricting ourselves to planar problems, there are two possible ways in which an elastic body
with a crack can deform :

• Mode-I : This is the crack opening mode and is caused by tensile loading. Here, the crack
opens perpendicular to the crack plane (cf. Figure 5.1a).

• Mode-II : This is the mode of in-plane shear and in this case, the two crack faces are
displaced in their plane (cf. Figure 5.1b).

O
x

y

(a) Mode-I Fracture

O
x

y

(b) Mode-II Fracture.

Figure 5.1: The two types of fracture modes possible in case of planar deformations. The original
shape is shown in blue, while the deformed shaped is depicted in red. The dark arrows show the
loading direction.
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Since, the crack is essentially a re-entrant corner, the solution u to the BVP (5.1) exhibits
singular behaviour with leading term of the form r1/2, but the nature of singularity is quite
different from that observed for the scalar case. This will be discussed in more detail when
we work with the numerical examples. The solution to a general planar LEFM problem in the
vicinity of the crack tip can be expressed as a combination of sI and sII , which represent the
solutions to the Mode-I and Mode-II problems respectively. For the plane strain formulation, we
have

sI =
1

4µ

√
r

2π

− (2κ− 1) sin θ
2 − sin 3θ

2

(2κ+ 1) cos θ2 + cos 3θ
2

 and sII =
1

4µ

√
r

2π

[
(2κ+ 3) cos θ2 − cos 3θ

2

(2κ− 3) sin θ
2 − sin 3θ

2

]
,

with, κ = 3−4ν. A detailed analysis of the elasticity problem on domains with re-entrant corners
along with the derivation of these singular solutions can be found in [26].

5.3 Applying ECFEM to LEFM Problems
In this work, we propose an extension of the energy correction idea explained in Chapter 3,
to the planar linear elasticity problem. This formulation is based on the ideas used for the
scalar case coupled with systematic numerical experimentation for the vector case. We begin
by developing the energy corrected weak formulation for the BVP (5.1) and then present some
numerical examples to describe the application of ECFEM to this type of elliptic PDE.

5.3.1 Energy Corrected Weak Form
The linear elasticity problem comprises of system of coupled PDEs and thus the nature of

singularities is much different from those occurring for scalar elliptic problems, such as those
considered in the previous chapter (cf. Figures 4.9 and 5.8 for instance). Moreover, the proposed
correction needs to tackle the singularities arising for each of the components of the vector
variable u. This assertion along with experience from numerical tests leads us to the fact that
a single correction parameter would no longer be sufficient to overcome the pollution effect. We
consider an energy corrected formulation based on two correction parameters in this work. The
finite dimensional functional space

Vh
p :=

{
v ∈

[
H1 (Ω)

]2
: vi|K = Pp (K) ∀ K ∈ Th for i = 1, 2

}
is simply an extension of the functional space (4.8) to vector valued functions. The modified
Galerkin approximation for the BVP (5.1) then reads: Find Rmh u ∈ Vh

1 , s.t.

ah
(
Rmh u,vh

)
= b

(
vh
)

∀ vh ∈ Vh
1 , (5.3)

where, Rm (γ
1
, γ

2
) =: Rmh :

[
H1 (Ω)

]2 7→ Vh
1 denotes the Ritz projection of the modified Galerkin

approximation to the true solution u. The terms a (u,v) and b (v) remain unaltered from (5.2).
The mesh dependent bilinear form ah (u,v) is given as

ah (u,v) = a (u,v)− ch (u,v) ,

with the correction term

ch (u,v) = γ1 d
1
h + γ2 d

2
h

= γ1

∫
S1
h

σu : εv dΩ + γ2

∫
S2
h

σu : εv dΩ, (5.4)
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with γ1 and γ2 being the two correction parameters corresponding to the regions S1
h and S2

h,
which represent the first and second layer of elements connected to singular point (see Figure 5.2).
These regions are defined as

S̄ih := ∪K̄ ∀K ∈ Th, s.t. (i− 1)h < dist (0,K) ≤ i h.
The symmetry requirement on the mesh, described in Section 3.3 needs to be fulfilled. Further,
it is assumed that the conditions of continuity and coercivity are satisfied, thereby ensuring that
a unique solution to (5.3) indeed exists.

x

y

S1
h

S2
h

Figure 5.2: Locally symmetric mesh on a domain with a crack, depicting the regions S1
h and S2

h

in the neighbourhood of the crack tip.

Taking a closer look at the energy corrected bilinear form, we find that

ah
(
Rmh u,vh

)
= a

(
Rmh u,vh

)
− γ1 d

1
h

(
Rmh u,vh

)
− γ2 d

2
h

(
Rmh u,vh

)
=

∫
Ω

σ
Rm
h
u

: εvh dΩ − γ
1

∫
S1
h

σ
Rm
h
u

: εvh dΩ − γ
2

∫
S2
h

σ
Rm
h
u

: εvh dΩ

i.e. ah
(
Rmh u,vh

)
=

∫
Ω\(S1

h∪S2
h)

σ
Rm
h
u

: εvh dΩ + (1− γ
1
)

∫
S1
h

σ
Rm
h
u

: εvh dΩ + (1− γ
2
)

∫
S2
h

σ
Rm
h
u

: εvh dΩ,

which means that this local modification is equivalent to relaxing or stiffening the material in
the vicinity of the crack tip, depending on whether γ

i
is positive or negative. The procedure for

determining the optimal correction parameters will be discussed when we do the numerical tests.

5.3.2 Numerical Example:Mode-I Problem
We consider the Mode-I problem formulated in terms of a pure Dirichlet problem as the first
numerical example. We choose

u = s̃I =
KI

4µ

√
r

2π

− (2κ− 1) sin θ
2 − sin 3θ

2

(2κ+ 1) cos θ2 + cos 3θ
2


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as the exact solution for this model problem. Here, KI represents the stress intensity factor for
the Mode-I problem. The domain Ω = (−1, 1)

2 \ [0, 1] × {0}, is the same as the one considered
in Section 4.3. The corresponding BVP then reads: Find u, s.t.

divσt + b = 0, σ = 2µ ε+ λ tr ε I and ε =
1

2

[
∇u + (∇u)

t
]

in Ω,

u = s̃I on ∂Ω.
(5.5)

with the material parameters

E = 2.1× 105 and ν = 0.2

leading to

λ = 5.83× 104, µ = 87500, κ = 2.20

and the stress intensity factor KI = 104. We solve this BVP on the family of meshes {Th}h≤H
obtained from uniform refinement of the coarse mesh TH shown in Figure 4.4a, so that the
symmetry requirement is fulfilled.

In order to study the nature of the singularities in detail, we first solve this model problem
putting (γ1 , γ2) = (0, 0), i.e. without any correction. We choose the singular region Ωs =

(−0.4, 0.4)
2 to have a quantitative measurement of the singular behaviour in the neighbourhood of

the re-entrant corner (see Figure 4.5). Moreover, the singular behavour of both the dispalcement
components has to be considered and rectified simultaneously. The tabulated values of the eocs
for the error norms computed for different mesh refinement levels confirm the presence of the
pollution effect globally (cf. Table 5.1a). Reduced convergence rates of O (h) are attained in the
L2-norm, not just globally, but also in the outside region. The nature of the singular function
for u1 appears to be quite similar to that for the Poisson problem studied earlier (cf. Figures 4.8
and 5.4). Consequently the the error plots also have similar shapes depicting the global nature of
the singularity (cf. Figures 4.9 and 5.5). However, the the singularity occurring in case of u2 has
a quite different nature as is depicted in Figure 5.7 and Figure 5.8 respectively. The singularity
is not so widespread as for u1, but is almost equally strong in terms of magnitude of error.

Next comes the task of determining the optimal correction parameters (γ1 , γ2) so that the
correction defined in (5.4) can overcome the pollution effect. Owing to the different nature
of singularities for the two solution components, we need an approach which can deal with
both singular components simultaneously. In this work, we propose the following: the optimal
correction parameters are those which minimise the error in the outside region, i.e.(

γh
1
, γh

2

)
= arg min

(γ1 ,γ2)∈ (−1,1)2
‖u−Rmh u‖L2(Ω\Ωs), (5.6)

where,
(
γh

1
, γh

2

)
are the level dependent optimal correction parameters. The initial search region

(γ1 , γ2) ∈ (−1, 1)
2 has been selected based on numerical tests. It is clear that putting γi ≥ 1

is equivalent to having negative stiffness and thus should be avoided. For the solution of the
minimisation problem, we adopt a golden section search type algorithm applied recursively to
each variable until convergence happens. The values of the optimal correction parameters (γ

1
, γ

2
)

are obtained by solving the minimisation problem (5.6) for different mesh sizes and have been
plotted in Figure 5.3. It is clear that these level dependent values converge towards the level
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independent values
(
γ∞

1
, γ∞

2

)
which works well for all mesh levels. We employ the Richardson

extrapolation procedure of (4.5) on each parameter individually to obtain these values. For the
current problem, we obtain (

γ∞
1
, γ∞

2

)
= (0.814096,−0.887761)

as the optimal correction parameters.

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
−1.00

−0.90

−0.80

−0.70

−0.60

−0.50

−0.40

−0.30

−0.20

−0.10

0.00

0.10

γ1

γ
2

Figure 5.3: The level dependent correction parameters (γ1 , γ2) determined using the condi-
tion (5.6), for different mesh refinement levels for the BVP (5.5) with linear finite elements. The
level independent optimal correction parameters

(
γ∞

1
, γ∞

2

)
have been marked by the blue dot.

Now, we solve the Mode-I problem with the optimal correction parameters determined above
and analyse the results from the numerical test. The optimal correction helps us achieve close
to the optimal convergence rate of O

(
h2
)
for the weighted L2-norm as the L2-norm in the

outside region (see Table 5.1b). Improved convergence rates of O
(
h1+ω

π

)
are attained for the

L2-norm both globally as well as in the singular region. Moreover improvement of one order
of magnitude or better are observed in the error norms when compared with the finite element
solution obtained without optimal correction. The proposed technique overcomes the pollution
effect to a large extent especially for the u1 component, where the spread of the error reduces
significantly (cf. Figures 5.5 and 5.6). The improvement is relatively less for the u2 component,
where the peak error near the singularity slightly increases, but the error does get concentrated
more towards the crack tip (cf. Figures 5.8 and 5.9). The correction however, still fulfills its
purpose of eliminating the pollution effect in the far away region as desired.
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Figure 5.4: Plot of the finite element approximation for the displacement component u1 obtained using linear
finite elements for the BVP (5.5) for the 6th mesh refinement level.

Figure 5.5: Plot of the finite element error for the displacement component u1 obtained using linear finite
elements with (γ

1
, γ

2
) = (0, 0), i.e. no correction for the BVP (5.5) for the 6th mesh refinement level.

Figure 5.6: Plot of the finite element error for the displacement component u1 obtained using linear finite
elements with (γ

1
, γ

2
) = (0.814096,−0.887761), i.e. with optimal correction for the BVP (5.5) for the 6th mesh

refinement level.
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Figure 5.7: Plot of the finite element approximation for the displacement component u2 obtained using linear
finite elements for the BVP (5.5) for the 6th mesh refinement level.

Figure 5.8: Plot of the finite element error for the displacement component u2 obtained using linear finite
elements with (γ

1
, γ

2
) = (0, 0), i.e. no correction for the BVP (5.5) for the 6th mesh refinement level.

Figure 5.9: Plot of the finite element error for the displacement component u2 obtained using linear finite
elements with (γ

1
, γ

2
) = (0.814096,−0.887761), i.e. with optimal correction for the BVP (5.5) for the 6th mesh

refinement level.
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Table 5.1: Error norms using linear finite elements on non-uniform mesh, without and with
optimal correction for the BVP (5.5) on non-uniform mesh.

(a) Results for (γ1 , γ2) = (0, 0): no correction applied

l h/
√
2 ‖u−Rm

h u‖0,1/2;Ω eoc ‖u−Rm
h u‖L2(Ω) eoc ‖u−Rm

h u‖L2(Ωs) eoc ‖u−Rm
h u‖L2(Ω\Ωs) eoc

1 0.50000000 4.134198e-03 - 7.293539e-03 - - - 7.477156e-04 -
2 0.25000000 1.523834e-03 1.4399 3.096075e-03 1.2362 - - 7.900607e-04 -
3 0.12500000 5.952052e-04 1.3562 1.309867e-03 1.2410 9.311890e-04 - 3.431020e-04 1.2033
4 0.06250000 2.509413e-04 1.2460 5.629933e-04 1.2182 4.529859e-04 1.0396 1.526527e-04 1.1684
5 0.03125000 1.135709e-04 1.1438 2.496505e-04 1.1732 1.966117e-04 1.2041 8.045156e-05 0.9241
6 0.01562500 5.388409e-05 1.0757 1.146405e-04 1.1228 8.770397e-05 1.1646 4.107964e-05 0.9697
7 0.00781250 2.625238e-05 1.0374 5.426792e-05 1.0789 4.096386e-05 1.0983 2.006208e-05 1.0340
8 0.00390625 1.296611e-05 1.0177 2.626691e-05 1.0469 1.959838e-05 1.0636 9.905710e-06 1.0181

(b) Results for (γ1 , γ2) = (γ∞
1
, γ∞

2
) = (0.814096,−0.887761): with optimal correction

l h/
√
2 ‖u−Rm

h u‖0,1/2;Ω eoc ‖u−Rm
h u‖L2(Ω) eoc ‖u−Rm

h u‖L2(Ωs) eoc ‖u−Rm
h u‖L2(Ω\Ωs) eoc

1 0.50000000 5.298461e-03 - 7.962363e-03 - - - 1.702320e-03 -
2 0.25000000 1.499446e-03 1.8211 3.020249e-03 1.3985 - - 6.799750e-04 1.3239
3 0.12500000 4.080110e-04 1.8777 1.097474e-03 1.4605 8.077280e-04 - 1.433342e-04 2.2461
4 0.06250000 1.072669e-04 1.9274 3.919276e-04 1.4855 3.835256e-04 1.0745 2.422459e-05 2.5648
5 0.03125000 2.773936e-05 1.9512 1.390761e-04 1.4947 1.381220e-04 1.4734 6.000396e-06 2.0133
6 0.01562500 7.150233e-06 1.9559 4.925474e-05 1.4975 4.911464e-05 1.4917 1.483702e-06 2.0159
7 0.00781250 1.853939e-06 1.9474 1.743277e-05 1.4985 1.740646e-05 1.4965 3.749246e-07 1.9845
8 0.00390625 4.902170e-07 1.9191 6.168983e-06 1.4987 6.162145e-06 1.4981 1.113911e-07 1.7510

5.3.3 Numerical Example:Mode-II Problem

Here, we solve the Mode-II problem to further test the proposed method. We choose as the exact
solution for this model problem

u = s̃II =
KII

4µ

√
r

2π

[
(2κ+ 3) cos θ2 − cos 3θ

2

(2κ− 3) sin θ
2 − sin 3θ

2

]
,

where, KII represents the stress intensity factor as before. The domain Ω is the same as for
BVP (5.5). The BVP to be solved here is: Find u, s.t.

divσt + b = 0, σ = 2µ ε+ λ tr ε I and ε =
1

2

[
∇u + (∇u)

t
]

in Ω,

u = s̃II on ∂Ω.
(5.7)

with the material parameters

E = 2.1× 105 and ν = 0.2

leading to

λ = 5.83× 104, µ = 87500, κ = 2.20

and the stress intensity factor KII = 104. Alike the Mode-I case, we solve this BVP on the
family of meshes {Th}h≤H obtained from uniform refinement of the coarse mesh TH shown in
Figure 4.4a, so that the symmetry requirement is fulfilled.
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Following the approach adopted for the Mode-I case, we first solve this test problem without
any correction, so that we can develop an understanding of the nature of singularities for the
two displacement components. At first glance, the plot of the function u1 seems to be quite
similar to that of the u2 component for the Mode-I case (cf. Figure 5.11 and Figure 5.7), but the
nature of the singularity is much different as is revealed by the error plot in Figure 5.12. The
second displacement component u2 depicts singular behaviour which is quite similar to that of
the solution to the Poisson problem (cf. Figure 5.15 and Figure 4.9). This singular behaviour
also exhibits itself in the form of sub-optimal convergence rates attained for the L2-norm (cf.
Table 5.2a).

−1.00 −0.80 −0.60 −0.40 −0.20 0.00 0.20 0.40
−0.10

0.00
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γ
2

Figure 5.10: The level dependent correction parameters (γ
1
, γ

2
) determined using the condi-

tion (5.6), for different mesh refinement levels for the BVP (5.7) with linear finite elements. The
level independent optimal correction parameters

(
γ∞

1
, γ∞

2

)
obtained using extrapolation have

been marked by the blue dot.

The optimal correction parameters are computed by minimising the target function of (5.6)
as was done previously. The proposed approach however, does not seem work well for this
model problem. A global minimum of the target function could not be achieved for some mesh
refinement levels (cf. Figure 5.10), especially for the first optimization variable γ1 . The level in-
dependent optimal parameters obtained by the extrapolation procedure described in the previous
numerical example yield the values(

γ∞
1
, γ∞

2

)
= (−0.999999, 0.152822)

for the current model problem.

The BVP is then solved using the optimal correction parameters obtained above. The applied
seems to work well to overcome the pollution effect for the u2 component, as the spread of the
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error decreases significantly (cf. Figure 5.15). The singularity of the u1 component however,
is not much affected by the correction (see Figure 5.13). Consequently, we only get limited
improvement in the error norms when compared to the no-correction case (cf. Table 5.2).

These numerical experiments reveal that the proposed extension of the ECFEM for linear
elasticity problems, seems to work well for the components which have singular behaviour of the
form shown in Figure 5.5 (see also Figure 5.15). This correction scheme is however, not equally
effective for components having different kind of singular behaviour, see Figure 5.12 for instance.

Table 5.2: Error norms using linear finite elements on non-uniform mesh, without and with
optimal correction for the BVP (5.7) on non-uniform mesh.

(a) Results for (γ1 , γ2) = (0, 0): no correction applied

l h/
√
2 ‖u−Rm

h u‖0,1/2;Ω eoc ‖u−Rm
h u‖L2(Ω) eoc ‖u−Rm

h u‖L2(Ωs) eoc ‖u−Rm
h u‖L2(Ω\Ωs) eoc

1 0.50000000 4.702355e-03 - 8.345392e-03 - - - 1.103175e-03 -
2 0.25000000 1.583975e-03 1.5698 3.349368e-03 1.3171 - - 9.226623e-04 0.2578
3 0.12500000 5.582967e-04 1.5044 1.334766e-03 1.3273 1.039156e-03 - 3.051081e-04 1.5965
4 0.06250000 2.160386e-04 1.3697 5.401746e-04 1.3051 4.631722e-04 1.1658 1.191304e-04 1.3568
5 0.03125000 9.297442e-05 1.2164 2.262166e-04 1.2557 1.890674e-04 1.2926 6.090468e-05 0.9679
6 0.01562500 4.321425e-05 1.1053 9.906194e-05 1.1913 7.953710e-05 1.2492 3.117937e-05 0.9660
7 0.00781250 2.092988e-05 1.0459 4.532722e-05 1.1280 3.531145e-05 1.1715 1.537619e-05 1.0199
8 0.00390625 1.032880e-05 1.0189 2.147513e-05 1.0777 1.631407e-05 1.1140 7.670699e-06 1.0033

(b) Results for (γ1 , γ2) = (γ∞
1
, γ∞

2
) = (−0.999999, 0.152822): with optimal correction

l h/
√
2 ‖u−Rm

h u‖0,1/2;Ω eoc ‖u−Rm
h u‖L2(Ω) eoc ‖u−Rm

h u‖L2(Ωs) eoc ‖u−Rm
h u‖L2(Ω\Ωs) eoc

1 0.50000000 7.836233e-03 - 1.168874e-02 - - - 3.389812e-03 -
2 0.25000000 2.670408e-03 1.5531 4.925062e-03 1.2469 - - 2.019268e-03 0.7474
3 0.12500000 8.771676e-04 1.6061 1.951252e-03 1.3357 1.319468e-03 - 5.071089e-04 1.9935
4 0.06250000 2.912172e-04 1.5908 7.520964e-04 1.3754 6.696828e-04 0.9784 1.667889e-04 1.6043
5 0.03125000 1.007754e-04 1.5310 2.875581e-04 1.3871 2.606771e-04 1.3612 6.617762e-05 1.3336
6 0.01562500 3.714887e-05 1.4398 1.104416e-04 1.3806 1.001407e-04 1.3802 2.625793e-05 1.3336
7 0.00781250 1.482249e-05 1.3255 4.314864e-05 1.3559 3.875882e-05 1.3694 1.055929e-05 1.3142
8 0.00390625 6.405427e-06 1.2104 1.738689e-05 1.3113 1.523935e-05 1.3467 4.610085e-06 1.1956
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Figure 5.11: Plot of the finite element approximation for the displacement component u1 obtained using linear
finite elements for the BVP (5.7) for the 6th mesh refinement level.

Figure 5.12: Plot of the finite element error for the displacement component u1 obtained using linear finite elements
with (γ1 , γ2) = (0, 0), i.e. no correction for the BVP (5.7) for the 6th mesh refinement level.

Figure 5.13: Plot of the finite element error for the displacement component u1 obtained using linear finite elements
with (γ

1
, γ

2
) = (−0.999999, 0.152822), i.e. with optimal correction for the BVP (5.7) for the 6th mesh refinement

level.
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Figure 5.14: Plot of the finite element approximation for the displacement component u2 obtained using linear
finite elements for the BVP (5.7) for the 6th mesh refinement level.

Figure 5.15: Plot of the finite element error for the displacement component u2 obtained using linear finite
elements with (γ1 , γ2) = (0, 0), i.e. no correction for the BVP (5.7) for the 6th mesh refinement level.

Figure 5.16: Plot of the finite element error for the displacement component u2 obtained using linear finite
elements with (γ1 , γ2) = (−0.999999, 0.152822), i.e. with optimal correction for the BVP (5.7) for the 6th mesh
refinement level.
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Chapter 6

Conclusion

Systematic numerical experimentation has been carried out to analyse how the presence of a
re-entrant corner pollutes the finite element approximation to the solution of an elliptic PDE,
thereby culminating in sub-optimal convergence rates on quasi-uniform meshes irrespective of
the order of polynomials used for the finite element basis functions. The error estimates in
three different norms, namely L2-norm, H1-norm and the max norm, for the Poisson problem
on domains with re-entrant corners have been reviewed exhaustively and compared with those
attained in the case of a smooth domain boundary. These estimates have also been validated
through numerical examples. The Energy Corrected Finite Element Method (ECFEM) which
only entails a local modification of the weak form in the vicinity of the re-entrant corner in order to
overcome this pollution effect has been studied comprehensively. An alternative strategy (which
does not require any prior knowledge of the true solution) for determining the optimal correction
parameter to be used in the modified Galerkin approximation has been explored. Numerical tests
validating the applicability of this technique to scalar elliptic problems when using linear finite
elements have been conducted. A minimal modification to this technique has been proposed such
that higher order finite elements can be used. Optimal convergence rates have been achieved
with quadratic finite elements. Furthermore, when using cubic and quartic finite elements, close
to optimal convergence rates were observed during the numerical tests.

An extension of the ECFEM (involving the use of two correction parameters) for the planar
linear elasticity problem has been proposed. This approach is primarily based on the extensive
numerical experimentation done to understand the nature of singularities arising in each of the
displacement components. The optimal correction parameters have been determined by solving
a minimisation problem, for which the L2-norm of the error in the region far away from the
singular point has been considered as the target function. In order to validate the applicability
of this approach, numerical tests considering the Mode-I and Mode-II problems of Linear Elastic
Fracture Mechanics (LEFM) as model problems have been performed. The present technique
performs quite well for the Mode-I problem, as the optimal correction parameters determined
by the aforementioned approach yield optimal convergence rates for the error in the weighted
L2-norm globally and the L2-norm in the outside region. Moreover, significant reduction in the
magnitude of the error, as compared to the standard Galerkin approach has been observed. For
the Mode-II problem however, this minimisation approach does not seem to converge, yielding
correction parameters which are not fully optimal. Consequently, the convergence rates and the
magnitude of the error norms do not show drastic improvement as was observed for the Mode-I
problem. This could be probably due to the much different nature of the singularity observed for
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the u1 component. Numerical tests also reveal that the proposed technique is better capable of
handling singular functions which have similar nature to that observed for the Poisson problem.
It is hypothesised that an approach based on minimising the difference between the finite element
solutions on consecutive mesh refinement levels could provide optimally performing correction
parameters. Moreover, this approach would not require prior knowledge of the true solution.
In order to have a robust technique which could work well for different problems, the special
structure of the singularities arising in the case of the elasticity problem need to be taken into
account. Asides, the present work and the relevant literature referenced only focus on planar
problems. A fundamentally new idea would be required to deal with such singular problems on
three-dimensional domains.
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Appendix A

Norms: Definitions and Notations

A.1 Standard Sobolev Norms
In this work, ‖·‖s represents the norm corresponding to the space Hs (Ω) for some s ∈ N0.

This means,
‖·‖s := ‖·‖Hs(Ω),

where, Hs is the standard Sobolev space for s ∈ N. For the special case s = 0, we have

‖·‖H0(Ω) := ‖·‖L2(Ω),

where, L2 (Ω) is the standard Lebesgue space. The space H1
0 (Ω) is defined as:

H1
0 (Ω) :=

{
u ∈ H1 (Ω) : u

∣∣
∂Ω

= 0
}
,

where, the term u
∣∣
∂Ω

is to be understood in the sense of the trace of a function. For a detailed
discussion on Sobolev spaces, we refer the reader to [18, Chapter 7].

The energy norm, ‖·‖E corrsponding to a weak form a (u, v) is defined as

‖u‖E := (a (u, u))
1/2

.

A.2 Weighted Sobolev Norms
Consider a bounded polygonal domain Ω ∈ R2, containing a single re-entrant corner with a

interior angle π < ω ≤ 2π and located at the origin (see Figure 3.1 for details). Let r (x, y)
denote the distance of the point (x, y) from the re-entrant corner. For Ω0 ⊂ Ω, m ∈ N0 and
α ∈ R, the weighted Sobolev space is defined as

Hm
α (Ω0) :=

{
u
∣∣rα+|µ|−mDµu ∈ L2 (Ω0) : 0 ≤ |µ| ≤ m

}
,

where, µ ∈ N2
0 is a multi-index with |µ| = µ1 + µ2. The corresponding weighted norm is

‖u‖m,α;Ω0
:=

 ∑
|µ|≤m

‖rα+|µ|−mDµu‖2L2(Ω0)

1/2

.
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In this work, we will be primarily needing the weighted L2-norm, which is obtained by inserting
m = 0 in the above relation, yielding

‖u‖0,α;Ω0 = ‖rα u‖L2(Ω0)

The subscript Ω0 can be dropped for Ω = Ω0. It should be noted that Hm
α is a Hilbert space

when with its natural norm defined above. The above definition of weighted Sobolev space has
been taken from [6]. A detailed explanation on various other kinds of weigthed Sobolev spaces
and their applications can be found in [15].
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Appendix B

Regularity of Singular Functions

Here, we estimate the regularity of the singular functions employed in describing the behaviour
of the solution to an elliptic BVP in presence of a re-entrant corner. These regularity results are
essential for the arguements presented in order to prove Theorem 3.2.

We consider functions of the form

un = rνn sin νnθ, (B.1)

with νn = nπ
ω , on the domain

Ω0 = {(r, θ) : 0 < r < r0, 0 ≤ θ ≤ ω} , (B.2)

which contains a single re-entrant corner located at the origin and having an interior angle
π < ω ≤ 2π.

Depending on the values of n and ω, three different regimes need to considered for our purpose.
It is clear that ν1 < 1 for all permissible values of ω. Also, for n ≥ 2, we have νn > 1 for all
permissible values of ω except 2π. It is easy to see that un ∈ H2 (Ω0) in this scenario. The third
possibility occurs when n = 2 and ω = 2π, and is special in the sense that it results in a function
of the form r sin θ. We analyse the first and the third possibility in detail. It is evident that
all of these functions are in L2 space. Thus, we only have to focus on the semi-norms for the
derivatives.

Before moving to the three cases explained above, we list the formulas for partial derivatives in
polar coordinates, which will be required for our calculations. In order to simplify the notation,
we drop the subscript n as it is insignificant for the purpose of putting down these relations.

∂u

∂x
=
∂u

∂r

∂r

∂x
+
∂u

∂θ

∂θ

∂x
=
∂u

∂r
cos θ − 1

r

∂u

∂θ
sin θ (B.3)

∂u

∂y
=
∂u

∂r

∂r

∂y
+
∂u

∂θ

∂θ

∂y
=
∂u

∂r
sin θ +

1

r

∂u

∂θ
cos θ (B.4)

‖∇u‖2 =

(
∂u

∂x

)2

+

(
∂u

∂y

)2

=

(
∂u

∂r

)2

+
1

r2

(
∂u

∂θ

)2

(B.5)

53



∂2u

∂x2
=
∂2u

∂r2
cos2 θ +

1

r

∂u

∂r
sin2 θ − 2

r

∂2u

∂r∂θ
sin θ cos θ +

2

r2

∂u

∂θ
sin θ cos θ +

1

r2

∂2u

∂θ2
sin2 θ (B.6)

∂2u

∂y2
=
∂2u

∂r2
sin2 θ +

1

r

∂u

∂r
cos2 θ +

2

r

∂2u

∂r∂θ
sin θ cos θ − 2

r2

∂u

∂θ
sin θ cos θ +

1

r2

∂2u

∂θ2
cos2 θ (B.7)

∂2u

∂y∂x
=

[
1

2

∂2u

∂r2
− 1

2r

∂u

∂r
− 1

2r2

∂2u

∂θ2

]
sin 2θ +

[
1

r

∂2u

∂r∂θ
− 1

r2

∂u

∂θ

]
cos 2θ (B.8)

Case 1: n = 1 with π < ω ≤ 2π

For this case we have,

u = r
π
ω sin

π θ

ω
,

leading to

∂u

∂r
=
π

ω
r
π
ω−1 sin

π θ

ω
and

∂u

∂θ
=
π

ω
r
π
ω cos

π θ

ω
,

along with

∂2u

∂r2
=
π

ω

(π
ω
− 1
)
r
π
ω−2 sin

π θ

ω
,

∂2u

∂θ2
= −π

2

ω2
r
π
ω sin

π θ

ω
and

∂2u

∂r∂θ
=
π2

ω2
r
π
ω−1 cos

π θ

ω
.

The first derivatives computed using (B.3) and (B.4) then read

∂u

∂x
=
∂u

∂r
cos θ − 1

r

∂u

∂θ
sin θ =

π

ω
r
π
ω−1 sin

π θ

ω
cos θ − π

ω
r
π
ω−1 cos

π θ

ω
sin θ =

π

ω
r
π
ω−1 sin

(
π θ

ω
− θ
)
,

∂u

∂y
=
∂u

∂r
sin θ +

1

r

∂u

∂θ
cos θ =

π

ω
r
π
ω−1 sin

π θ

ω
sin θ +

π

ω
r
π
ω−1 cos

π θ

ω
cos θ =

π

ω
r
π
ω−1 cos

(
π θ

ω
− θ
)
.

The second derivatives based on B.6, B.7 and B.8 are computed as

∂2u

∂x2
=
∂2u

∂r2
cos2 θ +

1

r

∂u

∂r
sin2 θ − 2

r

∂2u

∂r∂θ
sin θ cos θ +

2

r2

∂u

∂θ
sin θ cos θ +

1

r2

∂2u

∂θ2
sin2 θ

=
π

ω

(π
ω
− 1
)
r
π
ω−2 sin

π θ

ω
cos2 θ +

π

ω
r
π
ω−2 sin

π θ

ω
sin2 θ − 2

π2

ω2
r
π
ω−2 cos

π θ

ω
sin θ cos θ

+ 2
π

ω
r
π
ω−2 cos

π θ

ω
sin θ cos θ − π2

ω2
r
π
ω−2 sin

π θ

ω
sin2 θ

=
π

ω

(π
ω
− 1
)
r
π
ω−2

[
sin

π θ

ω
cos2 θ − sin

π θ

ω
sin2 θ − 2 cos

π θ

ω
sin θ cos θ

]

=⇒ ∂2u

∂x2
=
π

ω

(π
ω
− 1
)
r
π
ω−2 sin

(
π θ

ω
− 2θ

)
,

∂2u

∂y2
=
∂2u

∂r2
sin2 θ +

1

r

∂u

∂r
cos2 θ +

2

r

∂2u

∂r∂θ
sin θ cos θ − 2

r2

∂u

∂θ
sin θ cos θ +

1

r2

∂2u

∂θ2
cos2 θ
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=
π

ω

(π
ω
− 1
)
r
π
ω−2 sin

π θ

ω
sin2 θ +

π

ω
r
π
ω−2 sin

π θ

ω
cos2 θ + 2

π2

ω2
r
π
ω−2 cos

π θ

ω
sin θ cos θ

− 2
π

ω
r
π
ω−2 cos

π θ

ω
sin θ cos θ − π2

ω2
r
π
ω−2 sin

π θ

ω
cos2 θ

=
π

ω

(π
ω
− 1
)
r
π
ω−2

[
sin

π θ

ω
sin2 θ − sin

π θ

ω
cos2 θ + 2 cos

π θ

ω
sin θ cos θ

]

=⇒ ∂2u

∂y2
=
π

ω

(π
ω
− 1
)
r
π
ω−2 sin

(
2θ − π θ

ω

)
,

∂2u

∂y∂x
=

1

2

[
∂2u

∂r2
− 1

r

∂u

∂r
− 1

r2

∂2u

∂θ2

]
sin 2θ +

[
1

r

∂2u

∂r∂θ
− 1

r2

∂u

∂θ

]
cos 2θ

=
1

2

[
π

ω

(π
ω
− 1
)
r
π
ω−2 sin

π θ

ω
− π

ω
r
π
ω−2 sin

π θ

ω
+
π2

ω2
r
π
ω−2 sin

π θ

ω

]
sin 2θ

+

[
π2

ω2
r
π
ω−2 cos

π θ

ω
− π

ω
r
π
ω−2 cos

π θ

ω

]
cos 2θ

=⇒ ∂2u

∂y∂x
=
π

ω

(π
ω
− 1
)
r
π
ω−2 cos

(
π θ

ω
− 2θ

)
.

Using the above expressions, we compute the H1 semi-norm as

|u|H1(Ω0) =

∫
Ω0

[(
∂u

∂x

)2

+

(
∂u

∂y

)2
]
dΩ =

r0∫
0

2π∫
0

r dr dθ

=

∫
Ω0

π2

ω2
r

2π
ω −2

[
sin2

(
π θ

ω
− θ
)

+ cos2

(
π θ

ω
− θ
)]

r dr dθ

=
π2

ω2

 r0∫
0

r
2π
ω −1 dr

 ω∫
0

dθ

 =
π2

ω2

(
r

2π
ω

∣∣r0
0

)
ω =

π2

ω
r

2π
ω

0 <∞.

This shows that u1 ∈ H1 (Ω0) for all permissible values of ω. The computation for the H2

semi-norm yields

|u|H2(Ω0) =

∫
Ω0

[(
∂2u

∂x2

)2

+

(
∂2u

∂y2

)2

+

(
∂2u

∂x∂y

)2
]
dΩ

=

∫
Ω0

π2

ω2

(π
ω
− 1
)2

r
2π
ω −4

[
sin2

(
π θ

ω
− 2θ

)
+ sin2

(
2θ − π θ

ω

)
+ cos2

(
π θ

ω
− 2θ

)]
r drdθ

=
π2

ω2

(π
ω
− 1
)2

 r0∫
0

r
2π
ω −3 dr

 ω∫
0

[
1 + sin2

(
2θ − π θ

ω

)]
dθ


︸ ︷︷ ︸

=:K<∞
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=
π2

ω2

(π
ω
− 1
)2 (

r
2π
ω −2

∣∣r0
0

)
K ≮∞ as

π

ω
< 1

which shows that u1 /∈ H2 (Ω0) for all permissible values of ω.

Case 2: n = 2 with ω = 2π

For this scenario we have,

u = r sinθ,

leading to

∂u

∂r
= sin θ and

∂u

∂θ
= r cos θ,

along with

∂2u

∂r2
= 0,

∂2u

∂θ2
= −r sin θ and

∂2u

∂r∂θ
= cos θ.

The first derivatives in this case yield

∂u

∂x
=
∂u

∂r
cos θ − 1

r

∂u

∂θ
sin θ = sin θ cos θ − cos θ sin θ = 0,

∂u

∂y
=
∂u

∂r
sin θ +

1

r

∂u

∂θ
cos θ = sin2 θ + cos2 θ = 1.

The second derivatives are computed as

∂2u

∂x2
=
∂2u

∂r2
cos2 θ +

1

r

∂u

∂r
sin2 θ − 2

r

∂2u

∂r∂θ
sin θ cos θ +

2

r2

∂u

∂θ
sin θ cos θ +

1

r2

∂2u

∂θ2
sin2 θ

=
1

r
sin3 θ − 2

r
sin θ cos2 θ +

2

r
sin θ cos2 θ − 1

r
sin3 θ

=⇒ ∂2u

∂x2
= 0,

∂2u

∂y2
=
∂2u

∂r2
sin2 θ +

1

r

∂u

∂r
cos2 θ +

2

r

∂2u

∂r∂θ
sin θ cos θ − 2

r2

∂u

∂θ
sin θ cos θ +

1

r2

∂2u

∂θ2
cos2 θ

=
1

r
sin θ cos2 θ +

2

r
sin θ cos2 θ − 2

r
sin θ cos2 θ − 1

r
sin θ cos2 θ

=⇒ ∂2u

∂y2
= 0,

∂2u

∂y∂x
=

[
1

2

∂2u

∂r2
− 1

2r

∂u

∂r
− 1

2r2

∂2u

∂θ2

]
sin 2θ +

[
1

r

∂2u

∂r∂θ
− 1

r2

∂u

∂θ

]
cos 2θ

=
1

2

[
−1

r
sin θ +

1

r
sin θ

]
sin 2θ +

[
1

r
cos θ − 1

r
cos θ

]
cos 2θ
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=⇒ ∂2u

∂y∂x
= 0.

Computing the H1-norm for this function, we obtain,

|u|H1(Ω0) =

∫
Ω0

[(
∂u

∂x

)2

+

(
∂u

∂y

)2
]
dΩ =

r0∫
0

2π∫
0

r dr dθ = r2
0 π <∞

which shows that u2 ∈ H1 (Ω0) for ω = 2π. The computation for the H2 semi-norm yields

|u|H2(Ω0) =

∫
Ω0

[(
∂2u

∂x2

)2

+

(
∂2u

∂y2

)2

+

(
∂2u

∂x∂y

)2
]
dΩ = 0 <∞

Thus, it is proven that u2 ∈ H2 (Ω0) for ω = 2π.
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Appendix C

Tensor Notation

In order to deal with the vector and tensor quantities considered in Chapter 5, we follow the
Einstein summation convention, which is quite common in Continuum Mechanics. The relevant
point for the current work is that a repeated index implies summation as is explained below. A
detailed explanation of these notations can be found in many books on Continuum Mechanics,
see for e.g. [10].

Let u ∈ R2 be a vector (which is essentially a first order tensor) and A ∈ R2×2, a second order
tensor. Then, in the index notation, we have

u = ui ei, i ∈ {1, 2} ,
and, A = Aij ei ⊗ ej , i ∈ {1, 2} , j ∈ {1, 2} ,

where, ej represents the unit vector along the coordinate axis and the symbol ⊗ represents the
dyadic product of two tensors.

The transpose of a second order tensor A, denoted by At, is defined as

At = Aji ei ⊗ ej .

Moreover, a second order tensor is said to be symmetric if A = At. The strain tensor ε and the
stress tensor σ considered in this work are symmetric.

The single contraction or dot product of a second order tensor and a vector is defined as

A · u = Aij ei ⊗ ej · uk ek
= Aij uk δjk ei

=⇒ A · u = Aij uj ei,

where, δij is Kronecker’s delta and is defined as

δij =

{
1 if, i = j

0 if, i 6= j
.
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The double contraction or the scalar product of two second order tensors A and B is defined
as

A : B = Aij ei ⊗ ej : Bkl ek ⊗ el

= Aij Bkl δik δjl

= Aij Bkj δik

=⇒ A : B = Aij Bij .

The trace of a second order tensor, denoted by trA is defined as its double contraction with
the second order unit tensor I = δijei ⊗ ej , and is computed as

trA = A : I

= Aij ei ⊗ ej : δkl ek ⊗ el

= Aij δkl δik δjl

= Aij δkj δik

= Aij δij

=⇒ trA = Aii,

which is basically the sum of diagonal entries of the matrix {Aij}i,j∈{1,2} containing the entries
of the tensor.

The divergence of a second order tensor A = A (x1, x2), denoted by divA is a vector and is
defined as

divA = Aij,j ei with Aij,j =
∂Aij
∂xj

.

Similarly, the divergence of a vector u = u (x1, x2), which is a scalar, is given as

divu = ui,i with ui,i =
∂ui
∂xi

.

The gradient of a vector u = u (x1, x2) , denoted by gradu is a second order tensor and is
defined as

gradu = ui,j ei ⊗ ej with ui,j =
∂ui
∂xj

.
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