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Introduction

One of the common core problems in developing software is the fact that it oftentimes requires not
only an understanding of the problem and what steps need to be performed to solve it, but also
how one can use the available tools to “tell” the computer how to perform those steps. This is where
machine learning enters the picture. Machine learning deals with models and algorithms that allow
computers to perform tasks by inferring how to execute them from data they were trained with
rather than being told directly. Its history can be described as troublesome at best, since it was also
affected by multiple so called “AI winters”, when large amounts of funding were withdrawn because
the results of the funded projects fell severely short of the promises the researchers had made or the
hopes that were associated with the idea of machine learning and artificial intelligence in general.
Despite this, development has continued, resulting in machine learning nowadays finding multiple
common applications like spam filters, search engine optimisation and especially visual recognition
tasks. More regarding that last example can be found in [KSH12] and [GDDM13], but the most
publicly noticeable example in recent years has to be the defeat of Lee Sedol, a professional Go
player, by AlphaGo, which was developed in [SHM+ 16].
One of the models used for machine learning are artificial neural networks, which consist of
“neurons” that were inspired by biological neurons as found in the human brain. These neurons take
an input, combine it with their internal state and emit that as their output. That output can then
be used as the input of another set of neurons and so forth, creating very long or “deep” networks
in the process, which is why the subclass of artificial neural networks that feature such chains
is called deep networks. These networks can then be further classified as a convolutional neural
network (CNN) in case at least one of the layers uses the mathematical operation of convolution.
One noteworthy CNN is the so called “UNet”, described in [RFB15], that was originally designed
for biomedical image segmentation and features nothing that could immediately be recognised as a
neuron anymore.
But one of the results of the previously mentioned shortages in funding for machine learning is
the fact that there have been few to no attempts to solve certain problems with its help. Claiming
that partial differential equations (PDEs) were one of the problems that were not attempted to
be solved would be a gross miss-characterisation of the research performed in that direction (e.g.
[SFG+ 18]). But something that to our knowledge does not exist yet is an analysis of what a CNN
trained to solve PDEs actually learns. Whether it learns how to execute already known methods for
solving PDEs, invents brand new ones or whether it just manages to find a set of operations that can
solve the problems used during training, which will fail once used on different inputs. However, this
extended analysis is beyond the scope of this thesis, which will instead focus on building, training
and comparing different networks with TensorFlow (see [Teab]), aiming to lay the groundwork for
such an extended analysis. Our reason for using CNNs instead of other types of machine learning
is that we will be looking at a relatively large problem that can be described with a stencil code,
which would require a significantly larger amount of trainable parameters in other types of machine
learning. The amount of trainable parameters in a CNN is completely independent of the size of
the original input, whereas fully connected neural networks, for example, require the same amount
of parameters as the input size in their first hidden layer alone.

2

Related Work

This thesis will only briefly cover partial differential equations. More extensive descriptions and
ways to solve them can be found in [Saa03] and [LeV07], where the former provides a broad overview
and the latter focuses on Finite Difference methods.
Since PDEs are commonly used to model physical problems several similar pieces of work can
be found that look at specific physical problems instead. An approach to solving steady state heat
conduction and incompressible fluid flow problems directly using another class of neural network,
called conditional generative adversarial networks, can be found in [FGP17], while [SFG+ 18] uses
the paradigm of weak supervision to integrate domain specific knowledge in order to produce the
steady-state solution to the 2D heat equation.
A way in which neural networks can help to solve PDEs without attempting to generate the
solution directly can be found in [HZE+ 19], which describes how an existing iterative solver could
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be modified by a deep neural network while preserving correctness and convergence guarantees.
This thesis however will attempt to create a network that can provide a direct solution.
[OLT+ 19] is very similar to this work in that it describes a network intended for solving Poisson’s
equation directly using a convolutional neural network, but focuses more on different versions of
the PDE with different boundary conditions, variable grid spacing and variable mesh sizes, while
not considering the exploration of different network architectures and training methods as much,
which is the focus of this thesis.
Most works on this subject, this thesis included, restrict themselves to 2D, which makes [STD+ 17]
noteworthy for exploring the possibility of a neural network to act as a solver for Poisson’s equation
in 3D. It is also especially interested in the real world application of predicting electric potential.
When it comes to the architecture of neural networks the U-net described in [RFB15] has proven
to be very inspirational for the creation of the architectures described here, while a completely
different approach can be found in [SDBR14], which aims replace certain parts of CNNs like pooling
layers with certain configurations of convolutional layers. This is in some ways the opposite of what
we aim to achieve here, since that would increase the amount of trainable parameters, while we will
aim to decrease it.

3

Partial Differential Equations

Partial differential equations (or PDEs for short) are differential equations that contain unknown
functions depending on multiple variables and the partial derivatives of said functions. They can
be used to model a wide range of different problems commonly occurring in physics, such as the
propagation of sound waves, how heat will spread across an area and what that area’s temperature
will look like once it has come to rest and the way fluids will spread to name but a few.
Depending on the exact problem they can occasionally be solved analytically. For example,
a subclass of PDEs called separable partial differential equations can be written as products of
functions depending on just one variable each. This allows a reduction of the problem to solving
several ordinary differential equations via a separation of variables. Such methods offer a direct
and exact solution to the PDE but are simply not applicable to a wide variety of them.
PDEs being continuous also makes them harder to solve, which is why often times a discretisation
of them is solved instead. There are several different types of methods to generate this discretisation,
with the three most prolific being the Finite Difference Methods, the Finite Element Method and
the Finite volume method, which are further described in [Saa03].
This process results in a problem that can be written as the linear matrix equation 1, where A
is a linear operator, u is the unknown solution and f is the known right hand side.
Au = f

(1)

The matrix A that results from these discretisations is often sparse and banded and can therefore
also be represented by a so called “stencil”, an example of which can be seen in Figure 1. There
are two different classes of methods to solve such a problem, which will be briefly described in the
following.

3.1

Single Step Methods

The methods that are referred to here as “single step” methods generate an approximate solution in
a deterministic amount of steps, without making their run time dependent on intermediate solution
proposals. One such approach would be generating an approximate, or even exact, inverse of the
matrix A, allowing the computation of Equation 2 not only for one right hand side f , but all
combinations of right hand side f and solution u that are linked through A.
A−1
approx f = uapprox

(2)

Another common example of this is the LU-Decomposition, which splits A into a lower triangular
matrix L and an upper triangular matrix U , while using the permutation matrix P , which allows
for the computation of Ly = P −1 f = P T f , followed by U u = y, using simple forward and backward
substitution. The LU-Decomposition itself is the result of gaussian elimination with a complexity
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4 · ui,j − ui+1,j − ui−1,j − ui,j+1 − ui,j−1 = fi,j
Figure 1: Stencil representing the linear operator A, the equation describes the calculation this
stencil implies
of O(n3 ). Once that is completed however, both forward and backwards substitution have a complexity of O(n2 ), which results in the calculation of further solutions from right hand sides having
a complexity of O(n2 ), which is the same complexity class the multiplication with the approximate
−1
inverse Aapprox
resides in.

3.2

Iterative Methods

A more complete explanation of the methods described here can be found in [Saa03], which was
used as a reference for large parts of this chapter.
Another class of methods for solving linear matrix equations is composed of so called “iterative”
methods that start of with an initial approximate solution u0 and update it step by step to eventually
converge to the exact solution. An example of this is the Jacobi method, which generates a new
approximate solution uk+1 from the previous approximate solution uk to fulfil Equation 3, where
(Auk+1 )i and fi denote the i-th component of the vectors (Auk+1 ) and f respectively.
(Auk+1 )i = fi

(3)

When writing the matrix A as in Equation 4, where D indicates the diagonal of A, −E denotes the
values below the diagonal and −F the values above it, this allows us to formulate the update rule
for u the way seen in Equation 5.
A=D−F −E
(4)
uk+1 = D−1 (E + F )uk + D−1 f

(5)

Very similar to this is the Gauss-Seidel method, which instead computes updates as described by
Equation 6.
uk+1 = (D − E)−1 F uk + (D − E)−1 f
(6)
As proven in [Saa03], these methods will converge on the exact result if A is a square matrix that
fulfils Equation 7 where ||.||. is any matrix norm.
||A|| < 1

(7)

All the methods described up to now are applicable to all problems that can be described by
Equation 1 and as such fail to take advantage of the special properties and opportunities that
6

the discretisations of PDEs provide. The so called multigrid methods on the other hand take full
advantage of these opportunities by utilising discretisations of the PDE with different levels of
coarseness. Certain parts of the error in typical iterative methods can be reduced quickly. These
are referred to as high-frequency errors and are responsible for the initially swift progress of iterative
methods. Standard relaxation however has trouble reducing the low-frequency parts of the error.
Luckily, about half of these low-frequency errors transform into high-frequency errors on coarser
discretisations, whichs allows multigrid methods to quickly remove the high-frequency errors on one
level of coarseness before moving on to the next level and removing the high-frequency errors there
and so on. A detailed description of how this is executed can again be found in both [BM+ 00] and
[TOS00].

3.3

Our Problem

What we will be working with is Poisson’s equation, which can be described by Equation 8, where
∆ is the Laplace Operator, u is the unknown solution and f is the known right hand side.
∆u = f

(8)

More precisely, we will be working with a discretisation of Poisson’s equation obtained through the
finite volume method, which splits the domain into a mesh of so called “control volumes” around
each node, which are responsible for the name of the method. These control volumes are then
integrated over and discretised.
In our case, this results in something described by Equation 1, with right hand side f and
solution u being 16 × 16 grids, which can also be interpreted as vectors of size 256, and the linear
operator A behaving exactly like the stencil in Figure 1, which can also be represented by a 256×256
matrix. What we will be attempting to construct is a CNN using TensorFlow that will be able to
calculate the corresponding solution u when given a right hand side f , effectively functioning as
an inverse of the linear operator A, which puts our network into the category of direct solvers. To
achieve this we will be using 6000 different pairs of u and f , which were created using ExaStencils
(see [LAB+ 14]), a specialised code framework that allows for highly parallel equation solving, to
train networks with several different architectures. Our primary goal will be to minimise Equation
9, which describes the maximum deviation in one point that our networks result has from the correct
solution, acting as an upper bound for all deviations from the correct solution.
||u − network(f )||max

(9)

For this purpose we will take a look at several different possible architectures for such a network,
determine the one best suited for this task and then analyse several different versions of that
architecture while pursuing our secondary goal of minimising the amount of trainable parameters
in the network, which is necessary, because the exact inverse of A could be dense and therefore
have up to 2562 = 65, 536 parameters, rendering any network with more trainable parameters
superfluous, since computing A−1 would almost certainly be quicker than the lengthy training
process CNNs require and generate exact results.
This will result in a network that achieves a balance between our two goals, whose functionality
we will then test by applying it to pairs of u and f that still follow Equation 1, but are otherwise
completely different form the us and f s used during training.

4

Layers

As mentioned in the previous chapter, we will be constructing convolutional neural networks, which
consist of layers. To be able to understand how the resulting networks work requires an understanding of how the layers work on their own and how they are connected. This chapter will deal
with the functionality of the layers most commonly used in CNNs on their own, while the chapter
about networks will deal with ways they can be connected.
It should be noted that everything described in this thesis was written to describe TensorFlow
as accessed through Keras, TensorFlow’s high level API for building and training deep learning
models. However, transferring the ideas discussed here to another machine learning framework like,
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for example, PyTorch should require relatively little work. The following chapters will also stick
closely to the terminology used by Keras, which should make it possible to recreate every network
described in this thesis with only basic knowledge of Keras.
Common to all layers described here is that they expect a 4D input, with shape (w, x, y, z),
where w denotes the amount of incoming samples, x and y denote the shape of the arrays being
worked on and z denotes different “channels” of those arrays, which is visualised in Figure 2. w will
be mostly disregarded in further explanations of the layers, since it exists to allow layers to receive
and evaluate batches of data simultaneously, so there is no cross contamination between values that
differ in their w-Position and no difference in computation based on w-position. As such it is only
necessary to describe the behaviour for a random, but fixed w-position, since the process will be
identical for all other positions.
In image processing the channels denoted in z often start out as different colour values, such as
RGB, but for our purposes it is more intuitive to think of the input as having shape (w, z, x, y).
This is due to the fact that our initial inputs will be (x, y) arrays with only one channel. All of the
proposed networks will split that input into different channels, but those will be more like versions of
the same original array that subtly different computations have been executed on. As such, it may
be more intuitive to think of z different (x, y) arrays than of one (x, y) array containing z different
values at each position. It should also be noted that exchange of information can, will and in our
case has to, happen between arrays with the same w-position, but different z-position. It is strictly
necessary in our case, since we also expect our output to have only one channel. So all channels have
to be reunited once a split has occurred to avoid wasting the computation time spent to calculate
the final version of the channels that do not become the output. The informed reader may have
noticed that all layers described here can also be passed a “data format” keyword argument, which,
if set to “channels_first”, would make the layer expect an input of shape (w, z, x, y). But this option
has no use beyond that change and since describing every option of every layer used would exceed
the scope of this thesis, options will be assumed to remain at their default value unless explicitly
stated otherwise. The full list of available options and their effects can be found in the official Keras
documentation for the layers [Teaa].
For the sake of brevity z will be used in this thesis to refer to the amount of different channels
for a certain input, while zi will refer to the (x, y) array that is the ith channel of the input. As
mentioned before w will bePdisregarded here and zs with an index will always be in the same wz−1
position. This means that i=0 zi would calculate the sum of all channels for a certain w-position
and zi,j,k would refer to the specific value stored at position (j, k) of the (x, y) array that is zi .
The output of each layer will also be a 4D array with shape (w, xnew , ynew , o), where every
dimension still corresponds to the same thing as in the input and w is even guaranteed to be
identical. Whether or not the other values change is down to the specific layer in question. The
same things stated for the input also apply to the output and specifically o with indices will be
used analogous to z with indices.

4.1

Conv2D

As the name implies, this is an important layer in all convolutional neural networks and the most
common layer in all of the networks described here. This is because this layer, occasionally along
with Conv2DTranspose, will be the only layer performing significant computations, while the other
layers will mainly serve to modify the data in a way that allow this layer to work with it more
efficiently.
For each output channel a Conv2D layer by default contains several, one for each input channel
z to be precise, two dimensional arrays called kernels and one bias value, which will all be adjusted
during training to achieve better results. This means that the amount of learned parameters in this
layer follows Equation 10, where kh and kw are the kernels height and width respectively.
param_count = o · z · kh · kw + o

(10)

The two parameters of such a layer that do not posses a default value are the size of the kernel and
the amount of channels the layer should produce. For the purposes of this thesis we will assume
that all Conv2D kernels will have the shape (3, 3), while the amount of output channels o will vary
depending on the specific context the layer will be used in.
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Figure 2: Visual representation of the input for layers with w = 4, x = 2, y = 2, z = 3
The output at position ol,m,n can then be calculated in the manner shown in Equation 11.
ol,m,n =

1
1
z−1 X
X
X

zi,m+j,n+k · kernell,i,j+1,k+1 + biasl

(11)

i=0 j=−1 k=−1

It is important to notice that the only difference between two different output channels are the
values in their kernels and their biases. In addition the inner two sums can be demonstrated more
elegantly using the visuals seen in Figure 3. So the calculation can also be thought of as “moving”
the relevant kernel over an input channel, calculating the sum of the product of the overlapping
values and accumulating the results in the output repeated for all channels in the input before
adding the bias.
It should also be mentioned here that this description and Equation 11 is somewhat incomplete,
since it neglects the activation function, which would be applied to ol,m,n after the bias has been
added. This thesis will not consider activation functions further, since the solution u and the right
hand side f of our problem are connected through the matrix A, which means that a network
should be able to calculate u from f while remaining linear. It should not be ignored, however, that
activation functions can improve the training efficiency and the accuracy of the results of networks
that use them, which is why papers like [RZL17] exist, which compare and contrast the effect of
different activation functions on a network.
Already visible in Equation 11 and even more obvious in Figure 3 is the fact that this process
creates an output that is missing a “ring” of cells along the edges as compared to the input. This is
slightly problematic for our application, since our final output is required to have the same shape
as our initial input. This can be avoided by instructing the layer to pad the input, resulting in a
ring of zeros to be added before starting the convolution process. However, this means that the
values along the edges of the output are the result of less “true” data, which could be avoided by
combining this layer without padding with other layers, described later, that increase the x- and
y-size of the input they receive. This is why some layers in the networks described later will use
padding and some will not.
On the other hand, a reduction in input size is occasionally completely intentional and even
something we later introduce separate layers for. This is due to the fact that a 3 × 3 kernel can only
take adjacent cells into account. So it takes many more convolutions to spread information through
a big input than through a small one. One way that allows decreasing the size of the input quicker
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Figure 3: Part of the calculation of the output of a Conv2D layer
Example computation in blue, values that “have not been calculated yet” in grey
is by using strides, which change how far the kernel moves after each completed calculation, which
is depicted in Figure 4, which shows the location of centres of 5 × 5 kernels moving over a 9 × 9
input with strides of two with and without padding. Special care has to be taken with strides and
without padding. This can be seen in the left half of Figure 4, where the cells along the right and
lower border are discarded because the previous kernel didn’t use it and the next kernel position is
skipped because it would require values beyond the right and/or lower border. Strides also interact
possibly unintuitively with padding, since it can change which cells the kernel will be centred on, as
seen in the same figure. Furthermore, it is possible to define different strides in x and y direction.
However, this will not be done in this thesis, as there is no inherent difference between x and y so
we have no reason to treat them differently.

4.2

Max- and AvgPooling2D

As mentioned in the description of the previous layer, reducing the size of the input can be advantageous. This is partially because it increases the speed at which Conv2D layers can propagate
information through the arrays they are working on and partially because reducing the amount of
values in the output reduces the amount of times Equation 11 has to be evaluated, thus speeding up
the network. In addition to the ways described in the section on Conv2D, this can also be achieved
through the use of the pooling layers MaxPooling2D and AvgPooling2D, which create their output
through Equation 12, where op is max or avg depending on the layer.
ol,m,n = op([zl,2m,2n , zl,2m+1,2n , zl,2m,2n+1 , zl,2m+1,2n+1 ])

(12)

As can be seen in that equation this layer keeps the different channels separate from one another
and does not alter the amount of channels, but reduces x and y to bx/2c and by/2c respectively.
This is also depicted in Figure 5 for MaxPooling2D. It should be noted here that a Conv2D layer
with a 2 × 2 kernel and strides of 2 can perfectly emulate the behaviour of the AvgPooling2D layer
by following Equations 13.
10

Figure 4: Representation of the kernel centres in the input of Conv2D with strides of 2 with and
without padding and a kernel size of 5 × 5
Added padding in grey, blue cells are the centres of kernels, Outputs would have a size of 2 × 2 and
4 × 4 respectively
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kernell,i,m,n = 0.25 if l = i
kernell,i,m,n = 0

if l 6= i

(13)

biasl = 0
So replacing AvgPooling2D layers with such layers is completely reasonable, since even in the worst
case scenario the resulting network would be at least as good as the one using AvgPooling2D. This
does not apply to MaxPooling2D, but could still be attempted, which is exactly what is described
in [SDBR14], creating an “all convolutional network” in the process. We will be mostly ignoring this
possibility however, since we are also attempting to minimise the amount of learned parameters in
our network and the pooling layers require no learned parameters, while the proposed replacement
still follows Equation 10.

4.3

UpSampling2D

As mentioned in the section on the Conv2D layer, all the processes to reduce the size of the input
just described pose a problem for us, since our output has to have the same shape as the input. One
way to fix this can again be found in image processing, where the simplest way to increase the size
of an image is to replace every pixel with a square of several pixels set to the value of the original
pixel. The UpSampling2D layer does just that with a size of 2 × 2 for the resulting square, which
is also depicted in Figure 6. One of the downsides of this layer is the fact that can only change
the image size by an integer factor. So applying this to an input whose size is not a fraction of
the target size would “overshoot”, requiring the usage of the previous two layers to reduce the size
again. This problem, however, can be avoided by using the Conv2DTranspose layer.

4.4

Conv2DTranspose

This chapter is largely based on [DV16] and [Lan], the latter of which was originally written for
ApacheMXNet but also applies to Keras/TensorFlow. Padding in Keras, however, does not follow
the rules described in any of those two texts.
An analogue of the Conv2D layer, but functioning in the other direction is the so called
Conv2DTranspose layer. It is important to note that the “Transpose” in the name references the
fact that this layer will revert the reduction and x and y that will occur in the previously described
Conv2D layer without padding if no cells were ignored due to strides. This does however not mean
that this layer acts as a transposition or even inverse of the Conv2D layer in a mathematical sense.
Instead it produces an output that follows equation 14 with nonexistent values assumed to be zero.
ol,m,n =

z−1 X
1
1
X
X

zi,m+j,n+k · kernell,i,1−j,1−k + biasl

i=0 j=−1 k=−1
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(14)
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Figure 7: Part of the calculation of a Conv2DTranspose layer from the “distributing the input”
point of view
Example computation in dark blue, cells that will not be altered further in this part in light blue
While this could easily mistaken for Equation 11 at first glance it should be noted that the indices
for the kernel have changed, resulting in it being flipped along both x and y axis, which additionally
means that the amount of trainable parameters in this layer also follow Equation 10.
Another way of thinking of it can be seen in Figure 7. With that approach every cell in the
input is spread out using the kernel and accumulated in the output. Regardless of how one chooses
to think about that process, the output on a certain channel is still the sum of this process for all
channels with a bias added, while different channels are still calculated in the same manner, but
with different kernels and biases.
How padding and strides work is also the opposite of what would be expected from Conv2D.
Strides increase the size of the output as seen in Figure 8. They can however be relatively easily
understood when thinking about this layer as spreading out the input since strides in that framework
just adjust where the results are written to in the way you would expect from strides. Padding
on the other hand reduces the size of the output instead of increasing it by fixing it to the size of
the input multiplied by the amount of strides. How exactly that is achieved is beyond the scope of
this thesis, since none of the networks described in this thesis utilise padding in Conv2DTranspose
layers.
One problem with this layer can already be seen in Figure 7: It can very easily create so called
“checkerboard artefacts”, which is also referred to as the “checkerboard effect” and visualised in
Figure 8. This occurs because cells along the edges have fewer neighbours and are therefore reached
by fewer kernels than cells that are surrounded on all sides. While it would be possible for the
network to learn kernels that have lower values in areas where overlapping occurs to mitigate this
effect, there is no guarantee that this will actually happen.
It is, however, possible to circumvent this problem by choosing a kernel size that is identical
to, or lower than, the amount of strides. This prevents the kernels from overlapping and makes
this layer behave like the UpSampling2D layer, except with learned weights. A more extensive
description of checkerboard artifacts and ways to avoid them can be found in [ODO16].
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Figure 8: Depiction of the checkerboard effect that can be caused by Conv2DTranspose layers
Input and kernel are both assumed to be 3 × 3 arrays filled with ones, colour for emphasis

4.5

Concatenate

Being more of a tool than an actual layer, this layer is noteworthy for having both multiple inputs
and not really performing any calculations. As the name implies the Concatenate layer simply
combines all of its inputs resulting in an output that is identical to the inputs with concatenated
channels.
Since this would be impossible for differently shaped inputs this layer is the only layer described
here that requires more of its input than being a 4D array. It should be noted here that while
care has to be taken to ensure that x and y are identical for all inputs the same does not apply to
the batch size w and the amount of incoming channels z. Since none of the layers described here
interact with w it is already guaranteed to be identical for all inputs. z however is allowed to differ
between inputs, since computing the concatenation of lists of different lengths is not a problem.
One of the problems of reducing the size of the input is the loss of information that comes with
it. As such, increasing the size again will inevitably cause a loss of detail. This layer allows us
to create so called “skip connections”, linking later layers that would normally receive a heavily
processed version of the input back to the original input, which will hopefully allow those layers to
take advantage of the detail that was present in the beginning. Since this explanation of why this
layer is used at all has already drifted into an explanation of how networks will utilise it the next
chapter will cover just that.

5

Networks

This chapter will focus on the different networks that can be created from the parts described in
the last chapter. While it would be possible to describe the following networks with just words, for
example with the code used to create them, each subchapter will instead feature a visual depiction
of the described network. Each layer will be represented by a box describing the layer used, with
connections between the layers represented by arrows. The only exception to this rule is the
Concatenate layer, which will be represented by any other layer simply having multiple inputs. The
y-axis will be used to represent the input size of the respective layers in both x and y, so a layer
twice as far down will have an input with one quarter the size.
As mentioned previously, one of the factors that interest us in our networks is the amount of
trainable parameters they posses, which is the sum of Equation 10 for all Conv2D and Conv2DTranspose layers in the network, since all other layers used in this thesis have no trainable parameters.
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This can be calculated if the amount of input and output channels and the kernel size for each layer
are known, but will result in a polynomial of degree two in the amount of channels, even if the
kernel size is assumed to be constant and the amount of input and output channels are assumed to
be identical for all but the first and last layers in such a network. This makes it difficult to draw
conclusive results from the comparison of the amount of parameters in different networks, since
changes in those parameters will affect them differently, which is why the following descriptions
will assume set kernel sizes and channel counts. Each layer depicted will be assumed to operate
with 3 × 3 kernels, since the linear operator A of our problem could also be represented by such a
kernel, and 32 output channels, which has proven to be an appropriate amount of channels during
experimentation. Additionally, each layer will be assumed to otherwise use its default arguments.
Exceptions to this are the padding of all Conv2D layers, which will be assumed to be on even
though it defaults to off, the last Conv2D layer in each network, which will only feature one output
channel, since our expected result also consists of only one channel and the pooling layers including
UpSampling2D, which will use their default pool size of 2 × 2. Further deviations for specific
networks will be noted in the box belonging to the altered layer. These assumptions also describe
the networks that will be used at the start of the chapter dedicated to the results of our experiments.
This means that each Conv2D and Conv2DTranspose layer will use 32 · 32 = 1024 kernels, with
the exception of the first and last layer in each network, which will use 32 kernels and all layers
that receive a skip connection, which will use (32 + 32) · 32 = 2048 kernels.

5.1

Sequential Convolution Network (scnet)

This network simply consists of sequential convolutional layers, hence the name. One of the easiest
constructions to come up with, this network features 37,601 trainable parameters. For reasons
briefly touched upon in the chapter on layers this network is expected to perform fairly badly.
However, this is entirely intended in this case, since it allows us to have a sort of “upper boundary”
for the performance of our networks, which in turn allows us to take a very critical look at the
changes made, should a more complicated network ever perform worse than this one.
input_size

16 Input

5.2

Conv Conv Conv Conv Conv Conv

Output

Slow Descent Network (sdnet)

An attempt at reducing the size of the input by simply not using padding, resulting in a comparatively slow descent, which is what this network was named for. This allows for many skip
connections, but also requires many layers, resulting in 92,993 trainable parameters for this network. The fact that this network has about 2.5 times the amount of trainable parameters as the
previous network while only using slightly more than 1.6 layers is due to the fact that in our networks skip connections double the amount of incoming channels for the receiving layer and therefore
increase the amount of trainable parameters that layer has significantly. It should be noted that
this architecture can only change the shape of the input by two in each direction in each layer.
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Stride Network (snet)

The next step to reduce the amount of layers in the network while reducing the size of the input.
The chain of Conv2DTranspose layers to get back to the original size still exists, but the chain
downwards has been replaced by Conv2D layers with strides, resulting in this networks name. This
network features 102,273 trainable parameters. 9280 more than the previous network, which is only
slightly more than the 9248 parameters one typical Conv2D or Conv2DTranspose layer has in these
architectures. This is because the minimum size this network achieves is 4 × 4, while the previous
network only went down to 8 × 8. While this should result in a better performance, there is a
possible problem in the specific way this is achieved here. The usage of padding results in all cells
in the output an especially the ones in the corners to be calculated with data that was not part of
the original input. While this is true for all other networks too, this specific network uses strides to
reduce the size of the input to 4 × 4, which causes 10 of the 16 values at the lowest level to be the
result of calculations with “made up” data. The next network will perform a slight modification to
mitigate this.
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5.4

Max Pooling Network (mpnet)

A modification of the previous network, using MaxPooling2D, which is responsible for the name of
this network, and one fewer Conv2D layer resulting in 93,025 trainable parameters. This mitigates
the problem described in the section of the previous layer because the values used for padding are
zeros, which means that values calculated using the padding are very likely to be lower than other
values, which will cause the MaxPooling2D layer to pick those “pure” values instead. The next step
in reducing the amount of trainable parameters will be rectifying the chain of Conv2DTranspose
layers currently used to get back to the original size.
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Advanced Convolutional Network (acnet)

The most obvious way to address the chain of Conv2DTranspose layers present in the last three
networks is to replace them with Conv2DTranspose with bigger strides, drastically reducing the
amount of used layers and the amount of trainable parameters to 49,921. Additionally, care has
been taken to avoid the checkerboard effect described previously by setting the strides and the
kernel height and width of those layers to the same values. It should be noted that the change in
the last network that added MaxPooling2D layers has been reverted to create a network consisting
purely of Conv2D and Conv2DTranspose layers, which will allow for a more direct comparison
between this network and the first three networks described in this thesis, since they also only
contain Conv2D and Conv2DTranspose layers. This is also the reason why this network is named
“Advanced Convolutional Network”.
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Grid Network (grid)

All of the networks described so far were quite general and inspired by considerations about what
should work in general and what configurations would be interesting to look at. Another source of
inspiration for network architectures that should be considered are methods for solving PDEs that
are already known to work, which is why this network is loosely inspired by the multigrid methods
briefly described in the chapter on PDEs.
Coincidentally it is also a sort of synthesis of the last two networks described. Taking the usage
of pooling layers and their natural reverse the UpSampling2D layer from the first one and the
quick descent to small inputs and swift rise back to the original size from the last one. Perhaps
unintuitively this network has 56,033 trainable parameters. More than the last network even though
it has one fewer Conv2D layer, since the last network contained two layers using 2 × 2 kernels, which
reduced the amount of parameters in that network noticeably.
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Training

Having covered the architecture of several different networks and the amount of trainable parameters
they posses, this section will cover how these networks were actually trained. How well, how long
and on what data a network was trained is very important to a network, since the same architecture
described here could for example be used for image processing if trained differently. This of course
also means that it is possible to train a network incorrectly, resulting in bad performance even if
the architecture could theoretically achieve much better results.
To be able to train a network to provide accurate results it is necessary to provide large amounts
of data it can learn from. This data usually comes in pairs of the input to the network and the
output the network should produce with that input. Exceptions to this exist however. For example
[HZE+ 19] describes the attempt to train a network to compute a linear operator that could be used
to improve an already known iterative process, but that is not a thing this thesis will attempt,
instead using 6000 pairs of 16 × 16 grids corresponding to right hand side f and solution u obtained
from the discretisation of the Poisson Equation using the finite volume method, assuming f to be
a combination of trigonometric functions and solving for u.
It should be noted here that there are two common groups of problems that artificial neural
networks are trained to solve. Classification problems deal with sorting the input into distinct
groups e.g. whether the image given to the network contains a face or not. This would require
success to be measured by how often the network is correct, in other words by how accurate the
network is.
We are trying to solve a regression problem however, where what we are trying to predict is a
continuous quality and we can measure success by how far the network deviates from the correct
solution. As such the training loop, which will be examined in more detail later, can be described
in the following way: The majority of the provided data, referred to as “training data”, which makes
up 90% of the provided data in our case, is separated into smaller batches and fed to the network
batch by batch, which calculates its output and a single number referred to as loss that somehow
corresponds to how far the networks output deviated from the correct solution. This will shortly be
explained in more detail. This loss is then used by the optimiser to adjust the weights in the network
before the process is repeated for the remaining batches. After all batches have been processed the
loss is also calculated for the rest of the data, which is referred to as “validation data", but without
the network being updated based on it. This updateless loss is called “validation loss” and one
iteration over the entire data set is commonly referred to as an epoch. This loop is often repeated

19

for a set amount of epochs, but can also be ended after a certain amount of time has passed, if
the loss doesn’t show significant improvements anymore or if the loss and the validation loss start
deviating significantly from one another.
That last one is also called “overfitting” and is a sign that the network has “memorized” the
answers for the data used to calculate the loss, resulting in great results for that data, but does
not know how to solve the problem in general, since it would also perform well on the data used
for validation if that was the case. If the data came in pairs of input and correct solution such a
network is completely useless, since it can only calculate an accurate approximation of the solution
for those inputs, where the exact solution is already known. The validation loss exists solely to
detect and avoid this. Either by ending the training before loss and validation loss start to deviate,
or by changing the entire training process to make it less susceptible to overfitting.
Most of our results will be obtained from the best configuration the networks achieved during
10,000 epochs of training, where “best” is measured by the minimum value achieved by Equation 9,
while ensuring that no overfitting has occurred. This limit of epochs has been chosen more or less
arbitrarily to provide an end point that allows for reasonably fast changes to the training process. It
should be noted that this is not necessarily the point at which the network has finished training. In
general it is not easily possible to discern if and when a network will achieve a better configuration
than the current one during training, since the loss is not guaranteed to fall monotonously, which is
why the previous list of end criteria did not contain the option to end training once no improvement
will be achieved anymore. Since our first set of experiments exist to compare networks against
each other, risking to end their training early is reasonable, since it can be assumed that all the
networks described here will show similar improvements if trained for longer. Once a good network
and training configuration has been found training will continue until it is reasonably certain that
further training will not create better results.
Another part of the previous description that requires further explanation is the optimiser, which
attempts to minimise the loss of the network during training. This thesis will not cover the exact
functionality of optimisers, nor were any networks trained with an optimiser other than Adam with
its default parameters aside from the learning rate, whose documentation can be found in [Teaa].
The learning rate is a parameter common to all Keras optimisers and determines how quickly the
learned values are changed. A high learning rate will result in bigger updates and therefore shorter
training times, but bears the risk of the network being optimised for the most recent batch while
“forgetting” everything it learned from other batches. A lower learning rate will make sure that
things that have been learned aren’t thrown out without good reason, but will lengthen the time
required to reach good results in the first place. It should be noted that the experiments performed
for this thesis only tested a few different learning rates.
Also something that has not been experimented with extensively, but is important to understand
nonetheless, is the size of the batches the data gets split into. Updates to the network can only
occur after a complete batch has been processed, which would favour separating the input into as
many batches as possible, so batches with size one. The problem with that approach is that it will
cause the loss reported for each batch to fluctuate wildly, more or less independently of the values
the network has learned so far, which can cause the optimizer to “correct” values that worked well in
general, but not for a specific batch. As such, it is important for the batches to be big enough to be
representative of the entire data set. This variable batch size is the reason for the first dimension of
the input w mentioned in the chapter on layers and also the reason there is no interaction between
different w’s which allowed us to mostly ignore it. This also makes losses slightly more difficult, as
the single number that will be used by the optimiser has to represent all of the data points in a
batch. For an assumed batch size of 30 and our 16 × 16 grids that’s one value representing 7,680
values. Should the batch size for some reason be set to 5400 it would result in the loss having to
represent 1,382,400 values. Another reason to keep the batch size small.
One important factor of this that still hasn’t been explained however is how said loss is calculated,
which is also vital since it will influence how well the optimiser will be able to perform, thus affecting
how well the network can be trained. During the creation of the network a so called loss function
has to be specified. An example of such a function can be seen in Equation 15, where ypred is the
networks predicted solution and ytrue is the correct solution, which shows the loss function mse,
for mean squared error, one of several commonly used loss functions already implemented in Keras.
mean((ypred − ytrue )2 )
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Figure 9: Depiction of the problems with loss_max
Maximum deviations in red, results of the two loss functions below the predictions, assuming only
two channels
As stated in the chapter on PDEs, our goal is to minimise Equation 9 for our entire dataset. To
achieve this we set up the network to use it as its loss function, from now on referred to as loss_max
with can be calculated with Equation 16, where ypred is the networks predicted solution and ytrue
is the correct solution, and one batch set to contain all 5400 datapoints intended for training the
network.
max(|ypred − ytrue |)

(16)

As mentioned previously however, using a sample size that large is not efficient and that is not
the only problem with this loss function. Since loss_max returns the maximum values present in
any of the 5400 16 × 16 grids its result is solely determined by one of 1,382,400 values. This is a
problem, since it results in the optimiser considering many different results to be as good as one
another even if some would be strictly better than others using any other metric. An example of
this can be seen in Figure 9. This will also be confirmed experimentally, which will result in mse
being used as the loss function with a batch size of 30 instead.
This is also the reason why we will use a test data set for comparing the different networks that
is simply the combination of the training and validation data sets. Usually comparisons between
different networks are done through a separate test data set that represents the entire breadth of
the problem. This is done because comparing networks based on their performance on the training
data would not notice overfitting and because the split between the training and validation data
sets are often random, which could result in some networks achieving a better validation loss simply
because they ended up with simpler problems in their validation data set. But using mse instead
of loss_max leaves us in the somewhat unique position of grading the performance of our networks
based on something they were not explicitly trained for, which allows us to reuse the combination
of the training and the validation data set as our test data set.
It should be noted here that this change in loss function is not guaranteed to work. It is only
possible in the first place because the most efficient way to reduce mse is to reduce the maximum
deviation, thus reducing loss_max. We only know that it works in our case because we trained
the networks both with loss_max and mse and compared the results.
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7

Results

One of the problems the analysis and comparison of convolutional neural networks faces is the reproducability of the training process. Python itself as well as TensorFlow have sources of randomness
that can be seeded, but training such a network on a CPU is significantly slower than training it
on a GPU, which is why the training for this thesis was performed on a GPU using the Nvidia
Cuda deep neural network library cuDNN. The problem with that is that cuDNN, as stated in the
official documentation [NVI], does not guarantee reproducibility for all of its operations. As such,
training the same network with the same data will in all likelihood result in very similar, but not
the exact same results. This also applies to different networks, making it slightly more difficult to
compare them, since the network with the better end result might just have gotten “lucky”. This
is thankfully mitigated somewhat because the results for each network that we will be comparing
against each other is their best performance during all of the 10,000 epochs of training. This should,
statistically speaking, cause all of the “positive luck” and “negative luck” to cancel out, resulting in
comparable values.
This still doesn’t remove this randomness completely, but the following results will show a strong
difference in performance of different groups of networks that is very unlikely to be caused by said
randomness. It should be noted here that “performance” will be used in this chapter to refer to the
maximum deviation, the result of Equation 9, our network achieves on out test data set, which, as
stated in the previous chapter, consists of all 6000 pairs of solution u and right hand side f that
were created for the purposes of this thesis. As such “maximum deviation” will also be used as a
shorthand for “maximum deviation on the test dataset”.
All of the following results were achieved using a Intel R Xeon R E5-1650 v4 processor and a
NVIDIA GeForce GTX 1080 graphics card using Python version 3.7.3, Keras version 2.2.4, TensorFlow version 1.14.0 and cuDNN version 7.6.0. With that configuration training one network for
10,000 epochs took roughly 6 hours, while the continued training for 100,000 epochs usually took
around 2.5 days, but once finished the evaluation of the entire test data set can be computed in a
few seconds. These times were measured on GPU and only very brief tests were run on CPU, which
resulted in 1.5 to 2 times longer computation times. This is not surprising, since it has been shown
time and time again, e.g. in [LMR+ 17], that running networks on GPU is significantly faster.

7.1

Architecture Comparisons

Figure 10 shows the maximum deviation in one point for all the networks described in this thesis
when trained with loss_max. The Sequential Convolution Network’s poor performance is entirely
expected, as is the fact that the Grid Network achieves the best performance. The very similar
performance of the Stride Network and the Max Pooling Network is also not surprising given their
very similar architecture.
Interesting to note however is that the Slow Descent Network can perform about as well as the
last two networks mentioned, which is significantly better than the performance of the Advanced
Convolutional Network. This is possibly because the amount of trainable parameters in the three
networks that perform very similarly doesn’t differ by more than 10,000, while the Advanced Convolutional Network has about 50,000 fewer than them. In general, if one were to order the networks
by performance and by trainable parameters there would only be two differences. The Max Pooling Network performs slightly better than the Stride Network despite boasting about 9,000 fewer
trainable parameters with a very similar architecture, lending credence to the idea that the MaxPooling2D layers help to mitigate the problems of padding. This is not definitive evidence that
this is actually the case however, since this slight difference in performance could also have been
caused by the randomness mentioned at the start of this chapter. Experiments described later in
this thesis resulted in a better performance for the Stride Network, which makes that seem even
more likely.
What is very significant and noticeable however is the performance of the Grid Network, which is
noticeably better than the rest even though it has about 43,000 fewer parameters than the next best
network. This is exactly what we hoped for, since the design of the Grid Network drew inspiration
from methods for solving PDEs that are already known to work. It should be noted here that
further experiments will make it clear that increasing the number of trainable parameters will not
automatically result in better performance and vice versa.
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Figure 10: Training results using loss_max

loss_max_grid

loss_max_mpnet

loss_max_snet

loss_max_sdnet

loss_max_acnet

loss_max_scnet

Maximum Deviation
1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

1.6

Maximum Deviation

1.4
1.2
1.0
0.8
0.6
0.4

mse_grid

mse_snet

mse_mpnet

loss_max_grid

mse_acnet

mse_sdnet

loss_max_mpnet

loss_max_snet

loss_max_sdnet

loss_max_acnet

mse_scnet

0.0

loss_max_scnet

0.2

Figure 11: Training results using loss_max and mse
Networks using the same architecture have the same border colour, central colour corresponds to
the loss funtion used
There are several theoretical flaws with the loss function loss_max and the fact that it requires
the maximum possible batch size as already explained in the chapter on training. For that reason
all of the networks described in this thesis were constructed again and trained in the same way as
the ones that resulted in Figure 10 were, except using mse as loss and with a batch size of 30. The
results of that, in addition to the results of the first set of networks, can be found in Figure 11.
As predicted, the networks trained with mse consistently perform better than the ones trained
with loss_max. It is however interesting to note that the Max Pooling Network and the Stride Network changed ranks again, making it seen likely that they are about equal in terms of performance
with one performing better than the other based on chance. Also noteworthy is the significant
increase in performance of the Advanced Convolutional Network, allowing it to pull ahead of the
Slow Descent Network. This is especially interesting since it shows that different networks might
respond better to certain loss functions than others.
These last results still very clearly point to the Grid Network being the best architecture for
this task, which conclusively ends our search for a baseline architecture.

7.2

Trainable Parameter Reduction

Having established the architecture to use as a baseline, more experiments were performed in order
to minimise the amount of trainable parameters in the network while maintaining an acceptable
maximum deviation. This was achieved by modifying the amount of channels the Conv2D layers
produce, by altering the minimum size the network would reduce the input to and by changing
whether or not skip connections were enabled. This was also taken as an opportunity to compare
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Figure 12: Results for different variations of the Grid Network
Colour and the first number in the legend denotes the amount of times the size of the input was
reduced. Shape and the second number in the legend denotes the learning rate of the optimizer
used during training
different learning rates, resulting in each architecture being trained with the default leaning rate
of 0.001 and a modified rate of 0.01. The results of this training can be seen in Figure 12, where
the numbers in the names stand for the minimum size that the input is reduced to, as measured
by the amount of AvgPooling2D layers present in the network and the learning rate used by the
optimiser. It should be mentioned here that removing a AvgPooling2D layer will also remove all
the layers behind it without replacement until the next UpSampling2D layer is reached.
Perhaps counter-intuitively these 38 variations of the same network scatter quite far apart, with
some configurations even performing worse than the Sequential Convolutional Network. This is
unsurprising however, when considering that the four networks that reached a maximum deviation
above 2.0 all reduced the size of the input only once and also only used one channel throughout,
resulting in a total of 40 or 49 trainable parameters depending on whether or not skip connections
were used. This bad performance extends to all networks that reduced the size of the input only
once, which again strengthens the claim that reducing the size of the input is a good measure to
increase performance.
It is also noteworthy that the majority of networks trained with learning rate 0.01 perform
worse than their counterparts that were trained with a learning rate of 0.001. This may not be
visible immediately but becomes apparent when considering that the learning rate does not affect
the amount of trainable parameters in a network. So whenever two data points only differ in
their maximum deviation it is because they are the same architecture, but trained with a different
learning rate. This negative effect the learning rate might have on performance is very important
to notice, since the name might lead some to believe that a higher learning rate might simply lead
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Figure 13: Part of Figure 12
The names correspond to the amount of times the input size was reduced, the amount of channels
used and the learning rate in that order. The “_ns” suffix denotes configurations that did not use
skip connections.
a network to learn the same things faster thus making a higher learning rate automatically better.
This is not the case, as can be seen clearly from this data. A higher learning rate instead results
in the network being adjusted more after each batch. Making it more accurate for that batch, but
potentially causing a loss of accuracy for all other batches.
This sort of broad analysis is possible with Figure 12, but the data points are spread out too far
to make out details and giving every data point a unique shape and colour would result in a visual
mess. This is why Figure 13 was created, which shows only a small part of Figure 12 containing
ten datapoints from the lower left corner to allow for better differentiation of the different results.
Something that could already be seen in the full image, but is even more apparent here, is
the fact that a lot of the datapoints roughly fall onto a hyperbola with the coordinate axes as
it’s asymptotes. This is not surprising, since some sort of inverse relationship between a networks
trainable parameters and it’s maximum deviation makes complete logical sense. This means that
there is no clear “best” configuration, allowing for different options depending on how important
the amount of trainable parameters is relative to the maximum deviation. There are however a few
things that can be noted about these ten results that feature a balance of the two priorities.
The following description will use the same designations as Figure 13. This means that the
names for different networks will consist of three numbers, separated by _ and possibly followed by
_ns. These numbers stand for, in order, the minimum size that the input is reduced to, as measured
by the amount of AvgPooling2D layers present in the network, the amount of output channels each
layer produces, again with the exception of the last Conv2D layer, and the learning rate used by
the optimiser. It should be mentioned again that removing a AvgPooling2D layer will also remove
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all the layers behind it without replacement until the next UpSampling2D layer is reached. The
suffix _ns stands for “no skip” and is added to networks that do not use skip connections.
The only network trained with the modified learning rate of 0.01 that is part of this collection is
2_4_0.01_ns and it is also one of the three networks that is strictly worse than another network.
It is strictly worse than 2_4_0.001_ns, since the latter performs better while having the same
amount of trainable parameters, since that is unaffected by the learning rate. This is important
because 16 of the 38 total variations were trained with the increased learning rate, but the only
one that ended among the top 10 is strictly worse than its counterpart without a modified learning
rate. This again proves that a higher learning rate will not cause a network to learn the same things
faster, but rather cause it to learn different, and therefore possibly worse, things.
The other two networks that are strictly worse than another network are 2_11_0.001_ns and
2_11_0.001, which are worse than 2_9_0.001 and 2_10_0.001 respectively, but only by about
5·10−5 and 1·10−5 respectively. Especially the second case is probably an artefact of the randomness
involved in training and can be safely disregarded, especially since 2_11_0.001 could be trained to
produce the exact same results as 2_10_0.001 by setting all of the values related to that additional
channel to zero. This makes it possible that this could also be caused by insufficient training time
or an optimizer that is unable to train 2_11_0.001 to do that.
It is also noteworthy that none of the networks that only reduced the size of the input once are
part of this list, despite making up 16 of the 38 samples. This would have removed two Conv2D
layers from the network resulting in noticeably fewer parameters, but also resulted in significantly
increased maximum deviation pushing all of them out of the area considered here.
A group of networks that were successful however, making up 6 of the 10 samples in this list
while making up 50% of the variations that were considered in total, are the ones that didn’t use
skip connections. This is best exemplified by 2_11_0.001_ns and 2_11_0.001, where the former
has 2178 fewer trainable parameters, while performing about equal with a deviation between the
two of around 1 · 10−4 . This significant decrease in trainable parameters with comparatively little
loss when it comes to the maximum deviation accounts for the disproportional representation of
this group.
These skip connections are however an important part of the multigrid methods that inspired
the Grid Network, which is why we will be using 2_9_0.001 with 4,582 trainable parameters and a
maximum deviation of about 0.0042720, which was reduced to 0.0027423 after continued training,
as the baseline for the rest of this thesis. This second maximum deviation was reached after 83,642
epochs and didn’t improve for around 16,000 epochs after that, which is why that network can be
considered fully trained. The values for loss and validation loss at that point were 6.6862508 · 10−06
and 3.2827134 · 10−07 respectively. These values refer to mse and make it safe to conclude that no
overfitting has occurred, since the network is able to perform better on the validation data than
on the training data. The 4,582 trainable parameters are also significantly lower than the 65,536
values the inverse of the matrix A could consist of.

7.3

Runtime Analysis

At this point it is also worthwhile to consider how many floating point operations (FLOPS) one
evaluation of the fully trained network will take compared to the amount of FLOPS required by
other common single step methods for solving Equation 1. For this section the linear operator A
will be assumed to have √
shape
√ (n, n), which results in both the right hand side f and the solution
u to be scaled to size ( n, n) for our network. This allows us to compare these methods for
potentially very large input sizes. It should be noted here that increasing the original input size
of a network is a simple change, that would nonetheless necessitate retraining and make it very
likely that the network will perform worse as measured by Equation 9. The amount of FLOPS
required by the network can then be calculated by considering the amount of operations each cell
in the output of each layer will take, resulting in a total of 33803
∗ n ≈ 4225.38 ∗ n operations for
8
2_9_0.001.
If f and u are considered as vectors again and the time spent to train the network was instead
used to calculate the inverse of the linear operator A−1 the amount of FLOPS to calculate u from
A−1 f = u would be 2n2 − n. n2 multiplications and n2 − n additions. That same amount of FLOPS
is also required when solving that system with a given LU-Decomposition of A if no permutation
matrix P is required, even if the types of operations differ.
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input
maximum deviation
maximum value
minimum value

samples
0.0019669
35.60313
0.6256021

random
28.5216835
<1.0
0.0

images total
23.3618183
0.5
0.0

Figure 14: Maximum deviation and maximum and minimum value in any of the correct solutions
for all of the respective baselines
input image
maximum deviation

X
6.1115670

Checkerboard
23.3618183

List
16.0333786

Ring
3.9011507

Smiley
6.6746039

Figure 15: Maximum deviation for specific images as baseline
Comparing these two results allows us to conclude that our network is faster than those two
methods for n > 33811
16 = 2113.1875, though it should again be stated that the other two methods
provide exact results, while our network will likely only ever be able to calculate approximations.

7.4

Further Analysis

Another thing that is interesting when considering neural networks is how broadly they work.
Wanting the network to be able to solve only the problems used during training and validation is
pointless, since the solutions to those problems are already known. It is very likely that the network
will be able to perform well on some problem instances it was never specifically trained for, since
the networks performance on the problem instances used during validation is still good. This leaves
it unclear how similar to the training data a problem instance has to be to allow our network to
solve it with a good degree of accuracy.
Furthermore it can be interesting to examine the results of the network on a visual level, since
this might allow us to understand what the parameters the network has learned ultimately do to
its input.
For this purpose and to check how broadly the network can work Figure 16, Figure 17 and
Figure 18 were created using a baseline of samples of the test data, random data and predefined
images respectively. In the first step, this baseline, depicted in the first column of the figures, was
given to the network “as right hand side f ”, so to speak, to create a visual representation of what the
network does to its input, depicted in the second column. No deviation from the correct solution
was calculated for this, since the u that would fulfil Equation 1 is unknown for those f s for the
random data and the images. As a second step, the baseline was used “as solution u”, which allows
for the calculation of the corresponding f using Equation 1 and the stencil seen in Figure 1. Said
corresponding f was then given to the network to calculate unetwork , depicted in the third column,
which allows us to calculate the deviation of the networks solution from the correct solution and
depict how big the difference between the two solutions is in each point in the last column of the
figures. The specific network used here is still the fully trained version of 2_9_0.001 described
previously.
Figure 16 as expected shows little difference between expected and produced output. It is also
good to see that the positions the maximum deviation is located seem to be more or less random.
That not being the case would imply some sort of systematic error that the network should have
learned to avoid. There is also nothing obvious to be noticed in the random images of Figure 17.
Interestingly enough however, Figure 18 shows clear patterns in both the networks output and
the deviation between said output and the corresponding correct solution. An especially interesting
result is generated by the checkerboard image, which causes the network to generate a checkerboard
pattern that, as can be seen in the last image, is offset by one cell. The corresponding maximum
deviations can also be seen in Figure 15, which also shows a large deviation from the correct solution
in the checkerboard image.
It is very apparent from the difference in deviations seen in Figure 14, which shows the maximum
of all deviations and the maximum of the values in the correct solutions for the different baseline
groups, that the network does not know how to handle random data and images nearly as well as
the test data. This is probably mostly caused by commonalities present in the training data that
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Figure 16: Depiction of the results of our final network on samples of the test data
The columns in order correspond to: Original input, result of original input, result of original input
after application of A, absolute value of the difference between the first and the previous column
Note that images are not necessarily scaled to the same values
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Figure 17: Depiction of the results of our final network on random inputs
The columns in order correspond to: Original input, result of original input, result of original input
after application of A, absolute value of the difference between the first and the previous column
Note that images are not necessarily scaled to the same values
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Figure 18: Depiction of the results of our final network when using hand crafted images as inputs
The columns in order correspond to: Original input, result of original input, result of original input
after application of A, absolute value of the difference between the first and the previous column
Note that images are not necessarily scaled to the same values
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are not present in the random data and the images. The most obvious commonality and the one
that is most likely to be responsible for this difference is the fact that the samples transition rather
smoothly from high values to low values, which is not necessarily the case for the random data
and the images. This is all but confirmed by Figure 15, which shows the maximum deviations for
specific images, with “Ring”, which has the smoothest transition of all the images, having the lowest
maximum deviation, while “Checkerboard” has the highest deviation.
This means that our network was unable to learn to function as an inverse of the matrix A
that is generally applicable, but is able to function as a decently accurate approximation of A−1
for problems that are sufficiently similar to the ones it was trained with.

8

Conclusion

This thesis proposed several different architectures for convolutional neural networks which could
be used to function as an approximation of the matrix A−1
approx in Equation 2. We aimed to minimise
Equation 9 and the amount of trainable parameters of the network. Through experimentation it
was discovered that training our network to minimise Equation 9 directly was flawed, which allowed
us to achieve significantly better performance by changing the goal of the training to minimise
mse (see Equation 15) instead. Our experiments clearly pointed to the Grid Network being the
best of the considered architectures for this task, which was inspired by the multigrid methods, a
set of methods for solving partial differential equations. In an attempt to reduce the amount of
trainable parameters, several different variations of the Grid Network were created and trained in
the same way. This resulted in a network able to achieve a maximum deviation on our test data
of 0.0027423, while only using 4,582 parameters, which fulfilled our goal of keeping the amount of
trainable parameters below the 65,536 values the exact inverse A−1 could potentially consist of. To
find out how broadly this network could be applied we then generated new inputs from random
noise and images. Applying our network to these inputs resulted in Figure 17 and Figure 18 and
a maximum deviation of 28.5216835, proving that our network was incapable of functioning as a
reasonably accurate approximation of A−1 for inputs that deviated too much from the data used
in training.

9

Future Work

Something that would be interesting to find out in regards to the final network this thesis resulted
in is where the borders of similarity in regards to the input lie. This would require several problems
with known solutions and decreasing similarity to the data used while training the network, but
would generate an understanding of what types of problems this network can and can’t solve.
Furthermore it would be reasonable to try out even more different network architectures as there is
no guarantee that the Grid Network is the absolute best baseline architecture for this task. When
considering the significant increase in performance the Advanced Convolutional Network achieved
when transitioning from loss_max to mse it may also be worthwhile to consider different loss
functions. Activation functions were also ignored by this thesis, because we considered a linear
problem, which should be possible to solve by a network that only uses linear elements. Studying
the effects of different activation functions might also be worth it’s time, should this not be a
consideration anymore. If an abundance of time is available all of the modifications to networks
and their training mentioned above could be performed on a CPU and with significantly longer
training times. This would make it possible to remove all of the randomness produced by cuDNN
and make sure that all networks were trained until they have reached their peak performance, which
would allow for a clear and reproducible result.
Another worthwhile consideration would be if approximating the inverse A−1 through a convolutional neural network is even the correct approach. In a way similar to the weighted Jacobi
method it may be possible to parameterise already existing methods for solving PDEs and train a
neural network to supply those parameters in order to improve performance. Somewhat similarly
to that approach, attempting to train a CNN to imitate single steps or parts of an already existing
algorithm might also yield better results than attempting to train a network to reach the correct
solution in just one step.
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